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A NOTE ON CROSS PRODUCT BETWEEN
TWO SYMMETRIC SECOND-ORDER TENSORS

LASZLO SZABO

The present work is concerned with defining the cross product for symmetric, second-order tensors. The
operation presented in this paper generalizes the classical vectorial cross product from three-dimensional
Euclidean space to symmetric tensor fields on a seven-dimensional vector space. The result of the cross
product operation expresses a nonsymmetric tensor as a sum of a symmetric and a skew-symmetric tensor
with one parameter, which satisfies the usual properties of the vector cross product except the triple cross
product rule. The cross product formulation can be applied to pairs of symmetric or nonsymmetric
tensors where the skew-symmetric parts have the same eigenvectors.

1. Introduction

The vectorial cross product in three-dimensional Euclidean space is broadly used in physics, engineering
and other fields. It is a bilinear operation on two vectors a, b, in three-dimensional vector space, that
outputs a vector, a x b, that is perpendicular to both a and b. The operation is characterized by three
basic properties:

(1) skew-symmetry (a x b = —a x b),

(2) orthogonality (@ x b 1 a and b),

(3) length rule (Ja x b| = |a||b| sin @, where « denotes the angle enclosed by a and b).

Applying the geometric formula for the Euclidean inner product, a - b = |a|||b| cos o, the third property
can be written in the form of Lagrange’s identity: |a|?|b|> = (a - b)> + |a x b|>

An operation similar to the dot product can be defined for two second-order tensors A, B defined on the
same vector space via the double dot product: A : B = ||A||||B|| cos 8. The analogue of the cross product
between A and B, however, has not been proposed in literature. Analogous to the vectorial cross product
in R3, a cross product of second-order tensors would plausibly have to satisfy the three properties listed
above: skew-symmetry, orthogonality and Lagrange’s identity. Defining such a cross product, however,
is hindered by the same challenges as extending the cross product to higher-dimensional vector spaces.
As a consequence of those challenges, vectorial cross products can only be defined in the three- and
seven-dimensional Euclidean spaces (see, e.g., [Eckmann 1943; Brown and Gray 1967; Massey 1983;
Shaw 1987]). An exception, however, is the cross product between two general second-order tensors
acting on three-dimensional Euclidean space, given that each tensor can be viewed as elements of a
nine-dimensional vector space.

In this paper, we introduce a tensorial cross product for symmetric, second-order tensors. When
viewed as a subspace of seven-dimensional linear space, the six-dimensional subspace of symmetric
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tensors inherits a cross product from the ambient seven-dimensional space. The result of this product
operation will be a well-defined but nonsymmetric tensor. This construct is analogous to the three-
dimensional vectorial cross product restricted to vectors in a two-dimensional plane of R3, with the
resulting cross product normal to the plane in R3,

In this paper, we first introduce the notation used. In Section 2, the basic properties of cross product
in three- and seven-dimensional vector spaces are briefly summarized before some definitions of cross
product of second-order tensors are outlined. Sections 3 and 4 present a definition of the cross product
between two symmetric second-order tensors. In Section 5, a simple application of the newly developed
cross product operation is presented on the field of elastoplasticity. Finally, a conclusion of the results is
given in Section 6.

Regarding notation, vectors and tensors are denoted by bold-face characters, the order of which is
indicated in text. The cross product is denoted by X, the superscript T denotes the transpose and the
trace is indicated by the prefix tr. The tensor product is denoted by ® and the following symbolic
operations apply:

a-b=a,-b,- and (A'B)ij=A,'kBkj and AZB=A,'jB,'j,
with summation over repeated indices. The symbols
la|=+a-a and |A|l=vVA:A=Vir(A- AT)

are used to denote a norm of vector @ and second order tensor A. The three- and seven-dimensional
Euclidean spaces are represented by the symbols R* and R”, and the orthonormal basis vectors for these
spaces are denoted by e¢; (i € [1, 3]) and E, (x € [1, 7]), respectively. The notation [a] and [A] represent
the column vector and square matrix, respectively, formed by the coordinates of the vector a and the
second-order tensor A.

