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DISLOCATIONS, IMPERFECT INTERFACES
AND INTERFACE CRACKS IN ANISOTROPIC ELASTICITY
FOR QUASICRYSTALS

XU WANG AND PETER SCHIAVONE

We derive the detailed structures of the 6 x 6 matrices N; and Nl.(_l) (i=1,2,3)
in the Stroh formalism of anisotropic elasticity for quasicrystals. All six matrices
are expressed explicitly in terms of the sixty-six reduced elastic compliances.
The Green’s functions for bi-quasicrystals are also obtained. Next, we derive
compliant and stiff interface models in anisotropic quasicrystalline bimaterials.
It is observed that the phonon normal traction is always continuous across the
stiff interface. Finally we present the asymptotic fields associated with a traction-
free, semi-infinite interface crack in anisotropic quasicrystalline bimaterials and
solve the collinear interface crack problem. The interface crack-tip field consists
of three two-dimensional oscillatory singularities which are evaluated via the
introduction of three complex stress intensity factors.

1. Introduction

The theory of anisotropic elasticity for crystals has been actively investigated for
more than half a century; see, for example, [Lekhnitskii 1950; Eshelby et al. 1953;
Stroh 1958; Willis 1964; Willis 1970; Willis 19715 |Clements 1971 | Barnett and
Lothe 1973 |Suo 1990; Suo et al. 1992; (Gao et al. 1992} [Ting 1986 [Ting 1988;
Ting 1996} Ru 2001} |Cheng and Reddy 2002; [Ting and Schiavone 2010; [Wang
and Pan 2010]. As pointed out in [Ting 1996, the Stroh formalism [[1958]], which
is based on Stroh eigenvalues and eigenvectors, allows for an elegant and powerful
analysis of two-dimensional deformations of anisotropic crystalline solids where
as many as fifteen elastic constants are involved. The beauty of the Stroh formalism
has indeed been observed by various researchers; see, for example, [Suo 1990; |Ru
2001; |Cheng and Reddy 2002; |Lazar and Kirchner 2005; [Wang and Pan 2010].
Quasicrystalline structures were first reported in [Shechtman et al. 1984f]. The
generalized anisotropic elasticity for quasicrystals developed in [Hu et al. 2000]
requires that anisotropic quasicrystals have as many as one hundred and twenty elas-
tic constants. Even for the study of two-dimensional deformations of quasicrystals,

Communicated by David Steigmann.
MSC2010: primary 74B05, 74E10; secondary 74E15.
Keywords: quasicrystal, anisotropic elasticity, Stroh formalism, dislocation, interface crack.
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2 XU WANG AND PETER SCHIAVONE

sixty-six pertinent elastic constants remain. Ding et al. [1995] extended the original
six-dimensional Stroh formalism for crystals by developing a twelve-dimensional
version in order to study dislocation problems in quasicrystals.

Outline of paper. In|Section 2| we present the Stroh formalism for two-dimensional
deformations in anisotropic quasicrystals. In[Section 3| we derive the detailed struc-
tures of N; and Nl.(_l) (i =1, 2, 3) appearing in the Stroh formalism for quasicrys-
tals through the introduction of sixty-six reduced elastic compliances S;; = §;;

(G,j=1...15and i, j # 3,9, 10, 14). In[Section 4] the Green’s functions for a
line force and dislocation located

(1) in a homogeneous quasicrystal,
(2) along the interface of bi-quasicrystals, and

(3) in one of two bonded quasicrystalline half-planes

are investigated. Based on the structures obtained for N; (i = 1, 2, 3), we then
develop in two imperfect interface models in anisotropic quasicrystalline
bimaterials. Finally, in we derive the near-tip field of an interface crack
in anisotropic bi-quasicrystals consisting of three two-dimensional coupled oscil-
latory singularities. Three complex intensity factors K|, K, and K3 are introduced
to quantify the near-tip field. Also studied in is the collinear interface
crack problems in anisotropic bi-quasicrystals following the decoupling method
proposed in [[Suo 1990] and [Suo et al. 1992].

2. The Stroh formalism

In a fixed rectangular coordinate system x; (i =1, 2, 3), let u; and w; be the phonon
and phason displacements, o;;(0;; = 0;;) and H;;(H;; # H;;) be the phonon and
phason stresses in an anisotropic quasicrystalline material. The stress-strain law
and the equations of equilibrium are [Hu et al. 2000]:

0ij = Cijuur, + Rijuwk,  0ij,j =0,

(1
Hij = Ryijuxg + Kijuwe,,  Hijj =0,
where the comma denotes differentiation, C;ji; are the elastic constants in the
phonon field, Ky, are the elastic constants in the phason field and R;j;; are the
phonon-phason coupling constants. In addition C;ji;, R;jx and K;ji possess the
following symmetry:

Cijki = Cjirt = Cuij = Cijik,  Rijii = Rjire,  Kiju = Kuij- ()
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For two-dimensional deformations in which u; and w; depend only on x; and
X7, the general solutions can be expressed as

u=1[u; uy u3 wy wa w3l = Af@)+Af(2),

o 3)
S=[D O, D3 ¥, W, ¥31" =Bf(2) + B f(2),
where
A=la; a; a3 a4 as agl, B =[by by b3 by bs bgl,
F@=1fi) L) f(z3) faze) f5(z5) folze)]”, 4)
zi=x1+pix2, Im{p;}>0 (=1,...,6),
with
N] N2 a; a; .
=p; =1,...
Ni=-T7'RT, N,=T"', N3;=RT'R" - Q, (6)
[Ci1 Ci6 Ci5 Ri1 Ri9 Ri57 [[Cis C12 Cisa Ris Ri2 Ri77]
Ci6 Ce6 Cs6 Re1 Reo Res Cos Cr6 Ca6 Res Re2 Re7
0= Cis Cs6 Css Rsi Rsg Rss R— Cse Cy5 Cs5 Rsg Rsy Rsy
Ri1 Re1 Rs1 K11 Ki9 Kis5 |’ Re1 Ra1 Ra1 Kis Kio K17 |’
Ri9 Rg9 Rs9 K19 Kgg Ksg Re9 Ro9 Rig Ke9 Kr9 K79
LR15s Res Rss Kis Ksg Kss_ LRes Ros Ras Ksg Kos Ks7_
@)

[Ce6 Ca6 Ca6 Res Rez Re7|
Ca Cxp Co4 Rog Ry Ry
C46 C2a Caq Rys Raz Ryz
Res Rxs Ras Koo Kos Ko7
Re2 Ry Ry Ko K2 Koy
Re7 Ry R47 Ko7 K27 K77

The matrices Q and T are symmetric and positive definite.
In[(7)] we have adopted the contracted notation

111, 222,333, 234,315, 126, 32«7, 138, 21 «<09.

In addition the stress function vector @ is defined, in terms of the phonon and
phason stresses, by

oi1=—P;2, 0nn=%;1, Hi=—-VY,2, Hp=V¥1 (=123. (8

The 6 x 6 matrices A and B satisfy the normalized orthogonal relationship
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BT AT9TA A
[ET AT][B E} =1 ©)

Therefore three real Barnett—Lothe tensors S, H and L can be introduced:
S=i2ABT —I), H =2AA", L= -2iBB’. (10)

Here H and L are positive definite matrices. It can also be easily checked that
N NTUa] 1 [a
= — i=1,...,6 11
|:N3(1) Nl(fl)r bi| pilbi (=10, (n

NV=—0'R, N"=-07"' NV=T-RTQ7'R. (12

where

In addition, both the 6 x 6 matrix M and its inverse M1, defined by
M=—iBA'=H '+iH'S, M '=iAB'=L"'—iSL™!, (13)

are positive definite Hermitian matrices. In this work we make use of a positive
definite Hermitian matrix N involving bimaterial elastic constants and defined as

N=M'"+M, =Ly +L;' +i(S,L;" — SiL7"). (14)

It is clear from that for two-dimensional deformations of quasicrystalline
materials, there are in total sixty-six elastic constants: fifteen in the phonon field,
twenty-one in the phason field and thirty phonon-phason coupling constants. In
the next section we present the detailed structures of N; and Nl.(_l) (i=1,2,3).

3. The structures of NV; and Nl.(_l)

Consider first the structure of N; (i = 1, 2, 3). Since the second column of Q is
identical to the first column of R, and the second row of R is identical to the first
row of T, we have

N , (15)

S S SR TR
S O O O O

EE R S SR S
EE S S S
EE S S TR
EE S S T
* X ¥ X O ¥
S O O O OO
* X ¥ X O ¥
* ¥ ¥ X O ¥
* X ¥ %X O ¥
* X ¥ X O *

where * denotes a possibly nonzero element.
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Next, we introduce the reduced elastic compliances S;; = S;; (i, j =1...15

and 7, j # 3,9, 10, 14) such that

[Ci1 Ci2 Cia Ci5 Cig Rit Riz Ris Ris Ri7 Rig

Cio Cxpp Coq Cys5 Co6 Ro1 Ry Rys Rag Ry7 Ry

Cis Coq Cy4 Cys Cys Ra1 Rap Rss Rae Ra7 Ryo

Cis Cas Cy5 Css Csq Rsi Rsy Rss Rsg Rs7 Rsg

Ci6 Ca6 Cs6 Cs6 Co6 Re1 Re2 Res Res Re1 Reo

Ri1 Ry R41 Rsi Rer K11 K2 Kis Kig K17 Kig

Rz Ry Ry Rs; Rex Kio Ko Kos Ky Ko7 Ko

Ri5 Rys R4s Rss Rez Kis Kos Kss Ksg Ks7 Ksg

Ri6 Ry R46 Rse Res Kis Kas Ks¢ Koo Ko7 Koo

R17 Ry7 R47 Rs7 Re7 K17 K27 Ks7 Ke71 K77 K79

| Ri9 R29 R49 Rso Reo Ki9 K9 Ks9 Keo K79 Koo |
[ Si1 Si2 S Sis Sie Si7 Sis St Sz Sus Sius |
S12 S22 S2a 825 S S27 S8 Son1 S22 S213 Sais
S1a S24 Sas Sas Sac Sa7 Sas Sann Sarz Sa1z Sais
S1s S5 Sas Sss Sse Ss7 Sss Ssi1 Ssi2 Ss13 Ssis
Si6 S26 Sa6 Ss6 Ses Se7 Ses Sei1 Se12 Se13  Sels

X | S17 S27 Saz Ss1 Ser S717 S8 S71 S712 Stz Snis | =1. (16)
Sis Sog Sag Sss Ses S78 Sss Ssi1 Ssi2 Ssi13 0 Ssis
St S211 Sarr Ssi1 Serr S711 Ssir St Sz Sz Siuis
S112 $212 Sa12 Ss12 Se1z S712 Ss12 Stz Si1212 S1213 S1215
S113 $213 S413 S513 Se13 S713 8813 S1113 S1213 1313 S1315
| S115 S215 Sa15 Ss15 Se1s5 S715 Ss15 Si115 S1215 S1315 S1515

Remark. We adopt the convention that if three digits appear as subscripts of §;;,
the first digit is i and the remaining two form j. If four digits appear in the sub-
scripts of S;;, the first two digits are i and the remaining two will form ;.

It can be easily deduced from that
|: 0 R] |:¢12 "2]
T

R" T||r]
[ S, 0 Si5 S17 Sus S |

I—1L I]]
0 I

where

0O 0 O 0 0 0
0 = Si5 0 Ss5 Ss7 Ss15 Ss11
S17 0 857 S77 S5 St

Stis 0 Ss15 S715 Si1515 Si115

| St 0 Ssi1 S701 Siis S

(17)
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Si6 S12 S1a Sz Sis Si3
0 0 0 0 0 0
ry = Ss6 S25 Sas Ssi2 Ssg Ss13
Se7 S27 Sa7 S712 S18 S713 |
Se15 S215 Sa15 S715 Ss15 S1315
| Sei1 Sa211 Sarn S711 Sgin Sius |
Se6 S26 Sas Se12 Ses  Se13
S6 S22 Soa S22 S Sa3
. Sa6 Soa Saa Sar2 Sag Saiz
Se12 S212 Sarz Si212 Sgi2 Si213 |
Ses S8 Sag Sgi2 Sgs Ssi3
| S613 $213 S413 S1213 S813 S1313 |
[(010000]
000000O
I, = 888888 . L=diag[0 1 00 0 0].
000000O0
(000000

N1=rleI{1—112=

T —1
Nry=t—ryq, ro=

After some algebraic manipulations, we finally arrive at

Wiz Wi
0 0

Vj‘fm V:V24
Wiz Wag
Wis Wiy
W35 Wys
e Ug Vg
S> I Uy U
Sq4 Iy
2

Uyg Vg

ug vg

Ke12 K
K212 K
K412
K1212
K812
K1213

Kaa
K412
K43
K413

K24
K212
K28
K213

K46
K612
Ke8
K613

uiz vi2

Uiz Vi3

K48
K812
K8s
K813

’

68 K613 |
28 K213
K413
K1213
K813

K1313

where g, !is the pseudo-inverse of g,, A is the determinant of

’

(18)

(19)

(20)
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ij

S11
S1s
S17
S11s
St

Si5 Sz Sus S
Sss Ss7 Ssi5 Ssi
Ss7 877 S711s S
Ss15 8715 S1515 S1115
Ss11 S711 Sin1s St

W= [W;:] is the cofactor matrix of W, and

Sla
Sis
S17
Si15
St

S
Sis
Sla

S115
St

>~

Fo =

S
NE
Vg = — | S17

>

S115
Sloc

S11
Kap = 1|85
S11s
S111

SSa
Sss
Ss7

Ss15
Ss11

Sis
Sss
SSa

Ss15
Ss11

Sis
Sss
Ss7

Ss15
SSO{

Sla
Sap
SSa
S7a

SlSa
S

S7a
Ss7
S$77

$715
S711

N
Ss7
S7oz

S$715
S711

S17
Ss7
S$77

$715

S7oc

Sis
Ssg
Sss
Ss7

Ss15
Ss11

SlSa
Ss1s
$715
Si515
Si115

S115
Ss1s
S150
Si515
Si115

S115
Ss15
$715
Si515
S15a

S17
S75
Ss7
$77

$715
S711

’

21

Sila St S5 S17 Sus Sin
Ss11 | Ste S5a S70 S15¢ Siia
\ITHE Sa = S17 857 877 Snis S|
S1115 S115 Ss15 S715 S1515 St11s
St Stir Ssir S7i1 Siis Sun
Si11 St S5 S17 Sus Sin
Ss11 ! Si5 Sss Ss7 Ssis Ssnn
St1a | U = 7 S17 Ss7 877 S715 S|
Si115 Ste S5a S70 S15¢ Siia
St Stir Ssir S711 Siis St
St11

Ss11

S711 (a:6,2,4,12,8,13),
Si11s

Sila

S5 Sin

S5 S

Ss15 Ssu (@, B=6,2,4,12,8,13).
S715 S711

Si515 S111s

Sti1s St

In view of [(6)] N> is positive definite, while [(I8)] and the fact that W defined by
[21)]is positive definite result in — N3 being positive semidefinite.
We next derive the structure of Nl.(_l) (i =1,2,3). Itis not hard to check that

(=0 _
N, =

0

cocoo !l

1

EE S S SR
o SR S T
S S S TR
ESE G G T
R O R SR R

=D _
’ N3 -

S O O O O O
* X ¥ ¥ *x O
* ¥ ¥ ¥ % O
* X ¥ X *x O
* X ¥ ¥ *x O
* X ¥ ¥ X O

(22)
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In addition, we have the identity

Q Ri|q | _ |1 0
[RT T||rl 6| |InI-1] @3)
where
S Si6 Sis S17 Sus S | [0 S12 Sis Si2 Sis Siis |
Si6 Sec Ss6 Se71 Se15  Seii 0 S Si6 Sei2 Ses Se13
g= S15 Ss6 Sss Ss7 Ssis Ssi1 = 0 S5 Sas Ssi2 Ssg Ssi13
S17 Se7 Ss1 S717 Suis Sy | 0 S27 Sa7 S712 S8 S713 |’
S115 Se15 Ss15 S715 S1515 St11s 0 S$215 Sa1s S715 Ss15 S1315
| Stin Set1 Ssur S711 Sinis St | | 0 S211 Sarr S711 Ssur Sii13 |