2. Theoretical background

2.1. Cross product of two vectors in a 3D vector space. In this section, we briefly summarize the basic
properties and identities of the cross product defined on the three-dimensional vector space (see, e.g.,
[Fenn 2001; Itskov 2015; Young 1993]). Let a = a;e; and b = b;e; be two vectors in R3. The cross
product of vectors @ and b, or a x b, is defined by

a Xb=6l,'bj€,'jkek, (1)
and its coordinates can be expressed as
la x b]" = [azb3 — azbs, asby — arbs, a1by — azby], 2)

where ¢;;; represents the Levi—Civita permutation symbol, a; and b; are the vector coordinates with
iell,2,3].
The resulting vector has the distinct property of orthogonality between two given vectors, which
implies that
a-(axb)y=0, b-(axb)=0. 3)
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From (2), it is readily seen that the cross product is skew-symmetric, that is
axb=-bxa. 4)
The magnitude of vector @ x b is given by
la x b| = |a||b| sin«, ®))

where « is the angle between a and b. The angle « can also be defined in the inner or dot product of
vectors a and b:

a-b=a||b|cosa. (6)

A well-known consequence of formulas (5) and (6) is that the cross product is related to the inner product
via the formula

la x b|* = |a|?|b|* — (a - b)> (7)

Finally, we introduce two important identities. Let ¢ be a vector in R3. The vector triple cross product
identity can be written in the form

ax((bxc)=(@a-c)b—(a-b)c. ()
From (8), it follows that
ax(bxc)+bx(cxa)+cx(axb)=0, ©)
which is known as the Jacobi identity.

2.2. Some further definitions of the cross product in 3D vector space. A number of ways to extend the
definition of the cross product, in three-dimensional Euclidean space, have been proposed in the literature
(see, e.g., [Altenbach 2012; Rubin 2000; Schade and Neemann 2009; Steinmann 2015]). Let’s take a
brief look at some of these.

2.2.1. Cross product between a vector and a second-order tensor. The left cross product of vector @ and
second-order tensor A is defined by

axA=(ae;)x(Aje;®@e)=a;Aj €;jrer ey, (10)
while the right cross product is given by
Axa=(Aje;Qe) x (aie;) =a;AjeyierQe. (11)

2.2.2. Cross product of second-order tensors. Define A = A;je; @ e; and B = B;je; ® e; in R3. Then

we have the following three definitions of the cross product between two second-order tensors:
A§B=AijBkj€pikep» (12)
AXB = A;j By €ikm€jinem Q ey, (13)
AZB:AijBklekpjei(X)ep@el. (14)
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It is important to note that the operations above do not in general satisfy properties (3)—(9) of the vector
product. For more details on these cross products, we refer to [Altenbach 2012; Rubin 2000; Schade and
Neemann 2009; Steinmann 2015; de Boer 1982].

Note that the formulation (14) is used in the definition of the homography tensor in the field of com-
puter vision, [Shashua and Wolf 2000] and (13) has been used most recently by Bonet et al. [2015].

2.3. Cross product of two vectors in a 7D vector space. Three- and seven-dimensional Euclidean spaces
are the only Euclidean spaces to have a vector product (see, e.g., [Eckmann 1943; Brown and Gray 1967,
Massey 1983; Shaw 1987; Chauhan and Negi 2011; Silagadze 2002; Bisht et al. 2008]). Namely, if
u =uyE, and v =v, E, are two vectors in R, then a vector # x v also in R’ can be written as

uxv=(uyE,) x (vgEg)=w, E, =w, (15)

where u,, vy, and w, are the vector coordinates, and « € [1, 7]. In what follows, the subscript index
with Greek letters takes the values 1,2, 3,...,7.
The coordinates of the resulting vector w can be defined by

Wy = Ug Vg fupy; (16)
here the symbol f,4, (see, for example, [Shaw 1987; Chauhan and Negi 2011; Bisht et al. 2008; Baez
2002]) takes the value 1 for the triples

fapy =+1  for (aBy) = (123), (471), (257), (165), (624), (543), (736), (17)

and is otherwise characterized by being completely antisymmetric in the indices (so for example f123 =41
implies f213 = f321 = fi32 = —1, and f,, = 0 unless all three indices are distinct).
For further consideration, the coordinates w, are listed below:

W) = Uv3 — U3V2 + UeUs — U5V6 + U4V — U7 V4,

Wy = U3V] — UIV3 + UqV6 — UeV4 + U5V7 — U7V,

W3 = UV — UV] + U5V4 — U4V5 + UcVT7 — U7 V6,

W4 = U3V5 — USV3 + UV — U2V6 + U7V — UTVT, (18)