(00 0 0 0 0
0 S22 Souu S22 S8 o3
0 S24 Saa Sa12 Sag Saiz .
t = I, =diag[1 0 0 O O O].
! 0 S212 Sa12 S1212 Sg12 S1213 ! el ]
0 Sog Ssg Sgio Ssg Ssis

| 0 8213 Sa13 S1213 S813 S1313 |

We can now arrive at

0

0

-1 - 1[0
N3( ) tll - 2 0 Al/z Agz A%} A2/4 A%S , (24)

0

0

- - 0 ry s5 ¢
N 1)=r1t11—11T2= I's S5 Is Us Vs (25)

(1) 1T Kis Kso Kss Koq K K
NV = —qne el =— | G5 S0 s K s |
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where A’ is the determinant of

S22 S Sz S Sas
S24 Saa Sarz Sag San3
W = S0 Sa2 Si2iz Sgiz Sz |,
S8 Sag Ssi2 Sgs Ssi3
$213 Sa13 S1213 S813 S1313

W = [Wi/j] is the cofactor of W/, and

(27)

$213
S13ot
S1213|
S813
S1313

$213
S413
S1213]
51301

S1313

S2e Saa S12¢ Ssa S13a S22 S4 S22 Sag
1 524 S44 S412 S48 S413 1 Sza S4a SlZoz S&x
r, =X $212 Sa12 S1212 8812 S1213] s S&ZF S$212 Sa12 S1212 S812
Sz Sag Ssi2 Sss Sgi3 Srs Sag Ss12 Sss
$213 Sa13 S1213 813 S1313 $213 Sa13 S1213 S813
S22 S S22 S8 So3 S22 S S22 Sas
1 So4 Saa Sarn Sag Sanz ! S24 Saa Sarz Sag
1, = N S Sia Size S8a Siza |, Uy = N $212 Sa12 S1212 S812
Sos Sag Ssi2 Sss Ssi3 S$20 Sta S120 S8
$213 S413 S1213 S813 S1313 $213 S413 S1213 S813
Sn S S S Sus
! So4 Saa Sarn Sag Sanz
Uy = N $212 Sa12 S1212 Ss12 S1213 (¢=1,6,5,7,15,11),
Srs Sag Ssi2 Sgs Ssi3
S$20 Sae S120 S8a S13a
Sap S28 Sap S Ssp Si3p
S S22 S2a S212 S28 213
/ 1 | S4e S24 Saa Sa12 Sag Saiz
fap = A7 S12¢ $212 Sa12 S1212 Ss12 S1213 @fF=1.657151D.
Ssa S28 Sag Ssi2 Sgs Ssi13
S13a¢ 8213 Sa13 S1213 Ss813 S1313

In view of [(12)} the matrix —Nz(_l) is positive definite, while, by [(24)(and the
fact that W’ defined by is positive definite, we also have that N3(_1) is positive

semidefinite.

4. Line force and line dislocation

4.1. Line force and dislocation in a homogeneous quasicrystal. Let a line of
uniformly distributed force p = [p; p2» p3 q1 ¢q» ¢3]7 per unit length be ap-
plied on the x3-axis which also includes a line dislocation with Burgers vector
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b =[by by by di dy d3]". The analytic vector function f(z) due to the line
force and dislocation is given by

ATp+BTb
2mi

f(2) = (Inzy) : (28)

where (%) is a 6 x 6 diagonal matrix in which each component varies with the index
o (from 1 to 6). The elastic energy for the annular region 0 < ry <r < Ry per unit
length of the line force and dislocation is
R
U=-1n <—0>(pTHp+bTLb) -0, (29)
4 ro
which also provides an indirect proof that H and L must be positive definite if the
elastic energy is to remain positive.

4.2. Interfacial Green’s function. We consider a bimaterial made of two bonded
dissimilar anisotropic quasicrystalline half-planes, denoted by #1 (x» > 0) and #2
(x2 < 0). The bimaterial is subjected to a line force p and line dislocation with
Burgers vector b at the origin. In fact the solution can be found from [Ting 1996].
The elastic energy for the annular region 0 < rg < r < Ry of the quasicrystalline
bimaterial is

L (BN T BT
U= ln<r0>(p Hp+b"Lb) >0, (30)

where H and L are two 6 x 6 positive definite real symmetric matrices given by
~ —  _ ~ 1 =1
H =Re{(M; +M>)™"}, L=Re{(M;'+M, )"} (31)

4.3. Green’s function for quasicrystalline bimaterials. We consider a bimaterial
made of two perfectly bonded dissimilar anisotropic quasicrystalline half-planes
again denoted by #1 (x > 0) and #2 (x, < 0). A line force p and line dislocation
with Burgers vector b are applied at (x1, x2) = (0, §) (6 > 0) in material #1. The
structure of the solution is similar to that in [Suo 1990] and [Ting 1996|]. The
image force tending to move a pure dislocation (p = 0) away from the interface is
described by

F=_L "L L, (32)

4ms

where L is given by For a sliding interface on which o1, = o3 = 0, the image
force acting on the line dislocation is now characterized by

1 A
F= m(Zbg Lby—b"L1b), (33)
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where

N2y Nay Nas Nog
Noy Nag Nas Nas
Nas Nus Nss Ns |
Nas Nag Nsg Nego

bo=1[by dy d» d3]", L=Re{N~'}, N= (34)

N;; being the components of the 6 x 6 Hermitian matrix N defined by Both
N and L are positive definite.

S. Imperfect interface models

In [Benveniste 2000], the author rigorously derives imperfect interface models for
a three-dimensional curved interphase between two anisotropic crystalline solids
by making use of the idea of Taylor expansion of the corresponding fields in thin
regions. In this section we will derive compliant and stiff interface models in
anisotropic quasicrystalline bimaterials using the Stroh formalism and the struc-
tures of IV; presented in Sections [2]and[3] To simplify the analysis, we consider here
a straight imperfect interface. The stress-strain law for an interphase of constant
thickness /1 between the upper and lower anisotropic quasicrystalline materials 1
and 2 is described by

01=Qu;i+Rus 0o=R'u;+Tu,, (35)

where Q, R, T are defined in [(7)| with the subscript ¢ being used to identify the
quantities associated with the intermediate interphase, and

o1 =[o11 021 031 Hiy Hy Hzil',00=[012 02 032 Hix Hyp Hpl'. (36)

(1) If we assume that Cl.(;,zl < Cl.(jl,zl, i(j2121§ RI(JC,)( , and Kl.(;,zl <
K i(jl,zl, K i(jz,gl (the so-called compliant interphase) and that the interphase is also
very thin, then it follows from[(35)p that

() 2)
1 L R Rij

Uy —uy; = th(c)az(l) = th(C)az(z) on the compliant interface. (37)

This is, in fact, the anisotropic spring-type interface.

(2) If we assume that Ci(;,z, > Cf},ﬂb Ci(j2121 and Ki(;lzl > Ki(jl,gl, Ki(jzlzl (the so-called

stiff interphase) and that the interphase is also very thin, then it follows from
[35)] and the equilibrium equation 07,1 + 02,2 = 0 that

U =us, 0’2(1) —02(2) = hN3(C)u1,11 :hNéc)uz,u on the stiff interface. (38)

This is an extension of the Young—Laplace model to anisotropic quasicrys-
talline materials.
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In view of the structure of N3 given by [(I8)] the phonon normal traction com-
ponent oy, is continuous across the stiff interface.

6. Interface crack problems

First we derive the asymptotic fields associated with a traction-free semi-infinite
crack which lies along the interface between the upper and lower anisotropic qua-
sicrystalline half-planes #1 (x, > 0) and #2 (x> < 0). The portion x, =0, x; > 0 of
the interface is perfectly bonded, whereas the remaining portion x, =0 and x; <0
of the interface is fully debonded. In the following analysis, in view of the fact
that z; = 2o = 73 = z4 = 25 = z¢ = z on the interface x; = 0, we will replace the
complex variables z; (k =1, ..., 6) by the common complex variable z = x| + ix».
After the analysis is completed, we can simply revert back to the corresponding
complex variables.
We introduce an analytic vector function k(z) defined by

h(z) = B, f{(z) = N"'NB, f5(z). (39)

Consequently the traction and displacement jumps can be expressed in terms of
h(z) as

o(x)=h* () + N Nh~(x),  id'(x)= N[h* () —h~(x)],  (40)
We then arrive at the following homogeneous vector Riemann—Hilbert problem:

h"(z)—h™(2)=0, z¢C,

— 41)
Nh'(z)+Nh~ (z)=0, zeC.
Consider the eigenvalue problem
Nw=e""“Nuw. (42)
It can be concluded that:
(1) As a result of the positive definiteness of N, the eigenvalue e>"¢ is always

positive; thus € is real.
(2) If (e, w) is an eigenpair, then (—e, w) is another eigenpair.

Three positive real numbers €1, €», €3 and three complex vectors wy, w,, w3 form
SiX eigenpairs:

(617 wl)a (_Ela wl)a (629 wZ)a (_62’ EZ)’ (635 w3)’ (_63’ w3) (43)
The following orthogonal relationships can also be established:

w/Nw;, =wNw,=w/Nw, =0 (,jkIl=1223andk#]), (44
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The three positive real numbers (or oscillatory indices) €1, €2, €3 are given by

1 1+,3j
€j=-—1In
2 1—B;

(Gj=12,3), (45)

where B; (j =1, 2, 3) are the three positive roots of the following cubic equation
in g%
/36 + %tr(gz)ﬂ4 — %|§| tr(S*z)ﬂ2 — |S'| =0. (46)

Here
S=(L"+L;H USILT = SLyh. 47)

The oscillatory indexes €1, €3, €3 are then explicitly determined.
Following |Suo [1990]], we can obtain for h(z) the expression

3 we; i€; —TE€; Jr ., —l€j
" KiZ%w;+e TIK iz w;
h(z)=) ——— — ! L (48)
= 2(2mz)? coshre;

where K|, K, and K3 are three complex stress intensity factors. fl’ (z) and fz’ (2)
in the two half-planes are then given by

3 ) i e D e —
Zene/szlejwj+e ne/KjZ léjwj

B fi{(x) = ] (Im{z} > 0),
s 2(2mz)2 coshre;
. _ o (49)
e TG K ‘z“fw . +enejK .Zflejw X
Bfs()=) 0 / I (Im{z) < 0).
i 2(2mz)2 coshme;
The traction at the bonded interface a distance r ahead of the crack tip is
3
o2(r) =Y [tj(w; + 1 ("], (50)
j=1
where
=T e
w; Noo(r)  K;r'c
ti(r) =t +it; = — =1
! ! ! E;ij 2rr
states that the interface traction can be decomposed into three com-

ponents, each in the plane spanned by Re{w;} and Im{w;} (j =1, 2, 3).
The displacement jump a distance r behind the crack tip is

, 3 ie; K 6w

— (T \2 Kiriw; Kjr—w,;
dr) =N +3)(5-) o icyeosre | !
=0+ )271 ;[(14-21@)003}1”6/+(1_21€/)005hﬂ€j oY



14 XU WANG AND PETER SCHIAVONE

The energy release rate is therefore given by
—T AT
w; (N+N)w;

2
4 cosh? e K17 >0. >2)
J

S 3
G=1imi/ ol G—rdrdr=Y

j=

Next, we consider a set of collinear cracks between two dissimilar anisotropic
quasicrystalline half-planes with prescribed traction #;(x;) on the crack lines C.
Suppose there are n finite cracks in the intervals (a;, b;) (j =1,2,...,n) and two
semi-infinite cracks (—oo, bg) and (ag, +00). The prescribed traction #y(x1) on the
crack lines C will result in the inhomogeneous Riemann—Hilbert vector problem:

R )+ N 'Nh=(x)) =to(x;), x €C. (53)

In order to solve this, we follow the method in [[Suo 1990] and [Suo et al. 1992]
and write k(z) and #y(x;) in terms of their components using the eigenvector rep-
resentation

h(z) = hi(z)w1 +h2(2)w1 + h3(2)wz + ha(2) w2 + hs(2)ws + he(2) w3,
to(x1) = to1 (X)W1 + o1 (x1) W1 + fo2 (x1) W2 +fo2 (X1) W2 + fo3 (X1) W3 + 103 (x1) W3.
As a result, [(53)] can be decoupled as follows:
R Ge) +e R (x1)= to1 (x1)
h3 (1) 42Ty ()= fo1 (x1)

BT (x1) +e 22y (x1)= to2(x1)

_ for x; € C, (54)
hy(x1) + e 2hy (x1)= I (x1)
h(x1) +e 7 Shy (x1)= to3(x1)
A (x1) +et S hy (x))= o3 (x1)
whose solution can be given simply by
x1(2) to1(x1) dxy
hi(z) = - + x1(2) P1(2),
: 2mi Jexfona—2 !
x1(2) 101(x1) dx) _
ha(z) = - - + x1(2) P2(2),
27 Je 3 (e (xg —2)
x2(2) fo2(x1) dxy
h3(z) = - + x2(2) P3(2),
27i Je xy (x1)(x1 —2)
x2(2) 102(x1) dx; _
ha(z) = - - + x2(2) P4(2),
27i Je x5 (e (x1 — 2)
I d
hs(o) = L2 [ _Cdn L p,

27i Jexs (e (x1 —2)
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_ x3(2) fo3(x1) dxi
271 Je 3y (x)(x1 —2)

he(2) + x3(2) Ps(2),

where x1(z), x2(z) and x3(z) are defined as

n

1@ =[]ec-a @byt (j=1,23), (55)
k=0

and P;(z) i =1, ..., 6) are polynomials in z of order less than n + 1 [Ting 1996].

7. Conclusions

In this paper all six 6 x 6 matrices N; and Ni(_l) (i =1, 2, 3) in the Stroh formalism
of anisotropic elasticity for quasicrystals have been explicitly expressed in terms
of the sixty-six reduced elastic compliances S;; = S;; (i, j=1...15and i, j #
3,9, 10, 14). It is found that N, and —NQ(_I) are positive definite, whilst —N3 and
Ng_l) are positive semidefinite.

In the study of Green’s functions, we present the elastic energy expressions [(29)]
for a line force and dislocation in a homogeneous quasicrystal and [(30)] for a line
force and dislocation lying on a bi-quasicrystal interface, and obtain the image
force on a dislocation near a perfect or sliding interface between two anisotropic
quasicrystalline half-planes.

We also derive compliant and stiff interface models using the Stroh formalism.
Green’s function solutions for quasicrystalline bimaterials with imperfect interface
can be further studied by using the method described in [Wang and Pan 2010].

Perhaps the most interesting conclusion from this research is that the interface
crack-tip field consists of three two-dimensional oscillatory stress singularities
pae (j =1, 2, 3) characterized through the introduction of three complex stress
intensity factors K; (j =1, 2, 3). We end by again noting the beauty and power
of the Stroh formalism which is fully demonstrated here.
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LOCALIZATION OF POINT VORTICES UNDER CURVATURE
PERTURBATIONS

ROBERTO GARRA

We discuss the effect of curvature on the dynamics of a two-dimensional invis-
cid incompressible fluid with initial vorticity concentrated in N small disjoint
regions, that is, the classical point vortex system. We recall some results about
point vortex dynamics on simply connected surfaces with constant curvature K,
that is, plane, spherical, and hyperbolic surfaces. We show that the effect of
curvature can be treated as a smooth perturbation to the Green’s function of the
equation related to the stream function in the planar case. Then we obtain as a
main result that the localization property of point vortices, already proved for the
plane, is preserved also under the effect of curvature perturbation.

1. Introduction

Vortex dynamics is a fundamental topic in fluid mechanics. In the framework of
ideal incompressible fluid it is described by the Euler equation. A classical approx-
imation made in order to study vortex dynamics analytically in two dimensions is
to treat singular vorticity distributions. This means replacing a partial differential
equation with infinite degrees of freedom with a system of ordinary differential
equations with N degrees of freedom. This point vortex model was first introduced
by Helmbholtz in 1858 and Kirchhoff in 1876; it was also treated in classic textbooks
like [Batchelor 1967] (for a detailed historical review see [Llewellyn Smith 2011]).
The study of point vortex dynamics is still an important topic in mathematical
physics, a “classical mathematics playground” as stated in [Aref 2007]]. It finds
its physical roots in the analysis of the dynamics of a two-dimensional inviscid
incompressible fluid with initial vorticity sharply concentrated in N small disjoint
regions. There are many papers devoted to the mathematical analysis of this model
in the framework of dynamical systems (see, for example, [Newton 2001]]) and
mathematical fluid mechanics (see, for example, [Marchioro and Pulvirenti 1994]).
However a critical point of this model is the divergence of the velocity computed in
the point where the single vortex is localized. This (infinite) term could be skipped
in a heuristic way from a physical point of view because it is a self-interaction term.

Communicated by Carlo Marchioro.

MSC2010: 76B47.
Keywords: point vortex dynamics, mathematical fluid mechanics, ideal fluid.
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But from a mathematical point of view a rigorous connection between the Euler
equation and the point vortex model is given by the proof that, if

N
wo(x)dx — Za,-(sx,. (dx),
i=1
then
N

wr(x)dx — Z a;8x, 1 (dx).

i=1

The proof of this fact was firstly given in [Marchioro and Pulvirenti 1993|]. In more
detail, it was proved there (and in [Marchioro 1998| that the time evolution of a
system of vortices initially concentrated in N small disjoint regions of diameter €
remains concentrated in N disjoint vortices with diameter d(e) — 0 as € — 0. This
property of the point vortex model is called localization.

Here we analyze the effect of curvature on the dynamics of N sharply concen-
trated vortices. There are a number of papers [Hally 1980; Kimura 1999] devoted to
the analysis of vortex motion on surfaces with constant curvature, for example, on
spheres [Crowdy 2006] and hyperbolic surfaces [Hwang and Kim 2009]]. Moreover,
Boatto [2008] treated the perturbative effect of curvature on the stability of a ring
of vortices.

The main aim of this paper is to prove that the property of localization of the
dynamics of point vortex motion is preserved under the effect of curvature pertur-
bation. Actually, we show that the effect of the constant curvature K of the surface
on the dynamics can be treated by means of a smooth perturbation to the Green’s
function of the plane case. Then we include this perturbation in an external mean
field and we show that the localization of the vortices under the effect of curvature
is essentially a corollary to the theorem of localization stated in [Marchioro and
Pulvirenti 1993].

This result is really interesting from a physical point of view because it states
that strong concentrated vortices remain concentrated under the effect of curvature.
For example, in the spherical case we can apply it to the dynamics of vortices
over the Earth’s surface. Moreover, we can generalize this result to any regular
surface that can be locally approximated with a Riemannian manifold with constant
curvature K.

The plan of the paper is as follows: in we introduce the constitutive
equations of the point vortex model, in [Section 3| we recall some useful results
about point vortex dynamics on surfaces with constant curvature, and in [Section 4
we discuss the main result, recalling the localization theorem in the planar case
and proving that it also works taking into account the effect of curvature.
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2. Point vortex motion in fluid mechanics

Here we introduce the constitutive equations of point vortex motion in the whole
plane R?. Consider the Euler equation about a two-dimensional inviscid incom-
pressible fluid with unitary density:

dw~+ (u-Vo=0, V.-u=0, w=curlu=09u;— dui, 2-1)

with boundary condition # — 0 as |x| — co. Here u = (u1, u,) denotes the velocity
field.

Then we define the stream function v (x, ¢) such that u(x, 1) = V- (x, 1), with
VL = (8, —9;). It is immediate to see that

wx, 1) ==V (x, 1), (2-2)

that is, a Poisson-type equation with w as a source term. We notice that formally
the stream function plays the role of a Hamiltonian; this explains the great interest
in the point vortex system in the field of dynamical systems.

By using the definition of a stream function, we find the explicit form of the
velocity field by means of the Green’s function of

u(x,t)=Vity = / VG, o) dr, (2-3)

depending on the initial conditions on the vorticity and the domain. If the initial
vorticity field is generated by N disjoint point vortices, we use an initial condition
given by a measure

N
o(x,0)dx = ;6 (dx). (2-4)

i=1
where a; is the vortex intensity of the i-vortex situated at x;. This is the so-called
point vortex system. The dynamics of the N point vortex system is defined by the
Green’s function of [(2-2)] It clearly depends on the domain. For example, in the
whole plane R?, the evolution equations for a system of point vortices is given by

dx; (t) al
c;t =-Vt Y @G, x (1), xi(t=0)=x, (2-5)

j=1j#i
where G (x;, x;) = 1/(27) In|x; (t) — x;(¢)| is the Green’s function of [2-2)]in the
plane. It appears as a discrete solution of the Euler equation.

Starting from this mathematical formulation, there are a great number of possible
investigations about the point vortex system. In the framework of mathematical
fluid mechanics, a wide discussion of the properties of such systems and the rig-
orous relation with the Euler equation can be found in [Marchioro and Pulvirenti
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1994]. In the framework of dynamical systems there are a great number of papers
devoted to the analysis of integrability, relative equilibria, and applications; we
refer to [Newton 2001].

In the next section we recall the explicit form of the Green’s function in the
planar, spherical, and hyperbolic cases.

3. Dynamics of point vortices on surfaces of constant curvature

Here we recall the main results about the Green’s function of the Poisson equation
over surfaces with constant curvature K. First of all, we recall that the three sur-
faces with constant curvature, a sphere (K > 0), a Euclidean plane (K = 0), and
a hyperbolic plane (K < 0), can be considered as three different situations inside
a family of Riemannian manifolds with the curvature K as a parameter. We refer
to [Kimura 1999] for an unified geometrical setting of this problem. In this work
the fundamental solution of the Poisson equation over a spherical surface is given
as a function of the geodesic distance r from the north pole of the sphere, that is,
r=0R=0/vK, with 6 its colatitude and R the radius of the sphere. Then Kimura
found, in a direct way, the Green’s function for the hyperbolic case as a function
of the same variables. We can prove that the Green’s function Gk only depends
upon the geodesic distance r and is given by

2nGg-o= —Insin for a spherical surface, re (O, L), (3-1)

VK

2nGo=—1Inr for a plane, r € (0, 00), (3-2)
JIK|r
2

271Gk -9 = — Intanh for a hyperbolic surface, r € (0, 00). (3-3)

Then if we take the difference Ak~ between and [(3-2)] we obtain

Kr o mr=1 ! (3-4)
nr=In——, -
sin(%\/fr)

Ag-o(r) = —Insin

This is a continuous function, with a bounded first derivative for r € (0, 7/ VK )
where the Green’s function is defined, that is, it is also a Lipschitz function. This
last statement has a central role in the following discussion. Actually, we can treat
the effect of curvature as a Lipschitz perturbation to the Green’s function of the
planar case. The same reasoning can be applied in the hyperbolic case. In this case
we find a Lipschitz function Ak ¢ for r € (0, 00).

Moreover, it is simple to check by Taylor expansion that the planar case can be
recovered in the limit K — 0. In more detail, when considering the limit K — 0,
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we obtain:
27Gg-o = —In[sin(vKr/2)] + In(~K /2) ~ — In(r) — %rz +..., (3-5)
271Gk -0 = — Inf[tanh(/|K |[r/2)] + In(/|K [/2) ~ — In(r) + %rz +.... (3-6)

Then it’s clear that the effect of the curvature on the dynamics can be parametrized
as a smooth perturbation to the Green’s function on the plane.

Finally we can write the Green’s function of the Poisson equation over a surface
with constant curvature as:

G(r) =Go(r)+ Ak (r), (3-7)

where Gy = —1/(27x) In(r) is the Green’s function on the plane and Ak (r) is a
Lipschitz perturbation dependent on the curvature K as previously defined.

This means that, from [(2-3)] the velocity field of the fluid over a surface with
constant curvature is given by

u(x,t) =V (x, 1) = ug(x, 1) +ug (x, 1), (3-8)

where

uo(x, 1) = / VEGo(r, o () dr,

ug(x,t) = / VXA (r, Fo () dr'.

As already discussed, we can treat the contribution u g due to the curvature effect as
a Lipschitz field. Then from a Lagrangian point of view the fluid particle satisfies
the following equation:
dx(t)
dt

In the following we will use directly u(x, t) for the velocity field of the planar case.

=uo(x, 1) +ug(x,1). (3-9)

4. Localization of the vortices under curvature perturbation

In the planar case, we call “localization” the following property of the dynamics of
a system of point vortices: the time evolution of N concentrated vortices, according
to the Euler equation in the two-dimensional case, remains concentrated in N small
disjoint regions of diameter d(e) — 0 as € — 0 [Marchioro and Pulvirenti 1993;
Marchioro 1998]]. This result provides a rigorous connection between the Euler
equation and the point vortex model, giving a complete justification for skipping the
divergent self-interaction term in the point vortex dynamics (for a full discussion
of this point see [Marchioro and Pulvirenti 1994]).
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In more detail, we recall the following localization theorem:

Theorem 4.1 [Marchioro 1998||. Consider an initial datum

N
we(x,0) =Y wei(x.0) (4-1)

i=1

where we.;(x, 0) is a function with a definite sign supported in a region A¢.; such
that

Aci =suppwe;i(x,0) C X(zile), X(zile)NX(zjle) =0ifi#j,  (4-2)

for € small enough. Here X (z|r) denotes the circle of center z and radius r. The
intensity of any single vortex is

/dx we:i(x,0) =a; € R, 4-3)

independent of € and we assume
lwe:i(x,0)| <Me™7, M>0, y>0. (4-4)

Denote by w¢(x,t) the time evolution of [(4-1)| according to the Euler equation
with boundary condition u — 0 as |x| — oo. Then, for any fixed time T, for any
= [0, l) and 0 <t < T, we have:

o For all d > 0, there exists €g(d, T) such that, if € < €y, then we(x,t) =
vazl we i (x,t). Moreover, supp we.;(x,t) C X(z;(t)|d), where d — 0 as
€ — 0 and z;(t) is the solution of the differential system

N

=Y aV'Glz—z), V=@, -0, zu@=z, 45
j=Li#j

where G(-) is the Green’s function of the Poisson equation in the planar case

with vanishing boundary condition at infinity.

o For any continuous bounded function f(x)

N
tim [0 = > af @ 4-6)
The value of T > 0 must be such that there are no collapses for any ¢t < T;
a complete discussion of the existence of such a T is given in [Marchioro and
Pulvirenti 1994].
Note that this formulation is an improvement of the previous result stated in
[Marchioro and Pulvirenti 1993|], giving a much better estimate of the support
d(¢) of the vortices.
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The main step for the proof of this theorem is to study the localization of a
single vortex, simulating the effect of the other N — 1 vortices with a Lipschitz
external field F(x, ). In this case the motion of the vortex is described by the
Euler equation in the weak form:

Loy =olu+F)- V1l @)

where w (f (x)) = f dxw(x,t)f(x)and f(x) is a bounded smooth function. From
a Lagrangian point of view, we have

dx _
E—u(x,t)—i-F(x,t). (4-8)

Then, defining the center of vorticity as

B.(t) = fxa)e(x, t)dt, (4-9)
we state the following theorem about the localization of a single blob:
Theorem 4.2. Suppose that

supp|we (x, 0)] C X (x*|e) (4-10)
and

lwe(x,0)| <Me™?, M=>0, y=>0, /dxa)e(x,()) =1. 4-11)

Then, there exists C(8, T) > 0, with B > 0, such that for 0 <t <T
supp|we (x, £)| C Z(B(1)|d) (4-12)

where
d=C(B, TP, (4-13)

and B(t) is the solution of the ordinary differential equation

diit) = F(B(), 1), (4-14)
B(0) = x*. (4-15)

We refer to [Marchioro 1998]] for the complete proof of this theorem, and in the [Ap]
we sketch the proof for the utility of the reader. Here we again remark that
one of the central assumptions is about the Lipschitz continuity of the simulating
external field.

Starting from these results, we can finally state our main result: the localization
property of point vortices is preserved in surfaces with constant curvature.
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Theorem 4.3. Consider an initial datum

N
we(x,0) = wei(x, 0). (4-16)

i=1

where we.;(x, 0) is a function with a definite sign supported in a region Ac.; such
that

Aci =suppwe;i(x,0) C X(zile), X(zile)NXE(zjle) =0 ifi #j, (4-17)

for € small enough. The intensity of any single vortex is
fdxa)e;,-(x,O)Ea,- e R, (4-18)

independent of € and we assume
|we:i (x,0)| <Me™™, M=>0, y=>0. (4-19)

Denote by wc(x, t) the time evolution of [(4-1)|on a surface of constant curvature

K according to the Euler equation, then holds.

The proof of this theorem is similar to that of the planar case, considering first
of all the localization of a single vortex. We have shown that the effect of curvature
on the Green’s function can be treated as a Lipschitz perturbation to the Green’s
function of the planar case. Then the localization of a single vortex is a corollary
of

Corollary 4.4. Consider a single point vortex such that

supp|we (x, 0)] C Z(x7|e), |we(x,0)] < Me™,

(4-20)
M=>0, y=>0, /dxa)e(x,O):l.

Denote by w¢(x,t) the time evolution on a surface with constant curvature K,
according to the Euler equation. Then, there exists C(B8,T) > 0, with § > 0,
such that for0 <t <T

supplwe (x, )| C Z(B(1)|d), (4-21)

where
d=C(B.T)e, (4-22)
and B(t) is the solution of the ordinary differential equation

dB(1)
dt

= Fx(B(1),t), B(0)=x". (4-23)
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where Fx (x,t) is a Lipschitz field including in a single term the effect of the curva-
ture (depending on K) and the effect of the other N — 1 vortices on the dynamics
of the single vortex.

The main improvement was proved in the velocity term linked to the
curvature effect is a Lipschitz function. Then we include the effect of curvature on
the motion in a single Lipschitz term in It is simple then to come back to
the general case of the N vortices and to prove the main result.

We conclude that the localization theorem for point vortices moving on surfaces
with constant curvature is a consequence of the analysis given in about
the effect of the curvature on vortex dynamics. Then its proof is exactly the same
as that of the planar case discussed in [Marchioro 199§].

This result is valid for any regular surface. Actually, it is always possible to
approximate locally these surfaces with manifolds with constant curvature K. Then
we can develop exactly the same reasoning, including the curvature effect in an
external Lipschitz continuous field. Moreover, the localization holds also in the
presence of internal frontiers such as continents on the Earth’s surface. Again, the
physical meaning of this rigorous result is that it permits one to skip the singular
part of the self-interacting term in the point vortex model, previously neglected in
the basis of heuristic physical reasoning.

Appendix: Proof of

Here we give a synthetic idea of the rather technical proof of the localization
theorem stated in [Marchioro 1998]], recalling the fundamental steps. The main
difficulty is due to the singularity of the kernel in the velocity expression

u(x,t)=/K(x—y)we(y,t)dy, (A.1)

where
V4 in|x — y]

Kx—y)=ViGx—y) = o

in the planar case without boundaries.
First we introduce the moment of inertia I, with respect to the center of vorticity

defined in
I = / we(x, 1) (x — Be(1))*dx. (A.2)
We want to show that the main part of the vorticity is concentrated around the

center of vorticity. It is simple to prove that if F =0 then B, and /. are constant
along the motion, bringing us to [(4-14)]
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If F # 0 then

fl—i = 2/()6 —B.())F(x,)we(x,t)dx. (A.3)

Then, by using the Lipschitz condition on F (x, t) we find

";—” <2L / (x — B.(1))we (x, )dx = 2L1.(1), (A4)
and integrating we obtain
dl 2Lt
< A.
‘ dt ‘ = loe™ (A.3)
so that
lim /¢ (1) = 0 at least as 2. (A.6)
€—

Hence we find that the main part of the vorticity remains concentrated around the
center of vorticity. However we have to give an estimate of the mass and velocity
of the filaments of vorticity generated by fluid particles near the boundaries and
spreading out from the initially concentrated field. With this purpose we prove that
the mass of vorticity near the boundary of the support is very small when € — O.
Here the main technical complication is due to the singularity of the kernel in[(A.T)]
First we introduce a nonnegative function Wi € C*®(R?) satisfying the following
conditions, for a fixed C; > 0O:

1 if |r| <R,
%% = A7
r(r) {o if |r| > 2R, (A7)
c
IVWg(r)| < ;1, (A8)
’ Ci /
IVWe(r) = VWR()] < o5l =7l (A.9)

Then we define a regularized measure of the mass of vorticity outside X (B¢ (t)|r):

Mt(R):l—/dx Wr(x = Be (1)) we (x, 1), (A.10)

such that if supp we(x, 1) C X(B:(t)|r) then u,(R) = 0. Hence it gives a direct
measure of the localization of the vorticity field.
We evaluate the growth in time of such a measure:

i

= =—/dx VWR(x—Be(t))(u(x,t)+F(x,t)—é—?)a)e(x,t). (A11)
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Using |(4-14)| and |(A.1)] we obtain

it

o —— [dx oV Wate-B.0) [ay Kx-ypoutr)

—/dx we(x, ) VWr(x—B(1)) /dy we(y, ) (F(x,t)—F(y,1)). (A.12)

To give an estimate to the first term of [(A.12)] we split the integration domain into
many different rings, defined by the following sets:

o if h <n, T ={(x, y)lx € Z(Bc(1)|R), y € X(Be(t)|an) — X(Be(t)|an—1)},
s ifh=n,T,={(x,y)lx g Z(B(DIR), y & X(Be(D)|an-1)},
o if h <n, Sp ={(x, y)ly € Z(B(DIR), x € X(Be(1)|ap) — X (Be(t)lan—1)},
s ifh=n, S, ={(x, )y € Z(B(1)|R), x & L(Be(1)|an-1)},

where ag =0, a; = 1, and a; = 2a;_.
Starting from the set 7j,, where VWg(y) = 0, we obtain

‘/ dywe(x, H)we(y, NV Wr(x — Be(1)) K (x — Be(1))
D

+/ dywe (x, e (y, DVWr(x — Be(1))[K (x — y) = K(x — B.(1))]|,  (A.13)
D

where D = X (Be(1)|an) — X(Be(t)|an-1).
In [(A.13)| the first term is null because VWx(x) - K(x) = 0. Moreover, we
observe that

|K(x —y) — K(x)| < const. ly] < p < |x], (A.14)

__r
[x[(lx] = p)
so the contribution to [(A.13)]due to 7}, is bounded by

m,(R){ € X ape } €
A < const. — + —— < —=m;(R), A.15
=7 ;R(R—ah)a%l —mi(R). (A15)
where m;(R) =1— fa)e (y, t)dy is the vorticity mass outside X (B (t)|R).