Ws = U4V3 — U3V4 + U V6 — UGV + UTV2 — U2V7,

We = UpV4 — U4V + U5V — U V5 + U7V3 — U3 V7,

W7 = U1V4 — U4V] F U2V5 — U5V2 + U3V6 — UGV3.
Note that while the three-dimensional cross product is unique up to a sign, there are many seven-
dimensional cross products (see, e.g., [Shaw 1987; Chauhan and Negi 2011; Baez 2002; Dray and
Manogue 2015]). These are defined using the symbol f,g, and are associated to the octonion multi-
plication table (see, e.g., [Fenn 2001; Chauhan and Negi 2011; Baez 2002; Dray and Manogue 2015;

Ebbinghaus et al. 1991]). In our case, the cross product is consistent with the three-dimensional sub-
spaces, namely if u4s = us = ug = u7 =0 and v4 = vs = vg = v7 = 0, the resulting vector is equivalent
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to (2). For further details of octonion algebra, the reader is referred to [Baez 2002; Dray and Manogue
2015; Fenn 2001].

Like the cross product in three-dimensions, the seven-dimensional product is anticommutative and
u x v is orthogonal both to # and to v, namely

uxv=—vxu, u-wWwxv)y=0, v-(uxv)=0. (19)
Moreover, the Pythagorean formula (6) with (5) and (7) can also be satisfied:
Ju o> = Jul* o — (- v)” (20)

Finally, it is important to note that the vector product in R” does not satisfy the triple cross product (8),
nor the Jacobi identity (9). However, the seven-dimensional cross product satisfies the Malcev identity
(see, e.g., [Ebbinghaus et al. 1991]):

wxv)yx@@xt)Fux[(uxv)xtl—uxux(wxt)]+vx[ux@mxt)]=0, (21)

as a generalization of Jacobi identity. Here ¢t =t, E, is also a vector in R,

3. Cross product between two symmetric second-order tensors

3.1. The case of two symmetric second-order tensors. In this section we introduce a new definition of
cross product on two symmetric second-order tensors. This operation is based on the seven-dimensional
Euclidean cross product.

Let A= A;je; ®ej and B = B;je; ® e; be two symmetric second-order tensors in R3 (AT = A and
BT = B), with the matrices of these tensors defined by

Al A Az Bi1 B2 Bis
[A]=| A2 A Axz|, [Bl=|Bx By Bx
Azl Az Asz B31 B3y B33

Moreover, consider two vectors, u = u, E, and v = v, E, in R’, with coordinates defined using Mandel’s
matrix notation:

[u]” =[A1n An Ass V2423 V2A13 V241, 0], (22)
[v]" = [B11 Bx By v2By; ¥2B13 V2B 0]. (23)

In this case, the dot products are identical, so that
A:B=u-v. (24)
Now, the cross product of vectors # and v is defined by an expression similar to (15), but u7 = v; =0:

uxv=(uyEy) X (VgEg) =uqvg fopy E, =w, E, = w, (25)
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where the symbol fyg, is defined in (17), and the components w,, where a € [1, 7], using (18) are
expressed as
w1 = A2 B33 — A33Ba +2(A12Bi3 — A13B1),
wy = A33B11 — A1 B33 +2(A3Bia — A1 Bas),
w3 = Ay1 By — A Bi1 +2(A13B23 — A3 Bi3),
ws = v2(A12Byy — Ay Bia+ A33Bis — A13B33), (26)
ws = V2(A11B12 — A2 B1 + Ax3 B3z — A33Boa),
we = v2(A22 B3 — Ax3 By + A13B11 — A11 B13),
w7 = v2(A11Bos — A3 Bi1 + A Bis — A;3Bxn + A33 Bio — A1 Bas).

Finally, we define the cross product as
AxB=C, 27)

where the tensor C can be decomposed into symmetric and a skew-symmetric parts:
C=Cs+Cy4. (28)
The components of these tensors are defined by the components of the resulting vector w (25) as follows:

1 1

wy  pWs ZWs 010
[Cs1=| Ws w2 J5wal, [Cal=Jswr|—=100]. (29)
\L@ws %M w3 000

Now, we impose the seven-dimensional vector space structure on 3x3 (real) matrices by looking at
symmetric matrices [Cg] with 6 coordinates (wy, where « € [1, 6]) together with one antisymmetric
piece (w7).