The contribution due to 7, is simply bounded by using the fact that VWg(r)
removes the singularity of the kernel, because

[(VWgr(xX) = VWr(Y)K (x — y)| = % where R =|x—B()]. (A.16)

Then it is also simple to give an estimate to the second term of [(A.12)| by using the
Lipschitz continuity of F(x, t). Recollecting all the terms we have

‘dM(R)
dt

< A(R, e)m;(R), (A.17)
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where the explicit expression of A(R, €) comes directly from the previous reason-
ing by simple calculation. We observe, from the definition of regularized mass,
that

mi(R) < i (R); (A.18)

using this inequality in|(A.17)|and integrating we obtain

1 (R) < 120(R) + A(R) / s )dr (A.19)

Then we can use an iterative procedure:
1 (R) < jo(R) + A(R) / 1 )dt

< uo(R)+ o § )4k [ ar+ acoa(h f dn / dipe, (B
(A 20)
choosing the number n of iterations so that n — 0o as € — 0 and po(R27") =0
We finally have that

(const.)"

m;(R) <
n!

— 0 as € — 0 faster than any power of €. (A.21)

This means that the vorticity mass becomes very small near the boundary if we
take strong concentrations, that is, € — 0. Then it is also simple to prove that the
velocity field generated by the fluid particles near the boundary vanishes for strong
concentrations. Finally the main theorem is achieved essentially from these results.

Here we have just recalled the main steps of the proof, leaving to the reader
the most part of calculations. As just seen, the property of the solution about the
Lipschitz continuity of the field generated by the other N — 1 vortices is central for
the proof of the localization.
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CONTRACTION OF THE PROXIMAL MAP AND
GENERALIZED CONVEXITY OF THE MOREAU-YOSIDA
REGULARIZATION IN THE 2-WASSERSTEIN METRIC

ERIC A. CARLEN AND KATY CRAIG

We investigate the Moreau—Yosida regularization and the associated proximal
map in the context of discrete gradient flow for the 2-Wasserstein metric. Our
main results are a stepwise contraction property for the proximal map and an
“above the tangent line” inequality for the regularization. Using the latter, we
prove a Talagrand inequality and an HWI inequality for the regularization, under
appropriate hypotheses. In the final section, the results are applied to study the
discrete gradient flow for Rényi entropies. As Otto showed, the gradient flow
for these entropies in the 2-Wasserstein metric is a porous medium flow or a fast
diffusion flow, depending on the exponent of the entropy. We show that a striking
number of the remarkable features of the porous medium and fast diffusion flows
are present in the discrete gradient flow and do not simply emerge in the limit as
the time-step goes to zero.

1. Introduction

Given a complete metric space (X, d), a functional E : X — RU {oc}, and 7 > 0,
the Moreau—Yosida regularization of E is

i 1
E:(y) := inf {—d(x, )+ E(X)} :
xeX | 2t
The corresponding proximal set J, : X — 2% is

1

J:(y) := argmin {—d(x, )2+ E(x)} .
xeX 27

If there is a unique element in J;(y), we denote it by y; and call it the proximal

point. We call y — y; the proximal map.
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When X = # is a Hilbert space, a suitable context in which to develop the theory
of the Moreau—Yosida regularization is the class of functionals that are proper,
lower semicontinuous, and convex. For all such E and t > 0, the Moreau—Yosida
regularization E; is convex and Fréchet differentiable [Moreau 1965|]. Further-
more, its derivative is Lipschitz continuous, and, as T — 0, E;  E pointwise
[Brézis 1973]]. The Moreau—Yosida regularization provides a way to regularize E
that preserves convexity.

The proximal map is similarly well-behaved for functionals that are proper,
lower semicontinuous, and convex. For each y € ¥ and t > 0, there is a unique
proximal point y., so that the proximal map y - y; is well-defined on all of ¥.
As shown in [Moreau 19635]], the proximal map is a contraction in the Hilbert space
norm:

[lxe = yell < llx =yl forall x,yed.

One of the main reasons for interest in the Moreau—Yosida regularization and
proximal map is their relation to gradient flow. The gradient flow of a functional
E is the Cauchy problem

d
Ey(t) =—-VEW(@)), y0)eDE)={ze¥:E(z) <oo}, (1-1)

which is well-defined as long as VE exists along the flow y(t)E] The Moreau—
Yosida regularization plays a key role in the proof of existence for solutions to the
gradient flow [Brézis 1971]]. First, one uses the additional regularity of E; to find
solutions to the related gradient flow problem

d -
2770 =—VE:(3: (1)), y:(0) € D(E).

Then, as t — 0, the curves y, () converge to a curve y(t) that solves in an
appropriate sense.

The proximal map expresses the discrete dynamics of gradient flow. Specifically,
one may use the proximal map to define the discrete gradient flow sequence

Yo = n-1)zr, Yo € D(E),

as in [Martinet 1970;|1972]]. Whenever the proximal map y > y, is well-defined,
we may identify the proximal set J;(y) with its unique element y, and write J
to indicate n repeated applications of the proximal map. The exponential formula
quantifies the sense in which the discrete gradient flow is a discretized version of
gradient flow [Brézis 1973]]. If y(¢) is a gradient flow with initial conditions y(0),
then

¥() = Tim (Jyya)" (3(0)). (1-2)

1Alternatively, one may define the gradient flow in terms of the subdifferential [Brézis 1971].



CONVEXITY OF THE MOREAU-YOSIDA REGULARIZATION 35

More recently, the Moreau—Yosida regularization and proximal map have been
applied outside of the Hilbert space context to gradient flow in the 2-Wasserstein
metric. Briefly, we recall some facts about this metric, mainly to establish our
notation; see [[Ambrosio et al. 2008|] and [Villani 2003]] for more background. We
present these facts both in the most general setting, without restrictions on the
type of probability measures we consider, and in a simpler setting, focusing our
attention on probability measures with finite second moment that are absolutely
continuous with respect to Lebesgue measure. While our results hold in the most
general setting, many interesting applications concern only the simpler setting, in
which the exposition and notation is more straightforward.

Let ?(R?) denote the set of Borel probability measures on R?. Given u, v €
P(R?), a Borel map T : RY — R? transports yu onto v if v(B) = (T~ (B)) for all
Borel sets B € R?. We call v the push-forward of i under T and write v = T # .

Now consider a measure u € P(R? x RY). (We will distinguish probability
measures on R? x RY, from probability measures on R? by writing them in bold
font.) Let 71 be the projection onto the first component of R? x R?, and let 7, be
the projection onto the second component. The first and second marginals of p
are T #p € P(RY) and m#p € P(RY).

Given 1, v € P(RY), the set of transport plans from p to v is

T, v) :={p e PR xR :mi#p =, m#p =}

The 2-Wasserstein distance between p and v is

172
Wa(u, v) := (inf{/w » lx — ylPdp(x, y) : p e T(u, v)}) . (1-3)

When W (u, v) < oo, this infimum is attained, and we refer to the plans that attain
the infimum as optimal transport plans. We denote the set of optimal transport
plans by I'p(u, v).

The 2-Wasserstein distance satisfies the triangle inequality and is non-negative,
non-degenerate, and symmetric. However, ?(R?) endowed with the 2-Wasserstein
distance is not a metric space, since there exist measures that are infinite distances
apart. Let @#O(Rd ) be the subset of P(RY) consisting of measures that are a finite
distance from some fixed Borel probability measure (g, so that, by the triangle
inequality, (@MO(R"), W) is a metric space. As indicated by the notation, one may
take (o to be the initial conditions of a gradient flow. Note that when wo = do,
the Dirac mass at the origin, @go(Rd) is the subset of ?(R?) with finite second
moment.

We now define the 2-Wasserstein distance in a simpler setting. Let %,(R?)
denote the set of probability measures with finite second moment and @S(Rd )
denote the set of probability measures with finite second moment that are absolutely
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continuous with respect to Lebesgue measure. If y € 9]"2’([R9d ) and v € P, (RY), the
2-Wasserstein distance between p and v reduces to the form

1/2
Wo(u, v) := (inf{/ |x — T(x)lzd/,c(x) THU = v}) . (1-4)

The Brenier-McCann theorem guarantees that the infimum in [(T-4)|is attained by
T = Vg, where ¢ : R? — R is convex and Vg is unique p-almost everywhere
[McCann 1995]. In particular,

W3 (1, v) = f lx — Vo (x)[*du(x),

and we call Vg the optimal transport map from u to v. To emphasize its depen-
dence on p and v, we denote the optimal transport map from w to v by ¢,,.

Given 1, na € P(R?) with Wi (w1, na) < oo and p € To(u!, u?), a geodesic
connecting | and uj € P(RY) is a curve of the form

g 710, 11— PR, py 7 = (1 —a)m +am) #p.

As shown in [[Ambrosio et al. 2008, Theorem 7.2.2], this definition agrees with
the metric space definition of a geodesic, i.e., a curve uy : [0, 1] — P(RY) with
Wa(pao, 1) < oo such that Wa(pa, np) = la — BIWa (o, w1). If wy € P§(RY),
Uy € P,(R?), then the geodesic connecting w1 and py is unique and of the form

e 210,11 = PR, g% = ((1—)id +atf?)# i,

where id(x) = x is the identity transformation.

A functional £ : P, (R?) — RU {00} is A-convex in the 2-Wasserstein metric
if, for all py, uo € @MO(Rd), there exists a geodesic connecting ) and u, along
which E is A-convex:

A
E(ul”?) < (1 —a)E(u) + aE(ua) —a(l —Ol)zwzz(ﬂl’ 12)- (1-5)

If a functional is 0-convex, we simply call it convex If a functional is 0-convex
and strict inequality holds in for all « € (0, 1), we call it strictly convex.

Given a functional E : Q’MO([RE") — R U {oo} and t > 0, its Moreau—Yosida
regularization is

Ei ()= inf { Wz(M,v)JrE(V)} (1-6)
ve®, R | 27

21t is also common to refer to convex functionals in the 2-Wasserstein metric as displacement
convex |[McCann 1997|.
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and the corresponding proximal set J; : P, (RY) — 2% ®) g

1
Jr (@) := argmin {2—W22(,u, V) + E(v)} . (1-7)
veP,, (R L4T

As before, if there is a unique element in J; (1), we denote it by p, and call it the
proximal point. Similarly, we call u — . the proximal map. The properties of
the Moreau—Yosida regularization and proximal map in the 2-Wasserstein metric
will be the main focus of this paper.

As in the Hilbertian case, one of the main reasons for interest in the Moreau—
Yosida regularization and the proximal map in the 2-Wasserstein metric is their
relation to gradient flow. When E and u are sufficiently smooth, the 2-Wasserstein
gradient of E at u € D(E) is

Ty
VwE(u) ==V (Mvg(u)) (1-8)

where § E /3p is the functional derivative of E [Otto 2001; |Ambrosio et al. 2008,
Chapters 8 and IO]EI The gradient flow of E is the Cauchy problem

d -
EM(I) =—VwE(u(®), n() € D(E)={ne Py(RY): E(u) < oo},

which is well-defined as long as Vy E(1(t)) exists along the flow ,u(t)E] We will
sometimes refer to this as the continuous gradient flow in order to distinguish it
from the discrete gradient flow we define below.

Otto [[1996} [2001] observed that the right-hand side of may be viewed
as the gradient vector field on the “Riemannian manifold of probability densities
on R9” associated to the functional E, where the Riemannian metric is the infin-
itesimal form of the 2-Wasserstein metric. (It is one of his insights that the 2-
Wasserstein metric is induced by a Riemannian metric.) In this metric, the length
of the gradient of E at u is given by

2 1/2
d ,u) . (1-9)

As in the Hilbertian case, the proximal map expresses the dynamics for discrete
gradient flow. When the proximal map u — . is well-defined (which occurs under

SE
|VWE(M)|=(/‘V_8 (w)
0

3Some authors, including Ambrosio et al., identify the tangent vector Vy E () with the gradient

vector field —V 885 () on RY. One gets Otto’s representative from this by multiplying by u and

taking the divergence. The choice of representatives is merely notational.

4Alternatively, one may define the gradient flow in terms of the subdifferential [Ambrosio et al|
2008, Definition 11.1.1].
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much weaker assumptions on E and p than are needed to define the gradient, as we
describe before [(I-14) below) we may define the discrete gradient flow sequence

Mn = (Un-1)z, Mo € D(E). (1-10)

As before, we identify the proximal set J; (i) with its unique element @, and write
J! to indicate n repeated applications of the proximal map.

One of the advantages of discrete gradient flow is that it is not necessary to make
precise the sense in which defines a gradient vector field. This fact was em-
phasized by De Giorgi [[1993]] in his theory of the metric derivative and extensively
developed by Ambrosio, Gigli, and Savaré [[Ambrosio et al. 2008, Chapter 8]. We
follow De Giorgi’s lead, and all of the estimates we use involve only the length
of the gradient |Vy E(w)|. In the case that E and w lack sufficient smoothness
for [(I-9)| to be well-defined, we will interpret the symbol |Vy E ()| as the metric
slope

(E(w)—EW)”"

lim su . (1-11)
v—>up Wa(w, v)

We use the heuristic notation |Vy E ()| since, as demonstrated by Otto [[1996;
2001]), it is often enlightening to think of |V E (1) as coming from a Riemannian
metric on P(RY).

The book [Ambrosio et al. 2008] contains a detailed study of gradient flow and
discrete gradient flow in the 2-Wasserstein metric for large classes of functionals,
developing the analogy with the Hilbert space theory. It would be too much to hope
for a perfect analogy. For example, in the Hilbert space context, if a functional E is
proper, lower semicontinuous, and convex, then its Moreau—Yosida regularization
E is also convex. However, in the 2-Wasserstein metric, it is well-known that
even when E satisfies analogous assumptions, E; is not always convexE] The key
technical difference between the two metrics is that while

x> gl = yIl? (1-12)
is 1-convex along geodesics,
> g W3 (e, v) (1-13)

is not A-convex along geodesics, for any A € R, if the dimension of the underlying
space is greater than or equal to 2 [ibid., Example 9.1.5]. Since much of De Giorgi’s
“minimizing steps” approach to gradient flow relies on the 1-convexity of [(I-12)]
this lack of convexity in the 2-Wasserstein case complicates the implementation of
De Giorgi’s scheme.

3For the reader’s convenience, we include an example in|Section 3
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Ambrosio et al. circumvent this difficulty with their observation that, though
U= %sz (u, v) is not 1-convex along all geodesics, it is 1-convex along a different
class of curves. They define the set of generalized geodesics to be the union of these
classes of curves over all v € P(RY) (see . By considering functionals
that are convex along generalized geodesics — a stronger condition than merely
being convex along geodesics (see — they deduce a priori estimates
that provide detailed control over the gradient flow and discrete gradient flow.