As in the preceding Section 2.3, we have the following properties:

(i) skew-symmetry,
AxB=—(BxA); (30)

(ii) orthogonality
(AxB):A=0, (AxB):B=0, 31

so A x B is orthogonal to both A and B; and

(iii) the dot product
A:B=|A||B]| cosa, (32)

where norm of the cross product,
A X Bl =|AlllB]sinc, (33)
is associated with the same angle «, from which the Pythagorean formula holds:

IA x B||I* = A|*|B|* - (A: B)~ (34)
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As a special case, the triple cross product takes the form
(AxB)xA=(A:A)B—(B:A)A. (35)

Note that the triple cross product identity fails for the cross product defined in this section, however,
the Malcev identity (21) is satisfied.

3.2. The case of a symmetric and a nonsymmetric second-order tensors. 1t is clear that the preceding
definition of a cross product generalizes to the case of one symmetric and one nonsymmetric second-
order tensor. Namely, let AT # A be a nonsymmetric second-order tensor, and let BY = B be a
symmetric second-order tensor. Then, the tensor A can be decomposed into its symmetric As and
skew-symmetric A 4 parts, i.e.,

A=Ag+ Ay, (36)
such that
_ 1 T _ 1 T
As=5(A+A"), Ax=3(A—-A").

The tensor A 4 has zero diagonal elements and only three independent scalar quantities, given as a, b
and c¢. Hence, the matrix of A4 may be defined in the form

0O —a b
[Aa]l = a 0 —c|. 37
—-b ¢ O

The eigenvalues and the eigenvectors of A 4 are defined as [Itskov 2015]

M=0, A=wi, ij=—owi, (38)
and
Aq-v2 =20, V3-Ax=—A303,
where
oo

The spectral representation of A 4 takes the form

Ax=0(p®q—qQp), (39)
where

p =%f2(vz +v3), ¢ =%f2i(v3 — ).

The vectors p and ¢, by a straightforward manipulation, are given by

(pl" = ;[—ac, —ab,b*+c%, [q1" =

wvb? + 2

In addition, we define a third vector

1
W[—b, C, 0]

r=pxq. (40)
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Then, in the coordinate system referred relative to the bases (p, ¢q, r), the matrix of tensor A4 becomes

_ 0 w0
[Ag]l=|—-w 0 O, (41)
000

which has the same form as C4 in (29).
Finally, transforming the tensors Ag and B to the same system as in A 4,

A,=0"A50, B=0"B0, (42)

where the first, second and third column of matrix of @ contains the vectors p, g and r, respectively.
Now, the vectors u and v have the forms

[]” = [(A) 11 (A2 (Ag)33 V2(A) 23V 2(Ag) 13 V2(A) 12 V201,
[(v]" = [By By B33 v/2By3v/2B13v/2B1, 0],

and the cross product defined previously, using (25) and (18) with v; = 0 can be determined.
However, the resulting tensor is defined in the rotated system, that is

AxB=C, (43)

where A = A s+ A 4. In order to complete the procedure, we need to transform the tensor C back to the
original coordinate system. This is accomplished by noting that

AxB=C=0CQ". (44)

It should be noted that our cross product is also applicable for nonsymmetric tensors as long as their
skew-symmetric parts have the same eigenvectors. In this case the matrices of tensor A and B are

Aqq Ap+wa Az B B +wp Bz
[Al=| Ay —wa An Ax|, [Bl=|Bu—wp B»n Bxa|, (45)
Az Az Asz B3 B3y  Bsz

with A;; = Aj; and B;; = Bj; and vectors u and v are given by

[u]” = [A11 Ay A33 V2423 V2413 V2412 V2w4],
[v1" = [B11 By B33 V2B V2B13 vV2B12 V2wp).

The cross product, A x B = C, can be calculated by the relations (18), (25) and (27)—(29). The matrix
of the resulting tensor is defined by

Cu Cio+wc Ci3
[Cl=|Cy—wc Cxpn Cxu|, (46)
Cs1 Cn  Cs3
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Figure 1. Illustration of the components of a symmetric second-order tensor.