The key results that we will use concern functionals E : P, (R?) - RU {oo}
that are proper, coercive, lower semicontinuous, and A-convex along generalized
geodesics (see EI With these assumptions, Ambrosio, Gigli, and Savaré
show that if 7 > 0 is small enough so that At > —1, then for all 4 € D(E) the
proximal map

W g (1-14)
and the discrete gradient flow sequence

Mn = (Un-1)z, Mo € D(E),

are well-defined. They go on to prove the 2-Wasserstein analogue of the exponen-
tial formula [(T-2)| relating the discrete gradient flow to the continuous gradient flow
[Ambrosio et al. 2008, Theorem 4.0.4]. Specifically, they show that if w(¢) is the
solution to the continuous gradient flow of E with initial conditions w(0) € D(E),
then

() = lim (Ji/n)" (n(0)). (1-15)

Using the assumption of convexity along generalized geodesics, Ambrosio, et
al. comprehensively develop the theory of continuous gradient flow. While this
assumption is stronger than (standard) convexity along geodesics, it is not restric-
tive: all important examples of functionals that are convex along geodesics are also
convex along generalized geodesics [[Ambrosio et al. 2008, Section 9.3].

In this paper, we take a closer look at the Moreau—Yosida regularization and
the proximal map in the 2-Wasserstein metric for functionals that are convex along
generalized geodesics. We show that, while the Moreau—Yosida regularization does
not preserve E’s convexity along all geodesics (as in the Hilbertian case), if E
attains its minimum at ft, the Moreau—Yosida regularization does satisfy an “above
the tangent line” inequality at p. This type of inequality is a necessary condition
for convexity —in particular, a function from R to R is convex if and only if it lies
above its tangent line at every point.

5The results in [Ambrosio et al. 2008|] are often stated in the context when pg = 8¢, the Dirac
mass at the origin, so P, (R =@, (RY). We quote these results in broader generality, since the
proofs are easily adapted to this case.
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Theorem 1.1 (generalized convexity of E;). Given E : P uo(Rd ) — RU{oo} proper,
coercive, lower semicontinuous, and ,h-convex along generalized geodesics with
A > 0, assume that E attains its minimum at 1. For t > 0, define

A

IEYEA

_—
Then, for all © € D(E), there exists a geodesic ,ug " from i to w such that
_ _ A _
E(uy7") < (I —a)Er () +aE (1) —a(l — Oé)ész(M, ). (1-16)

In|Section 4A] we show that|(1-16)|is sharp by presenting an example in which

E is A-convex and E; is no more than A, -convex

As a consequence of we show E. satisfies a Talagrand inequality
and an HWI inequality.

Theorem 1.2 (Talagrand and HWI inequalities). Under the assumptions of the

Theorem 1.1} for all u € D(E), we have the Talagrand inequality
_ Ar o _
Er(p) — E- (1) = — W (i, it) (1-17)

and the HWI inequality
Ar
2

These inequalities capture E;’s behavior at it from both ends of the “above the
tangent line” inequality.

We also develop the analogy between Hilbertian metrics and the 2-Wasserstein
metric by proving a contraction inequality for the proximal map. In a Hilbert space,
if E is proper, lower semicontinuous, and convex, Moreau [[1965]] showed that the
proximal map satisfies

Er () — E< (V) < |V E- ()| Wa (1, 1) — = W3, 0). (1-18)

lx: =yl < llx =yl forall x,y €. (1-19)

This turns out to be a rather miraculous property of the Hilbertian norm that fails
even in simple Banach spaces. For example, consider the £*° norm on R?. Fix two
points a = (0, 0) and b = (1, 1), and let K be the closed half-space lying beneath
the line 3x, = x; — 4. Let E be the indicator function for K,

0 ifx=(x,x)eKk,
oo otherwise.

Ex):= i
Then

1 1
J:(y) := argmin {Eﬂx —yllgo -I-E(x)} = argmin {Zﬂx —y||io} .

xeR2 xekK
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Figure 1. In the Banach space R2, endowed with the £°° norm,
the proximal map is not a contraction.

Therefore, J;(a) = (1, —1) and J;(b) = (%, —%) for all ¢ > 0. This is not a
contraction since ||a — bllooc =1 < % = ||J-(a) — J: (D) |l (see figure).

The situation for general metric spaces is even more involved than the situation
for metrics induced by norms, and one does not expect a contraction to hold. Nev-
ertheless, if E is appropriately convex, the continuous-time gradient flow defined
by [(I-15)]is contractive [Otto 2001}, /Ambrosio et al. 2008, Theorem 4.0.4]. This
gives hope that some contraction property of the proximal map is present at the
discrete level and does not merely emerge in the limit.

Our next result shows that this is the case. In particular, we achieve contraction
of the proximal map by making a small modification to the squared distance: given
7 > 0, we consider the functional A, : P(R?) x ?(R¢) — R U {oo} defined by

‘52

2
T
A, v) i= Wi, v) + 7|VWE<M)|2+ 7|VWE<v>|2. (1-20)

As before, we interpret |Vyy E(u)| as the metric slope [(I-1T)] when E and p lack
sufficient smoothness for the norm of the 2-Wasserstein gradient [(I-9)|to be well-
defined.

Though we state the following theorem in the context of the 2-Wasserstein
metric, it continues to hold in a more abstract setting: given a functional E on
a complete metric space (X, d), if E is proper, coercive, lower semicontinuous,
and satisfies [Ambrosio et al. 2008, Assumption 4.0.1] for some A € R, then the
result remains true by replacing W, with d.

Theorem 1.3 (contraction of proximal map). Given E : @MO([R{") — R U {o0}
proper, coercive, lower semicontinuous, and ,h-convex along generalized geodesics,
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fix T > 0 small enough so that A\t > —1. Consider w,v € D(E) and let A :
P(RY) x P(R?) — RU {oo} be given by|(1-20)l Then, if . > 0, the proximal map
is contracting in A,

Ar(Mra Ur) = Ar(ﬂs V)- (1‘21)
More generally, for A € R,

A‘L’(/’L‘L" V) — A‘[(/-'Lv V)
< —1@IVWEW)| = Wa(v, v:))* = 3 IV E()| — Wa(e, 1ac))?
— AT [2W3 (e, vo) + W3 (1, vo)+ W3 (0, o)+ W3 (0, ve)+ W3 (1, 10)]. (1-22)

In we show that the inequality [(I-22)|is sharp. Then, in
we apply [(T-2T)] together with scaling properties of the W> metric to derive sharp

polynomial rates of convergence to Barenblatt profiles for certain fast diffusion and
porous medium equations. Otto originally deduced these results in [Otto 2001]] by
considering a modified gradient flow problem for A-convex functionals with A > 0.
The contraction inequality provides a simple route to such results. The
fast diffusion and porous media equations also provide examples of strictly convex
functionals for which the proximal map is strictly contracting in A, but not in W.

Remark 1.4. While [Ambrosio et al. 2008|] does not explicitly consider monotonic-
ity results for modifications of the squared distance along the discrete gradient flow,
such a result (for a different modification) can be found by reading between the
lines in Lemma 4.2.4 of that reference. Consider the alternative modification to
the squared distance function defined by

A G, v) :=W2(uw,v) +TE(u) +TE®). (1-23)

If one takes the final inequality on page 92 of [Ambrosio et al. 2008|] for A =0
and n = 1, rearranges terms, and symmetrizes in @ and v, one obtains with
K, in place of A;. A key difference between K, and our functional A, is that, for
measures u and v with |Vy E(u)| and [V E ()| < 0o, A involves only an 0(t?)
correction to WZZ([L, v), while KT involves an O(t) correction to W22(,u, V).

Remark 1.5. While one might first suppose that A, could only be used to study
discrete gradient flows with initial data w, v satisfying |V E ()|, |[Vw E ()| < oo,
when E is strictly convex, the discrete gradient flow produces this regularity in one
step (see[Lemma 2.2). We shall see an example of this in[Section 4B|when we apply
to the discrete gradient flow for the Rényi entropies.

For A > 0, one can extract from|(1-22)| a useful inequality that implies, among
other things, an optimal exponential rate of decrease of A;(u, it) when E has a
minimizer i (necessarily unique due to the strict convexity).
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Corollary 1.6 (the case A > 0). Consider A > 0 and t > 0 sufficiently small so that
tA < 1. Then for all E satisfying the hypotheses of Theorem 1.3 and u,v € D(E),
(1 +TA)A,L (Mrs V‘r)
< (=T Ar(t, v) + 30T AV (1, VW2 (i, ) + Wa(v, vp)]. - (1-24)

We give the proof of this corollary in However, to explain its con-
sequences, we state and prove a simple discrete Gronwall-type inequality. It is a
discrete version of the continuous-time inequality [Ambrosio et al. 2008, Lemma
4.1.8]. (See [Baiocchi 1989; Emmrich 1999] for related discrete Gronwall inequal-
ities.)
Lemma 1.7 (a discrete Gronwall-type inequality). Let A, T > 0, and let {a,} and
{b,} be two sequences of non-negative numbers such that for all n > 0,

(1+th)a, < (1= th)ap_ 1 +1a) b, (1-25)
Then,

n 12
T
al? < (14+2r0)""a)* + ‘/5(1 +Ar)(z b,%) :
k=1

Consider the discrete gradient flow of E starting from u € D(E) with t > 0 and
tA < 1. Let po := 1 and inductively define {11,} by repeated application of the
proximal map. Define {v,} in the same way, starting from v € D(E). Now, apply
[Lemma 1.7 and [Corollary 1.6[to these discrete gradient flows of E, taking

= A ve) and by =30y 2W2 (1. 110) + 2WE (-1, vp) -

Since
W3 (i, 1) < 2T[E () — E(10)], (1-26)

Y et b,% is bounded by a telescoping sum:

Y b < T36R7[(E(1) — E (i) + (E() — E(ua))].
k=1

In case E is bounded below, we may assume without loss of generality that E is
non-negative. Then,

A2 (1, v0) < (14 20) " A2, ) +kr6(L\/%T)\/E(M) FEW. (1-27)

Thus, for positive A and sufficiently small t, Ai/ z(un, v,) decays “exponentially
fast” at rate A up to the time that this quantity becomes @(r)[]

7 At this point, we may use the bound E (u,) < (1+x 1)72" E (1) [Ambrosio et al. 2008, Theorem

3.1.6] and apply|(1-27)|iteratively.
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The proof of is elementary, so we provide it here, closing this sec-
tion.

Proof of[Lemma 1.7, Multiply both sides of [(1-25)|by (1 +72)%"~! to obtain
(1122 a, < (1= @D A=t 2,1 (1 + 102 2a,1) " (1472)" b,

Defining
ay = (1 +1t0)"a, and by :=t(1+11)"by,

n
we have a, < a,_1 + erll/jlgn, and therefore a, < ag + Z &;gl;k. Defining

k=1
cp i=max{a : 0 <k <n},
we have ¢, < ap + c,i/ 2 Y e bi. This quadratic inequality implies that c,i/ 2 <
aé/ gt Yo by. By the Cauchy—Schwarz inequality and the fact that
. o
> ok < o' for a:=(1+r1)>>1,
oa—1
k=1
we have
n n
y 14+ n+1 1/2
bkf—ﬁ( A7) <Zb,§) : O
k=1 V2 k=1

2. Generalized convexity and the proximal map

2A. Generalized geodesics. In a Hilbert space, x — %Hx — y||? is 1-convex along
geodesics. However, the same is not true for the squared 2-Wasserstein distance
when the dimension of the underlying space exceeds 1, as pointed out by Ambrosio
et al. [2008}, Example 9.1.5]. Instead, these authors observe that u +— %sz(u, V)
is convex along a different set of curves, which we now describe.

Fix 11, 2, 3 € P (R?) with optimal plans g1 2 € Co(ia1, 2), 1,3 € To(r, p3).
For 1 <i < j <3, let m; ; be the projection onto the i-th and j-th components of
R x R x R4, Fix I E P(RY x RY x Rd) so that 7wy o #p = (12 and 7w 3# M = R 3
[1bid., Lemma 5.3.2]. (We use bold font to distinguish probability measures on
R? x RY x R? or R? x RY from probability measures on R?.) As in [ibid., Definition
9.2.2], a generalized geodesic joining o to 3 with base 11 is a curve of the form

o210, 11— PRY), w7 = (1 — ) +ams) # .
In the case u; € ?P‘Z’(Rd) and s, u3 € P (RY), this reduces to

ug”P 00, 11> 2@, pul7 = (1 — )t + o) #uy.
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Ambrosio, Gigli, and Savaré demonstrate that u — %sz(u, n1) is 1-convex along
any generalized geodesic ,ui"3 with base w, for all u?, 1’ e @uo(Rd) [ibid.,
Lemma 9.2.1]. Note that if the base (| equals either py or us, ug_ﬂ is a (standard)
geodesic joining uo and p3. Thus, while u — %sz (m, 1) is not convex along
geodesics (in the sense that it is not convex along all geodesics), it is convex along

some geodesics.

2B. The functionals E : QJ’,LO([R") — R U {oo}. Fix a Borel probability measure
o. We consider functionals E : @MO(R‘Z ) = R U {oco} that satisfy the following
conditions:

e proper: D(E) :={u € @uo(Rd) E(n) < o0} #0.

. coerciveﬁ There exists 7* > O such that forall 0 <7 < t*, u € @MO(R”'),

1
E ()= _inf {— f(u,v>+E(v>}>—oo.
ve®,, (RY) | 2T

As noted in [Ambrosio et al. 2008, Lemma 2.2.1], by a triangle inequality

argument, it is enough to check that there exists 7o > 0 such that

. 1
Eq(po)= inf { — W3 (1o, v) + E(v)} > —c0. 1)
ve®,, (R4 | 270

o lower semicontinuous: For all w,, u € PMO(Rd) such that p, — w in W,
liminf E(u,) > E(u).
n—oo

o A-convex along generalized geodesics: For any (1, (o, 3 € @MO(Rd), there
exists a generalized geodesic ,ué_’3 from p, to w3 with base w1 such that, for
all @ € [0, 1],

A
EuZ™3) = (=) E(uo) +aE(us) —a(l-a)7 / X2 —x3%dp(x). (2-2)

Note that, for A > 0, this condition is stronger than requiring that E (127?),
considered as a real-valued function of « € [0, 1], be AW22(,u2, [43) convex,
since

/ s — x32d i = W2(aa, 13).

8n the case o = &g, the Dirac mass at the origin, this is equivalent to the definition of coercivity
in [Ambrosio et al. 2008, which requires that there exist some 7, > 0 and 4 € 9’2(Rd) such that

1
inf {—W%(p,*, v)+E(v)} > —00.
ve®,(RY) | 27«
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If E is A-convex along generalized geodesics, then in particular it is A-convex:
for any uy, us € QP,LO(R[’), there exists a geodesic ;Ljﬁz from p; to @y such that
for all @ € [0, 1],

A
E(l™?) < —)E(u) + 0 E(up) —a(l — oz)Esz(,ul, wa).

This is equivalent to E (,ué_ﬂ), considered as a real-valued function of « € [0, 1],
being )»Wf(m, 2) convex [[Ambrosio et al. 2008, Remark 9.1.2].

The requirement that a functional E : %, — RU {oo} be proper, coercive, lower
semicontinuous, and convex along generalized geodesics is the natural analogue
of the Hilbertian requirement that a functional E : # — R U {oo} be proper, lower
semicontinuous, and convex. The two differences are the addition of the coercivity
assumption and the strengthening of the convexity assumption. In a Hilbert space
3¢, all functionals that are proper, lower semicontinuous, and convex are also coer-
cive (in this sense), so the addition of the coercivity assumption is a natural way to
ensure that the 2-Wasserstein Moreau—Yosida regularization is not identically —oo.
The convexity assumption is strengthened because convexity along generalized
geodesics is the useful 2-Wasserstein analogue of Hilbertian convexity. While in
a Hilbert space, x — %Hx — y||? is 1-convex along all geodesics, the same does
not hold for the 2-Wasserstein metric. Requiring convexity of the functional on a
larger class of curves compensates for the weaker convexity W22.

2C. Further results about the proximal map. The following theorem collects
some key results regarding the proximal map.

Theorem 2.1 [Ambrosio et al. 2008|, Theorem 4.1.2 and Corollary 4.1.3]. Given
E:%, (RY) — R U {oo} proper, coercive, lower semicontinuous, and ,-convex
along generalized geodesics, fix T > 0 small enough so that T\ > —1. Then, for
u € D(E), the proximal map
W= e

is well-defined. Furthermore, the following variational inequality holds:

A
2

1
<E(@W)—E(ur) — ;sz(u, pr)  forall v e D(E). (2-3)

1
— (W5 1z, v) — W3, v)) + = W3 (1ar, v)

2T

When the proximal map is well-defined, it satisfies an Euler—Lagrange equa-
tion— a fact originally observed by Otto [[1996; 2001]]. We state this result in the
framework of |[Ambrosio et al. 2008, Lemma 10.1.2].

Lemma 2.2. Given E : Q’MO(Rd ) = R U {oo} proper, coercive, lower semicontin-
uous, and A-convex along generalized geodesics, fix T > 0 small enough so that
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TA > —1. Assume that u € D(E) so u +— [ is well-defined by Then
T|VwE(ur)| < Wa(u, o). (2-4)

We may interpret |V E ()| as the metric slope when E and p lack suf-
ficient smoothness for the norm of the 2-Wasserstein gradient [(1-9)| to be well-
defined.

On the other hand, if 1 € QPLZ’([R‘[ ) and both E and . are smooth enough so that
the 2-Wasserstein gradient Vy E (i) is well-defined by [(1-8)] then

) Wy
1l =id+1V——(1r) (2-5)
T 8p

Wo-almost everywhere and

TIVw E(1o)| = Wa (i, o). (2-6)

Proof. [(2-4)| follows from [Ambrosio et al. 2008, Theorem 3.1.6].
[(2-5)| follows from [ibid., Lemma 10.1.2] and the fact that, when E is differen-
tiable, V%(M,) is the unique element of its subdifferential at ..

(2-6)|follows from|(2-5)|by considering the L?(14;) norm of t,‘fr —id=1tV % ().
O

3. Proofs of Theorems[1.1,[1.2, and [I.3]and

We now prove the theorems and corollaries announced in the introduction, turning
first to the generalized convexity of E;. In a Hilbert space, if E is proper, lower
semicontinuous, and convex, then its Moreau—Yosida regularization E; is also con-
vex. It is well known that the exact analogue in the 2-Wasserstein metric is false.
For lack of a reference, we provide the following example.
Fix 1o € ?»(R?) and define E : P»(R?) — RU {oco} by
R G-1)
oo otherwise.
E is proper, coercive, lower semicontinuous, and convex along all curves in %, (R?).
In particular, E is convex along generalized geodesics. By definition,

&w=iﬂ{iWww+mﬁ=iWwM>
ve®,(Rd) | 2T 2T
By [[Ambrosio et al. 2008, Example 9.1.5], when the dimension of the underlying
space satisfies d > 2, E; is not A-convex along geodesics for any A € R.

As demonstrated by the previous example, the convexity of E; is related to the
convexity of the squared 2-Wasserstein distance. This also holds in the Hilbertian
case, where the convexity of E; is a consequence of the 1-convexity of the map
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X %llx — y|I?> [Moreau 1967]. Therefore, it is natural that our proof of the
convexity inequality for E; requires the following convexity inequality for sz.

Lemma 3.1 (convexity inequality for W22). Fix three measures i1, (2, i3 € P(RY)
that are a finite 2-Wasserstein distance apart. Let ,ué_ﬁ be a generalized geodesic
from  to us with base point |,

pnl73 = (1 — ) +am) #u,

where p € P(R? x R? x R?) satisfies 12 = m2# 0 € Do(p1, n2) and po 3 =
my3#m € oo, n3). Let ,uéﬁz be the geodesic from | to |, defined by

== (1 =)y +am) #u 2.

Then,
Wi (k™2 ul™?)

< (=)W1, 1) + W3 (u2, u3) —a(l — )Wy (i, 13).  (3-2)
Proof. Note that

e = (1= o)y +am)#pr 2 = (1 — )7y +am) # 1.

Then by [Ambrosio et al. 2008, Equation 7.1.6],

W3 (b2, ul=3) < / Il — @)y +am3] — [(1 — )7 +am]* dp
R4 x R4 x [R4

o
2 2 2 2
=a/ 2 — 03 du=a/ it — 3 dpz
R4 x R4 x R4 R4 x R4

=052W22(/¢L2, “3)
= (1 —a)W5 (i1, w1) +a W3 (1o, u3) —a(l —a) W3 (12, 13).
[

We now use this convexity inequality for W22 to prove [Theorem 1.1

Proof of[Theorem 1.1} Since E is proper, coercive, lower semicontinuous, and A-
convex along generalized geodesics for A > 0, by the proximal map
w— iy is well-defined for i € D(E) and © > 0. Let uk~"* be the generalized
geodesic from (& to . with base point 1 on which E satisfies
Defining | := ji, uo = i, and u3 := i, let b~ " be the geodesic from ji to
described in [Lemma 3.1} By [Lemma 3.1]

W3 (i, ph= iy < (1— a) W3 (i, 1) +a Wi (i, pir) — a1 — ) W3 (1, fie).

This allows us to bound E; (% ~") from above:
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_ 1 _
E.(ui~")y= inf §—W3(uh™"* v)+E@)
veP,, (RY) | 2T

1 o i
< SoWRGT T+ E )
1 . ) .
< - (A= WG ) +a W3 o, pi) —(1 =) W (. i)
_ Ao
+(1—a)E(u)+aE(uf)—a(1—a)EW,}(;L, o)

1 A
< (1—a)EI<m+aEr<u>—a<1—a)(EWZZ(M, Mr)+§W22(ll, m).

In the last step, we used that (it); = &, since E attains its minimum at . Now,
we apply

aa’+pb* > ﬁ(u—l—b)z fora >0,8>0
a+p

witha =1/t and B = A:
_ Ar _
Ee(ug™") < (=) Ex () + B () —a(1=a) 7 Wa(it, i)+ Wa(it, po)*
Ar _
= (=) Ec () +o Ee () —a(1—a) - W (1, f1). O

We now use this convexity inequality to prove

Proof of| We first prove the Talagrand inequality. Since E attains its
minimum at &, so does E;. Therefore, |(1-16)|implies that, for all © € D(E),

_ )\t _
E- (i) < E;(ui™") < (1 —)E- (i) + ¢ Er (1) —a(l —a>7W§(u, 1L).

Rearranging gives o(1 — a)%sz(/l, W) <a(E.(u)— E;()). Thus, for all « €
O, D),

Ar B _
(1 —a>7W§<u, 1) < E- (1) — E- (f1).

Sending o« — 0 gives the Talagrand inequality [(1-17)
We now prove the HWI inequality. Again by |(1-16)} for all u € D(E),

— - Ae 2 =
Er(ug ") = (1 =) Er(p) + aEr(p) —a(l —Ot)?WQ (s ).

Rearranging and using ulb " = u’]‘__;” and (1 — a)Wo(u, ) = Wa(u, u”_)ﬂ

1—«
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gives, for « € (0, 1),

(1= E; (1) — (1 —@) Er () < Ec () — Ec (1} /) — a(l—a)—Wz(u L)

_ (W —E i7" a _
Ec()— e () < = = —a W3, )
L EW—E T o ]
Ec(u)— Ex(R) < ’W( TM;M)“ Walp, ) = W3 (1, ).
2((Ls
Sending o — 1 gives the HWI Inequality [(T-18)] O

Proof of[Theorem 1.3} By [Theorem 2.1| replacing v with v,

1 2 A 1
a3 (W2 (M, ve) — W2 (u, Vr))+ Wz (e, ve) S E(vy) — E(Mr)_ W2 (i, pr).

2T 2

Similarly,

A, 1
W5 (ve, w) < E(u) — E(vy) — Wz (v, vo).

1
o (W3 0ve, 1) = W3 (v, 1) + 5

2t
Adding these and multiplying by 27 gives
W31z, ve) — W3 (v, ) + AT [W3(1r, ve) + W3 (e, vo) ]
<20 [E) — E(uo)] = W (. 1te) = W3 (v, vo).

Symmetrically, we also have

W3 (e, o) — Wa (v, ) + AT [W3 (1r, vo) + W3 (v, o) ]
<2t [E(W) — E(o)] — W5 (14, o) — Wi (v, v7).

Averaging gives

W3 te, ve) = W30 0+ [2WE e, v0) + W3, v0) + W30, )]

T[E(W) — EWe) + E(n) — E(uo)] — Wi (i, o) — W3 (v, vp).
This allows us to bound the change in A;(u, v) from above:
Ar (e, ve) = Ar (i, v) =W3 (e, vr) + %2|VWE<MT>|2+%2|VWE<W>|2

2 2
~ Wi v) = SIVWEWI = SV EW)P
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<T[E(W) — EW;) + E(W) — E(o)] — W3 (1, o) — Wi (v, v7)

2 2 2 2
+ SIVWE o) + S IVwEQ)F = S IVwEWI* = 5 [ VwEW)

A
— 2T [2W2 (e, ve) + W2, vo) + W2 (v, 1o)] -
2

By [Ambrosio et al. 2008, Equation 10.1.7, Lemma 10.1.5] and Holder’s inequality,
the A-convexity of E implies

A
E() = E(v) < |Vw EW)[Wa(v, vr) = ZW3 (v, vr). (3-3)
Combining this with the Euler—Lagrange equation [(2-4)]

A (e, o) = A (e, v)

< TIVw EW)|Wa(v, v)+T|Viw E() | Wat, o) — Wi (i, ptr) — W3 (v, vr)
1 2 1 2 ‘L’2 2 ‘L'2 2
+§W2 (u, Mr)+§W2 (v, Vr)_7|VWE(M)| _7|VWE(V)|

A A
— 2 [2W5 (e, v+ W3 (1, )+ W3 (0, 1) ] =5 [W5 0, v+ W3 (1, )]
2 2
Completing the square gives the result:
Az (e, vo)— A (e, v)

< — S AIWEO)| = Wa(v, 1) = 22|V EGo)| — Wa(pt, o))

_AT
2

Proof of[Corollary 1.6] First, we use A > 0 and the Euler-Lagrange equation [(2-4)
to rewrite [(1-22)

Az (e, ve) = A (u,v)

< — T VWE )|~ Ws(0,ve)> = 1 (Vi E )| = Wa i, 1))

[2W3 (e, vo)+ W5 (i, vo) + WE (0, o)+ W3 (v, vo)+ Wi (e, )] O

A
— 5 [2WE (e o)+ W3 (. ve) FWE 0 i)+ T2 Vi E o) P+ 02 Vi E () ]
1 1
= =5 (T VW EW)| = Wa(v,v0))* = 5 (r| Vi E ()| = Wa (1. )’
_AT

5 (200 (e, ve) + W3 (1, ve) + W3 (0, 1))
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Rearranging terms, we have

(I+A7) A (i, v7)

< Ac() = 2@ VW EW) = Wa(v, 000> = S (2 Vw E (o) = Waie, 1))

_AT
2

By the triangle inequality,

[W3 (e, ve) + W5 (0, 1) (3-4)

W3, v2) = Wi, v) + W3 (v, vp) — 2Wa (i, v) Wa(v, vy)
> W3 (i, v) — 2Wa(p, v)Wa (v, v;)
> W3, v) —2AY2 (1, v)Wa (v, 1),

and we have a similar bound for W22 (U, v).
Finally, for At <1,

2
L@V GOl = Wap, 1) = xr(%wwE(u)P—r|vWE(u)|Wz<uf, u))

2
> xr(%WWE(mF —V2AY2 (p, v)Wa (e, u)>,

and again we have the same inequality with u in place of v. Using these inequalities
in we obtain the desired bound. O

4. Examples and applications

4A. Inequalities |(1-16) and [(1-22) are sharp. Our first example shows that the

inequality [(T-16)| from and the inequality [(T-22)| from [Theorem 1.3
are both sharp. For A € R, consider the functional E : %9 (R?) — R defined by

Ax?
E(un) = / Tdu- 4-1)

As shown in [Ambrosio et al. 2008, Example 9.3.1], E is proper, coercive, lower
semicontinuous, and A-convex along generalized geodesics.

Proposition 4.1. For E given by[(4-1), A > 0, and t > 0, define A, := # Then
E; is A;-convex, and no more.

Proposition 4.2. For E given by|(4-1)l u, v € D(E), and t > 0 small enough so
that At > —1, there is equality in|(1-22)

We first prove the following lemma. For E given by [(4-T)] it is well-known that
the proximal map is simply a scale transformation:
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Lemma 4.3. For E given by |(4-1) u € D(E), and T > 0 small enough so that
AT > —1, the proximal map associated to E is the scale transformation

wi— (1+a0) " ld#u (4-2)

where id(x) = x is the identity transformation. Moreover, for any ., v € D(E),

2 _ 2 }
Wi (e, vr) = A7) Wy, v) (4-3)
and
2 _ 2 1
W3, ve) = - [Wz (1t v) + 21 (E(M) 1+ME(U))]' (4-4)
Proof. Atany u € D(E),
2
voE = v o (4-5)
op 2

For 7 > 0 small enough so that At > —1, the Euler—Lagrange equation [(2-5)| be-
comes

tl’jr(x) =x+Aitx=(1+A7)x,
.-almost everywhere. This shows |(4-2)
(1 +r0) " lid#pu = ps.

Next, fix ¢ : R? — R convex and define v := Vg # x. By uniqueness in the
Brenier—McCann theorem, V¢ is the optimal transport map from u to v. If i is
defined by

Y (x) = (14+11) 2p((1 +A1)x),

Y is convex and Vi # u; = v;. Again, by uniqueness in the Brenier—McCann
Theorem, Vi is the optimal transport map between p, and v;. Consequently,

W2 (e, ve) = fR IV (o) — P
=1+xr7)72 f IVo((1 4+ A1)x) — (1 +A7)x|*d s
[Rd

:(1+m—2/ Vo) — xIPdu
Rd
= (14 A7) W3 (i, v).

This proves [(4-3)]
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Finally, note that if ¢ is convex and Vo #u = v, by the definition of sz(u, V)
and of E,

2
2 /R Ve = S (EG) + EW) ~ Wi v, (4-6)
Using that
(1+170) " 'Vo#u =y,

we may argue as above to show
Wie v = [ 1043071900 — 3P
R

2 ) 2 -1
=21 +A1) 2EW) 4+ ZE(w) — 2(1 + A1) /
A A R

Combining this with [(4-6)| proves |(4-4)] O

Proof of We first explicitly compute the Moreau—Yosida regular-
ization of E. It follows from |(4-2)| and the definition of E that for all u € D(FE)

and 0 < 7 < 00,

x-Vex)du.
d

W3 (i, o) = 2072 E (s). (4-7)

Again by [(4-2)]

E(u) = (1+ A1) 2E (). (4-8)

Hence,

1
ET(M)=Z—sz(u,/anE(uz)=(1+M)E(Mf)= E(w).

T 1+ At

Thus, the Moreau—Yosida regularization of E in this (already very regular) case
simply multiplies £ by a constant.

It is a standard result (see [Ambrosio et al. 2008||, for example) that E is A-
convex, and no more. (Its Hessian with respect to the W, Riemannian metric is A
times the identity.) It then follows immediately from E;(u) = E(u) that

. 14+At
E is no more than A, -convex. O

Proof of [Proposition 4.2] We proceed by using to express quantities
appearing on either side of [(1-22)|in terms of sz(,u, v), E(n) and E(v). By the

symmetry of p and v, equations |(4—3)| and |(4—4)| allow us to express W22(,u,, V),
W3 (e, v;) and W (v, 1i.) in these terms. By |(2-6)| |(4-5)} (4-7)| and |(4-8), we have

|V Eu =1° / (Ax)2dp = 20T E (),
|V E(uo) P = W3 (w, jue) =227 E(u) /(1 + A1)°.

Symmetric identities hold with v in place of .
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Finally, direct calculation shows that both sides of [(T-22)] are equal to

207 + 2272
(14+Ar71)2

As we see from[(4-3)] the proximal map for E is always contracting in the W,
metric for A > 0. Thus, in this example, the additional terms in A, are not required
to produce contraction. The point of this example is rather to show that[(I-16)|and

[(I-22)] are sharp.