where the components C;;, using (18), are expressed as

Ci1 = An B33 — A3z By +2(A12B13 — A13Bi2 + Azzwp — Bazwa),
Cxn = A33Bi11 — A1 B33 +2(A3Bia — A12Bys + A1zwp — Biawa),
C33 = AnBn — AnBi1 +2(A13By3 — A3 Bis + Ajpwp — Brawa),
Cy3=C3 = A1aByp — AnBia+ A33Bi13 — A13B33 + Ajjwp — Briwa, (47)
Ci3=C31=A1Bio—AnBii + A2 B3z — A33 By + Anwp — Bnwa,
Ci2 = Co1 = An B3 — A3 By + A13B11 — A11Bi3 + As3wp — Byzwa,
wc = A11Baz — A3 Bi1 + A2 Bis — A13Boy + A3 Bia — A12B3s.
The cross product formulations (47) can be applied to all the cases introduced in this paper, namely:
(i) when A and B are symmetric (wg = wp =0),
(i) when A is nonsymmetric but B is symmetric (w4 # 0, wp = 0), and
(iii)) A and B are nonsymmetric and the skew-symmetric parts of both of them have the same eigenvectors

(wa #0, wp #0).

4. An alternative and equivalent definition

The cross product operation defined in this paper can be introduced in a different way. In many engineer-
ing fields, such as solid mechanics, the components of a symmetric second-order tensor (e.g., stress or
strain tensors) can be represented on three mutually perpendicular planes, as shown in Figure 1.
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Consider the following second-order orthonormal base tensors (see [Itskov 2015; Mehrabadi and
Cowin 1990; Moakher and Norris 2006]):

mi=e e, mp=eQe, my;3=ees,
my3 =ms3; = %(02 Qezt+ezQer),
m135m31=%(e1®e3+e3®e1), (48)
mipy=my = %(81 Qer+erx®e),
Mgkew = \/LE(el Qe —ex®ey).
These base tensors are associated with the tensor components (m;; ~~ A;;) and the tensors A and B
defined in (45) can be expressed as
A= Ajmyy + Apma + Assmss + V2(Apmiy + Asmiz + Aoz + 0amen) (49)

and
B = Byym| + Byymy + Bysmsz +~2(Biomyy + Bizmys + Bysmos + wpmen). (50)
The following relationships are crucial for our method. We define the cross product of the base tensors

with the right-hand rule as follows.
For m,, my, and mss:

mip X my =m33, My XmMm33=m, Mm33Xmy=mmy. (51)
Moreover, for m;, m; and ms;, which are related to three mutually perpendicular planes (Figure 1):

mymj = €My, MyMmyj = €jiMy, M3M3; = € M3, iell,2,3], (52)
and

My X M3 = Mgkew, M2 X M3 = Mskew, M33 X M2 = Mkew- (53)
Then the cross product A x B = C, using (51)—(53), can be defined by
C = Ciimyy + Coomyy + Cazmss +N2(Cromiy + Cizmys + Cozmos + ocMey), (54)
and the components C;; and wc are listed in (47).

Remark. There are many possible cross products in R’, namely 480 as shown in [Coxeter 1946; Schray
and Manogue 1996], and listed by Barber [2015]. In this analysis, we view the symmetric second-order
tensor as a column vector of six components. However, the order of these components is subjective. But,
when the cross product of the base tensors with the right-hand rules (51)—(53) is taken into account, the
resulting tensor of the cross product is uniquely defined by (47) independently of the order of the elements
in vector u and v. In other words, a given order of the tensor components (-);; in seven dimensions is
always associated with exactly one multiplication set (triples), fyg,, which satisfies the right-hand rule
for the base tensors.
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5. A simple application

As an illustration, the applicability of the newly developed cross product operation is demonstrated by
reformulating the constitutive relation of classical elastoplasticity. The deviatoric part of the Prandtl—
Reuss equation in elastic-perfectly plastic case is defined by (see, e.g., [Simo and Hughes 1998])

s =2G[ée—n(é:n)], (55)
where s is the deviatoric stress tensor, é is the rate of the deviatoric strain and
n=%s, R=|s||, n:n=1. (56)

Equation (55), using the identity (35), can be rewritten as

§ =2Gn x (é x n). (57)

6. Conclusion

We have introduced a cross-product operation between two symmetric second-order tensors. This op-
eration generalizes the classical vectorial cross product from a three-dimensional Euclidean space to
symmetric tensor fields. The operation developed here utilizes the vectorial cross product defined on
a seven-dimensional vector space. The resulting product tensor is the sum of a symmetric and a skew-
symmetric tensor with one parameter, satisfying the usual properties of the vector cross product with
the exception of the triple cross product rule. Potential application areas for the tensorial cross product
developed here could possibly include computer vision, continuum mechanics and electromagnetism.
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