4B. The discrete gradient flow for the entropy and Rényi entropies. In our sec-
ond example, we consider functionals E,, corresponding to the entropy and Rényi
entropies. We apply [Theorem 1.3|to obtain a sharp bound, uniformly in the steps of
the discrete gradient flow sequence, on the rate at which rescaled solutions of the
discrete gradient flow converge to certain limiting densities, known as Barenblatt
densities. This result mirrors a well-known result obtained by Otto for the corre-
sponding continuous gradient flow. In carrying out this analysis, we learn that the
discrete gradient flow is surprisingly well-behaved, not only on average, but also
uniformly in the steps. We also show that Otto’s beautiful sharp results for the
continuous gradient flow can be obtained very efficiently from the analysis of the
discrete flow.

First, we define the functionals to be considered. For p > 1 — 1 /dE] define
U,:Ry — Rby

[W3 (1. v) + AT (E(w) + E0)]. O

sP—s
Up(s):=4 P~
slogs if p=1.

ifp#1,

Let @g([@d ) be the set of probability measures with finite second moment that are
absolutely continuous with respect to the Lebesgue measure. Define the functional
E,: PR — RU{oco} by
Joa Up(f@))dx  if € PSRY), dpu(x) = f(x)dx,
Epui=1"

otherwise.

For p =1, E, is minus the entropy. For p # 1, E, is minus the Rényi entropy.
As shown in [Ambrosio et al. 2008, Example 9.3.6], E, is proper, lower semicon-
tinuous, and convex along generalized geodesics. As for coercivity, for p > 1, E,
is bounded below by —1/(p — 1), hence coercive. For 1 — [—11 <p <1, E,isnot
bounded below, since fR‘, fP(x)dx can be arbitrarily large. E is neither bounded
above nor below. Nevertheless, E, is coercive for 1 > p > 1 — 5 when d > 2, and

9The borderline case p =1—1/d is more involved, and, for the sake of simplicity, we do not
consider it in this paper. It may be possible to extend our approach to this case using the regularization
techniques developed in [Blanchet et al. 2012]].
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forl > p> % when d = 1. Later, we shall need some of the estimates that imply
this, so we now explain this case. The case p = 1 can be found in [Jordan et al|
199§]].

By Holder’s inequality, with exponents 1/p and 1/(1 — p), forall v € @g(Rd)
with dv = f(x)dx,

/ FPO0dx = f FPEA+ XL+ k) Pdx
Rd Rd

p 1-p
S(f f(x)(1+|x|2)dx) <f (1+|x|2)‘1’/<‘—1’)dx) .
Rd R4

Furthermore, [pq f(x)|x]%dx = [ga |x[*dv = W3 (v, 89), where & is the Dirac
mass at the origin. By the triangle inequality, for any u € @g(Rd ),

Wa(v, 80) < Wa(u, v) + Wa(u, 8o),

so that

1—-p
fPx)dx < ( / (1+ |x|2)—"/<1—P>dx) (1+ (Wa(, v) + Wa(u, 80))HP.
Rd Rd

Finally, defining

1 1=r
Cpr= 1 (/ (1 +|x|2)—P/<1—P>dx> ’
-D R4

we have for all u, v € @Z(Rd),

p
E,(v)>~-C, (1 +2/Rd |x|2du+2W22(u,v)) . (4-9)
Thus, for all i, v € @’g(Rd),

1
;me+@w

>
-2t

1 p
W3 (1, v) — C, (1+2/ Ix2dp +2W5 (1, v)) . (4-10)
Rd

For fixed p, the right-hand side is bounded below for all 7 > 0 and v € @g(Rd);
hence E, is coercive.

Note that the condition p > 1 — % whend > 2, and p > % when d = 1, is exactly
the condition to ensure C), is finite, and it is easy to see that coercivity fails when
this is not the case. For a more general result, see [[Ambrosio et al. 2008, Remark
9.3.7].

From this analysis, we may also extract an upper bound on W22 (m, pnr) which
will be useful later.
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Lemma 4.4 (distance bound for the proximal map). Ifd > 2, fix p > 1—1/d, and
ifd=1,fixp> % Let w € D(E)) and

M) :=1 +2/ Ix|?d .
Rd
Then for all T small enough that 4pC,t < 1,

Ep(u) +CpM ()

W2 , <2t
5 (s o) = I—4pCye

A similar, but more complicated, bound in terms of the same quantities holds for
allt > 0.

Proof. By the definition of the proximal map, taking v = u in the variational
problem [(1-7), we obtain

1
Ep(1) = W3 (1, ) + Ep(ie).
Then, by [(4-10)| with v = ; and Bernoulli’s inequality, (1 +u)? <14 pu,

1
Ep() 2 - W3 (i, 1) = Cp (M) +2W3 (1, 1))

1, 2W3 (1, o)\

= ZWQ (s ) — CpMp(M)<1 + TM))
1 2W3 (1, pe)

> EWZZ(M, M) — CpMp(,lL)<1 +PTM)>

1
> [E - chp] W3 (1, pr) — CpM (1)

In the last line, we used that M (u) > 1.

The bound is simple due to the use of Bernoulli’s inequality (1 +u)? <1+ pu.
Avoiding this, one obtains a bound without restriction on t. Since we are mostly
concerned with small 7, we leave the details to the reader. O

Ifd>2, fix p>1—1/d, and if d = 1, fix p > }. Then, E,, is proper, coer-
cive, lower semicontinuous, and convex along generalized geodesics. Therefore,
guarantees that the proximal map and discrete gradient flow [(T-10)|
are well-defined for 0 < v < o0, o € D(E,). Before turning to the long-time
asymptotics of the discrete gradient flow for E,, we first investigate the contraction
properties of A;(u, v) under the proximal map.

Unlike the functional considered in[Section 4A] E, is translation invariant. Specif-
ically, for fixed xo € RY, if Ty, is the translation given by

Ty = (id — xo) #u,
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then E,(Ty,u) = E,(n). The 2-Wasserstein distance is also translation invariant:
for any u, v € @g(Rd)

W3 (i, v) = W3 (Tey e, Tyyv).
Consequently, the proximal map associated to £, commutes with translations:

(Txoﬂ)r = Txo(Mr)-

On one hand, this implies that the proximal map does not contract strictly in
W22: for any v € QP‘z’(Rd), sz(v, Tyv) = xg, SO

WZZ(I'LT’ (TX()M)T) = W22(,LL, T)C()/’L)‘

On the other hand, because the functional E), is strictly convex [Ambrosio et al|
2008t [Otto 2001]], strict inequality holds in[(3-3)|and hence in[(T-2T)|of [Theorem 1.3}

Ar(pe, ) < Az, v).

Therefore, A;(u, v) is strictly decreasing under the proximal map, even though
W22(,u, V) is not.

We now turn to the long-time asymptotics of the discrete gradient flow for E,.
As shown in [Otto 2001]], the t — O limit of the discrete gradient flow tends to
the continuous gradient flow on @Q(Rd ), which corresponds to the porous medium
equation or the fast diffusion equation:

0
E,o(t,x):Ap(t,x)p. 4-11)

(For p < 1 this is the fast diffusion equation. For p > 1, it is the porous medium
equation.) We show that for each 7 > 0, the discrete flow is a strikingly close
analogue of the continuous flow.

A key feature of is that it has self-similar scaling solutions known as
Barenblatt solutions,

oyt x) =1, (tﬁﬁ) , (4-12)

where

1
- - 4-1
P 24+d(p—1)"° (¢-13)

and

d
hp(x) = | & e~ PP/ ifp=1, (4-14)

1-pB 2)1/(17—1) .
<A+—p 2|x| if p>1,

1-pB 2)1/(.0—1) . 1
A+ —=L fl1—-= 1
( + - 2|x| 1 <p<l,

+
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with normalizing constants A = A(d, p) so that f[g do,(x) = f[g hy(x)dx = 1.

Definition 4.5 (Barenblatt density). If u is a probability measure of the form du =
o,(t, x)dx, we call & a Barenblatt density. Going forward, we will simply write
nw=op(t, x)dx.

We now show that the Barenblatt densities are preserved under the discrete gra-
dient flow. Before stating the next proposition, let us observe that 0 < 8 < 1 for all
values of p > 1 — 1/d. Thus, the function s — s# — t8s#~! is strictly monotone
increasing for s > 0 and yields the value 0 for s = t8. Consequently, for any r > 0,
there is a unique s > t8 such that

PP =sﬂ—tﬂsﬁ71, (4-15)

Definition 4.6 (proximal time-shift function). Define the proximal time-shift func-
tion 6; : Ry — Ry so that, for any r > 0, 6, (r) is the unique value of s that solves

We have already observed that 0, (r) > tf for all » > 0. Since r? —prf~! < P
for all » > 0, 6, (r) > r. The following lemma generalizes a result in [Carlen and
Gangbo 2003 for the case p = 1, showing that the proximal map for the functional
E, takes o, (r, x)dx to 0,(8:(r), x)dx. Thus the proximal map takes a Barenblatt
density to a Barenblatt density with a larger “time parameter”. Given that the class
of Barenblatt densities is preserved at the discrete level, we would of course expect
the time parameter to increase.

Proposition 4.7. Ifd > 2, fix p > 1 —1/d, and ifd = 1, fix p > % Let 11 be a
Barenblatt density, i.e. @ = op(r, x)dx for some r > 0. Then, for T > 0, the image
of w under the proximal map for E, is of the form

e =0p(0:(r), x)dx. (4-16)

Proof. Given a Barenblatt density i = o, (r, x)dx for some r > 0, let s := 0, (r)
and v := 0, (s, x)dx. We compute

SEP " -2 ,BX
Vg(\)) = Up (0p(s,x))Vo,(s, x)=po,(s, x)P"“Vao,(s, x)(x) = —

v-almost everywhere, (4-17)

Next, note that since s = 6, (r) > 18,

Vo) =x+ rvgﬁ(v) = (1 — ﬁ) X
8p s

is the gradient of a convex function. Consequently, if we define

p:=Vo#y,
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uniqueness in the Brenier—McCann theorem guarantees that Vg is the optimal
transport map between v and p. Since

, SE,
Vo=t =id+tV—(v)
p

is the Euler-Lagrange equation [(2-5)| v = p,, the image of p under the proximal
map. With the explicit form of Vg and o, (s, x), we compute

—d -1 1/8
p:<l—%) op(s,<l—%> x>dx:0p<(l—?> s,x)dx.

By the definition of s = 6 (r),

/8
r= (1 — ﬁ) s. (4-18)

s
Therefore, p =0, (r, x)dx =, 0 i = pr =V =0,(s, x)dx =0,(0.(r), x)dx. U

Note that when t is very small compared to ¢ > 0, and hence also compared to

s 1= 0:(1),
1/p
t:(l—ﬁ> s%s—ﬁzs—t,
s B

S0 6. (t) ~ t 4+ t. Thus, in this approximation, the proximal map shifts the time
forward by 7, independent of 7. To the extent this is accurate, it makes it very easy
to understand the discrete gradient flow for E), starting from a Barenblatt density:
at the n-th step of size 7, one gets a Barenblatt density whose time parameter has
been increased by approximately nt. The following lemma allows us to control
this approximation in precise terms.

Lemma 4.8. Fixr > 0. Then, forallt > r,

(Jﬁ)r < 6,(1)—1 < . (4-19)

Proof. Lets :=6.(¢t) forany t >r. Werecallthat0 < 8 < 1forall p > 1—1/d.
By the definition of 6;, we have

P =sP— rﬂsﬁ_l.

Assume s > t + 7. Then, by Bernoulli’s inequality (1 4+)'=# < (1 + (1 — Bu)
with u ;= t/t,
P =sP —rﬁsﬂ_l > (t+r)’3 —‘L',B(l‘-l—‘l,')ﬂ_]
=@+ e+ -y =P+ 10+ = Bu) =P,
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This is a contradiction. Therefore, 6, (¢) =s <t + 7, which proves the upper bound
in

To obtain the lower bound, we use the upper bound on s and [(4-18)]to obtain

-1/B
s2t<1— 1'ﬁ) .
t+1

Then since (1 + u)_l/ﬂ >1—u/B and t > r, we obtain

1
soi(142 P Yo po (). O
Bt+t r+t

We may now use to control the rate at which rescaled solutions
to the discrete gradient flow converge to a Barenblatt density. First, we define the
rescaled discrete gradient flow. For any positive integer n, let 6] be the n-fold
power of 6;. For t > 0, let S; denote the scaling transformation given by

id
Sy = t—ﬂ#v.
Since t P x is the gradient of a convex function, uniqueness in the Brenier-McCann
theorem implies that it is the optimal transport map from v to S;v.
Let  be a Barenblatt density, i.e., u = 0, (r, x)dx for some r > 0. Then S, u =
h,(x)dx. Let {11, } be the discrete gradient flow with initial data u for fixed T > 0.

By Propostion 1,
J?I/L = WUn = Up(Of(F), x)dx,

and by definition of the scaling transformation,
Sg; (r)JT",u = S@;z(r),un = hp(x)dx for all n € N. (4-20)

Thus, each step of the discrete gradient flow sequence is also a rescaling of /2, (x)dx.
In fact, something almost as good holds even when the initial data of the discrete

gradient flow is not a Barenblatt density. We apply to prove that if
{va} 1s a discrete gradient flow with initial data v € D(E),) for fixed T > 0, then

nll>n<}o S@;ﬂ(r)./fv = nli)ngo Sgrn(,)vn = hp(x)dx.

That is, if you wait a while and scale the solution to view it in a fixed length scale,
what you see is (essentially) a Barenblatt density, no matter what the initial data
v € D(E)) looked like. Moreover, we show that W (Sgn -y vu, hp(x)dx) essentially
contracts at a precise polynomial rate.

Theorem 4.9 (discrete fast diffusion and porous medium flow). Ifd > 2, fix p >
1-1/d,andifd =1, fix p > % Letv € D(E)) and let p = o, (r, x)dx for some
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r > 0. Given 0 <t <1, let {v,} and {,} be the discrete gradient flows[(1-10)| with
initial conditions v and . Define the rescaled discrete gradient flow sequence

T)}, = Sgg(,)vn.

Then, there is an explicitly computable constant K depending only on d, p, r,
E,(v), and
M) =142 |x]%dv,
Rd
such that

W3, hp(x)dx) < (02 () 2P [Wa(v, ) [Wa(v, ) +7'2K]+ 7K1 (4-21)

From this, we readily recover Otto’s contraction result for a continuous gradient
flow as follows. For any ¢ > 0, let int(t/7) denote the integer part of ¢/t. By

Lemma 4.8 0;(t) =t + 7, up to an error that vanishes uniformly in t as T — 0.
Thus, a simple iteration yields

lim oD (1) =r +1. (4-22)

Interpolating and taking the limit T — 0 as in [Jordan et al. 1998]], one obtains from
{v,} a solution p (¢, x) to (3/91)p(t, x) = Ap(t, x)? with p(0, x)dx = vy. Define
the rescaled solution

B(t,x) = +0%p(t, (r +1)Px).
We then conclude that, for all t > 0,
W3(p(t, x)dx, hy(x)dx) < (r + )" W3(p(0, x)dx, op(r, x)dx).

One may choose r to minimize W22 (00, x)dx, o,(r, x)dx). Otto has shown this
contraction result is sharp. Hence the “near contraction” result we obtain in the
discrete setting cannot be improved in any manner that is uniform in 7.

Other aspects of Otto’s analysis that leverage this contraction into a bound on
L' convergence may be applied at the discrete level without difficulty, and we do
not go into the details here. On the other hand, while Otto proves a continuous
gradient flow analogue of his proof does not extend to the discrete

case. provides the means to carry out the discrete analysis and to
show that the discrete gradient flow analogue of |(4-11)|is surprisingly complete.

Proof of [Theorem 4.9} By [Theorem 1.3| applied iteratively, we have
A (Vn, tn) < A (vr, 1) = A (v, (o). (4-23)

We make the comparison with A;(v;, ), not Az (v, u), since |Vy E, (v)|? (and
hence A;(u, v)) may be infinite, but by [[Ambrosio et al. 2008, Theorem 3.1.6],
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the strict convexity of E implies
|V E(vo)|* < |VwE(v)[? (4-24)

so A (vr, ir) < oo. We shall show that A, (v, ;) is very close to sz(v, Ww,
differing by a term that is O(t!/?). Specifically, there exists a constant K depending
only d, p,r, E,(v), and M(v), such that

Ac(ve, o) < Wa (v, WIW2 (v, ) + 72K+ 7K. (4-25)
Using this in[(4-23)] we obtain
W3 W, tn) < A, tn) < Wa v, [Wa (v, ) + 7' 2K+ 7K. (4-26)
Next, by the scaling properties of the 2-Wasserstein metric and[(4-20)] for all n > 1,
OF ()W (W, 1) = W3 (Sezry Vs Serry i) = W3 T, hp(x)dx).
Therefore,

W35 (W, hp(x)dx) < (07 (r) P [Wa(v, W) [Wa(v, ) + 2K+ TK],

which is [(4-2T)}
It remains to prove ((4-25)| First, note that since i = o, (r, x)dx, |(4-17)[implies
oF
Ve = B
8p r
Thus, by and the definition of the length of the gradient [(T-9)]
2P ’
5 | WPy nds =PIV By = Wi . @2D)

We will consider the cases p < 1, p=1, and p > 1 separately. For 1—% <p<l,
when d > 2, and % < p < 1, when d = 1, we may use the bound on W,(v, v;)

provided by to show
E,(v)+C,M()

TV Ep(ve)l* < W3 (v, ve) < 27— — e (4-28)

(This particular bound requires 4pC,t < 1, but one may prove a similar bound with
a more complicated constant that holds for all ¢ > 0.) By the triangle inequality,
W3 (e, ve) < (Wa i, v) + Wa i, ) + Wa (v, 10))?
< W3 (1, v) +2Wa (1, WIW2 (it ) + Wa (v, 1)
+2W3 (1, o) +2W5 (v, o).
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Combining this with [(4-28)] and [(4-27)] gives

Ar (e, ) < W3 (1, v)
172 1/2
+2Wo(i,v) (ZrE pWFCp M(U)> </ |x| o,(r, x)dx)

1 —4tpC,
E C,M 2
L5 B FGME) 2’3 / 1x %0, (rox)dox.
1 —4tpC,

This leads directly to [(4-25)] with an explicit constant.
For p > 1, by and the definition of the proximal map,

IV E,(vo) > < Wi (v, vp) < 27[E,(v) — E,(v,)].

Since E, is bounded below, an analogous argument leads to
The case p =1 is similar to the case p < 1; we leave the details to the reader. [J
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PTOLEMY’S LONGITUDES AND ERATOSTHENES’
MEASUREMENT OF THE EARTH’S CIRCUMFERENCE

Lucio Russo

A statistical analysis of the longitudes reported in Ptolemy’s Geographia shows
that many of them were obtained by distorting in a linear way data which were
known with good accuracy. As a consequence, a new estimate of the value
of the stadion used by Eratosthenes is obtained, supporting the thesis that his
measurement of the Earth’s circumference was remarkably accurate. Some con-
jectures about possible simplifications introduced by Cleomedes in his account
of Eratosthenes’ method are also proposed.

1. The distortion of longitudes in Ptolemy’s Geographia

The longitudes of 6345 localitie{l reported by Ptolemy in his Geographia [Stiickel+
berger and Gralhotf 2006| are affected by an error which dilates their differences.
While this error has been often remarked, it has not been so far analyzed in a
quantitative way. The analysis of the distortion of the longitudes for all 6345
localities considered by Ptolemy is inconvenient for several reasons. First, many
of the places are not identifiable with reasonable certainty. Furthermore for some
regions the systematic error overlaps errors of different nature, due to the lack of
knowledge of the country (this is the case, for example, for Indian localities). I have
therefore preferred to consider a sample of eighty towns, chosen with the following
criteria.

First, since it is plausible that Ptolemy’s error stems from a wrong interpretation
of hellenistic data, I have restricted the choice to the following regions, which
were well known in the Greek world both in hellenistic and imperial times: Spain,
Southern Gaul, Italy, Greece, Mediterranean coast of Africa west of Egypt, Egypt,
regions of Asia that had belonged to the other hellenistic kingdoms.

Secondly, in order to minimize the influence of errors due to the lack of geo-
graphical knowledge and to enhance the effect of Ptolemy’s systematic error, I have
selected my (nonrandom) sample by trying to choose for each of the previous
regions the most famous towns, as the ones whose coordinates were presumably

Communicated by Raffaele Esposito.
MSC2010: 01A20.
Keywords: Eratosthenes’ measurement, Ptolemy’s geography, stadion.
I The number of localities has been counted by A. Stiickelberger and G. GraBhoft [2006, p. 23].
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100 y=1.428x +17.05 —
(R2=0.9935) .

0 10 20 30 40 50 60

Figure 1. Ptolemy’s longitudes (vertical axis) versus actual longi-
tudes from Greenwich (horizonal axis) for the eighty towns in the

chosen sample. See also

best known, besides being identifiable with certainty. The towns of the sample are
listed in (page with their longitudes, both actual and as reported by

Ptolemy; the data are also plotted in
The regression line has equation

y = 1.428x 4+ 17.05.

The term 17.05 is of course the longitude that Ptolemy would have assigned to
Greenwich and is of no interest to us, while the regression coefficient, 1.428, gives
a measure of the dilatation in longitude differences performed by Ptolemy.

We call x; the actual longitudes from Greenwich of the towns of the sample,
yi their longitudes as reported by Ptolemy and z; the corresponding values on the
regression line (z; = 1.428x; 4+ 17.05). The variances of the two last series of values
are

o2(y;) = 465431,  o2(z;) = 462.406.
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The coefficient of determination R, which is defined as the ratio o2(z;) /o2 (y;)
and is considered a measure of how well empirical data are described by the re-
gression line, is

R? =0.9935.

A value of R? so close to 1 clearly shows that Ptolemy’s numbers were obtained
by distorting in a linear way data that were known with remarkable accuracy.

2. The value of the stadion used by Eratosthenes

Since antiquity Eratosthenes’ measurement of the Earth’s circumference is one of
the most celebrated achievements of Alexandrian science. The principle of the
method used by Eratosthenes in his measurement is well-known and it is not worth
to be recalled here Since we know his result in “stadia”, the accuracy of his
measure cannot be evaluated without knowing the actual length of the “stadion”
used by him. In the Greek world several different “stadia” had been in use and
the value of the one used by Eratosthenes is a vexata questio. Hultsch, in 1882,
had determined it as 157.5 meters [Hultsch 1882] and this measure was accepted
by most of the scholars till the first half of the twentieth century. Among the
many other values that have been proposed it seems that the most widely accepted
nowadays is 185 meters, which is the length of the so-called “Attic stadion” This
value is documented in many sources, but not explicitly referring to Eratosthenes,
while Hultsch’s argument was based essentially only on a single statement by Pliny,
which nevertheless refers explicitly to EratosthenesE] If we accept Hultsch’s value,
the error of Eratosthenes’ measure is less than 1%, while if we assume that his
stadion was the Attic one the error is about 17%.

Whereas there is no general agreement on the length of the “stadion” used by
Eratosthenes, all scholars agree that later geographers, like Hipparchus, Strabo,
Marinus and Ptolemy, used his same stadion (as is shown by the fact that many
distances in stadia have the same value for all of them). It is well known, on the
other hand, that Ptolemy, like Marinus before him, did not accept Eratosthenes’
measure of the meridian, corresponding to 700 stadia per degree, adopting instead
the measure of 500 stadia per degreeE] Since our regression coefficient is a fair
approximation of the ratio 7/5 between the lengths of the Earth’s circumference

2The reader is referred to [Russo 2004, pp. 68—69] for some considerations on Eratosthenes’
method. While it may seem simple now, it was beyond the understanding of post-hellenistic antiquity.

3In [Rawlins 1982 the value of 185 meters for Eratosthenes’ stadion is considered a well estab-
lished fact. The same value is accepted by, among others, Dicks [[1960] and by Berggren and Jones
[2000].

4Pliny, Naturalis historia , X1I, 53.

>The origin of this new measure is unknown. Ptolemy (Geographia, 1, 11), without mentioning
Eratosthenes’ measure, simply states that there was a general consensus on the measure of 500 stadia
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according Eratosthenes and Ptolemy, our computation shows that (as has often been
suggested) the distortion operated by Ptolemy on the longitudes is not independent
of the new value he had assumed for the length of the Earth’s circumference. We
may assume, as it is generally acceptedE] that he had deduced his differences in
longitude from known distances, measured in stadia, along a given circle of latitude,
so that his distortion of longitudes compensates for the reduced dimensions of the
Earth. We know, in fact, that, given the difficulty of determining longitudes by
astronomical methods, hellenistic geographers like Eratosthenes preferred to use,
instead of longitudes, distances along a given circle of latitude. Since we know
that Ptolemy assumed that one degree of a great circle of the Earth had the length
of 500 stadia, we can recover from his longitudes the original distances in stadia
between a large number of localities, getting precious information on the actual
value of the stadion used in geographical treatises.

We call Al the difference in longitude between two arbitrary places, Alr their
difference in longitude according to Ptolemy, d,, and d; the measures, respectively
in meters and in stadia, of the arc of equator comprised between their meridians.

Since d,,, ~ 111,100Al, d; ~ 500Alr, we get that the value in meters of the

stadion is
dp 111,100 Al Al

§=—~ ——— — =2222—.
dg 500 Alr Alr

By replacing the ratio Al/Aly with its mean value given by the regression
coefficient, 1/1.428, we obtain for the stadion the value of 155.6 meters. Since
155.6 x 252,000 = 39,211,200, this value would correspond to an error a little less
than 2% on Eratosthenes’ measurement of the great circle of the Earth.

A possible objection to this procedure is that we cannot exclude that the dis-
tances known to Ptolemy were affected by a significant systematic error (so that
their accuracy was small, despite their remarkable precision). I can answer this
objection in two ways. First, if all large distances were affected by the same
systematic error, the value obtained for the stadion may be very different from
the one understood by ancient geographers, but corresponds very well to its value
de facto; in other words, we can use it to convert effectively to kilometers the large
distances in stadia recorded by ancient geographers. Secondly, the circumstance
that the value we obtained is remarkably close to the one determined by Hultsch on
philological grounds (157.5 meters) makes the previous possibility unlikely, lend-
ing strong support to Hultsch’s determination and allowing us to exclude, in my
opinion, that Eratosthenes had used the Attic stadion of 185 meters or the even

per degree. We know from him that the same measure had been adopted by Marinus (Ptolemy,
Geographia, 1, 7; 1, 11).
6See for example [Berggren and Jones 2000, p. 30].
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larger stadia proposed by some scholars. We have to conclude that the relative
measurement error was probably within a few percent.

3. Some conjectures on possible simplifications introduced in Cleomedes’
account

According to Cleomedes’ account of Eratosthenes’ measurementﬂ] the difference
of latitude between Alexandria and Syene, supposed on the tropic (difference which
is equal to the angle between sunbeams and the vertical in Alexandria at noon of
the summer solstice), was measured as 51—0 of a turn and the distance between the
two cities (supposed on the same meridian) was estimated as 5000 stadia. The
length of the great circle, measured in stadia, was then obtained as the result of the
multiplication

50 x 5,000 = 250,000.

The result of the previous section shows an accuracy of Eratosthenes’ result
which is hardly compatible with such round figures, which have been often consid-
ered a clear evidence of the crudeness of Eratosthenes’ measure (this argument is
used, for example, in [Goldstein 1984]).

On the other hand all sources other than Cleomedes unanimously give for the
final result the value of 252,000 stadiaﬂ The discrepancy is usually explained
(see for example [Roller 2010, p. 143]) assuming that Eratosthenes had obtained
the round figures reported by Cleomedes, but afterwards had added 2000 stadia
to the final result in order to get a figure divisible by 60. Such a reconstruction
is hardly acceptable. What number should have recorded Eratosthenes in his lost
treatise “On the measurement of the Earth”‘.ﬂ If he had reported only the final figure
252,000, Cleomedes could not have recovered the original result of the measure-
ment. Suppose, instead, that Eratosthenes had written that the measurement result
had been 250,000 stadia, but that, in his opinion, it could have been convenient to
replace it by 252,000. It would be hardly understandable, in this case, why no other
source, except Cleomedes, should have recorded the value 250,000, which had the
double advantage of being a round figure and the true result of the measurement.

It appears much more likely that the rounding of the figures was one of the
simplifications introduced by Cleomedes in his short account (contained in about

TCleomedes, Caelestia, 1, 7,11, 48—120 (pp- 35-37, ed. Todd).

8Strabo, Geographia (11, v, 7; 11, v, 34); Geminus, Introduction to the Phenomena, XVI, 6; Mac-
robius, Commentarii in Somnium Scipionis, 1, xx, 20; Vitruvius, De architectura, 1, vi, 9; Plinius,
Naturalis Historia, 11, 247; Censorinus, De die natali, xiii, 5; Theon of Smyrna, De utilitate math-
ematicae, 124, 10-12 (ed. Hiller); Heron of Alexandria, Dioptra, xxxv, 302, 10-17 (ed. Schone);
Martianus Capella, De nuptiis Philologiae et Mercurii, V1, 596.

9The title of Eratosthenes’ work is quoted by Heron of Alexandria (Dioptra, Xxxxv).
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three pages in modern edition of the lost Eratosthenes’ treatise in two books.
Whereas all other sources, quoting the figure 252,000, intend to report Eratosthenes’
result, Cleomedes clarifies in the beginning of his popularization that his only aim
is to explain the “method (£pod0¢)” used by Eratosthenes to readers unable to
follow the geometric technicalities of the original work and the accuracy of the
figures is clearly irrelevant for this purpose. By rounding the figures Cleomedes
might better have achieved the goal to explain Eratosthenes’ method without boring
the reader with computations which are not immediately worked out mentally. On
the other hand, since Cleomedes also writes that a circumference is three times
its diameter!l] and it is not conceivable that Eratosthenes had used such a crude
estimate of m we know that the rounding of the figures was actually part of the
simplifications introduced by him.

Cleomedes could not round the final result 252,000 without altering at least one
of the two factors whose product had given such result. On the other hand we
have to exclude the possibility that the original multiplication was 50 x 5,040 =
252,000, because large distances are never recorded by ancient geographers with
the accuracy of tens of stadia. Hence, if the product was 252,000, we must exclude
the number 50 as first factor. Once excluded 50 itself, the only submultiple of
252,000 which can be reasonably rounded to 50 is 48.

We are thus led to conjecture that the original multiplication performed by
Eratosthenes might have been

48 x 5,250 = 252,000,

where 5,250 stadia was the measured distance between Alexandria and the northern
tropic and ﬁ of a turn was the measure of the angle between the vertical and the
direction of the sunbeams at noon of the summer solstice in Alexandria.

I think that the conjecture above could be accepted, because it is strengthened
by three independent elements:

(a) In Eratosthenes’ time the angles % of a turn (corresponding to one sign of the
zodiac, or 30° in our notations), 21—4 of a turn (half-sign or “step”) and ﬁ of a turn
(“part”), as well as sixtieths of a turn, were privileged as units of measurement
so that ﬁ of a turn was a very natural result of an angular measurement, while
the angle reported by Cleomedes (% of a turn) is hard to express in the units then
used.

10gee note 8§ above.
Cleomedes, Caelestia, 1,7, 119-120.
12[Neugebauer 1975, pp. 671-672]; [Roller 2010, p. 151].
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(b) 5,250 stadia is a plausible result of the measurement of Eratosthenes, because
he used to express large distances as multiples of 250 stadiaPZ]

(c) An important piece of evidence is provided by Strabo, who reports that the
distance between Syene and the Mediterranean was estimated by Eratosthenes
as 5,300 stadia Since Strabo always expresses large distances as multiples of
100 stadia his figure has the best possible agreement with the value of 5,250 sta-
dia.

If the present conjecture is accepted, one of the consequences is that the error of
the angular measure by Eratosthenes was much smaller than what has been so far
supposed. The difference of latitude between Alexandria and the tropic was in fact
at the timeE-] 7°28', much nearer to ﬁ of a turn (7°30’) than to Cleomedes’ value,
corresponding in our notations to 7°12’.

Another consequence has to do with Eratosthenes’ estimate of the error on the
measure of the length of the arc of meridian between Alexandria and the tropic.
If Eratosthenes assumed the value of 5,250 stadia, we have to think that he was
confident to be able to choose the multiple of 250 stadia nearest to the true distance;
in other words he may have thought that his error could be less than 125 stadia, or
less than about 2.5%, in good agreement with the estimate obtained in

In all expositions of Eratosthenes’ measurement we read that he supposed that
the town of Syene was exactly in the intersection of the tropic with the meridian
through Alexandria Since, as is shown in Syene was actually not far
from the tropic but its difference in longitude with Alexandria is not negligible
at all, this assumption, too, seems hardly compatible with the estimate on the error
of the result we have found in

The universally shared belief that Eratosthenes supposed that Alexandria and
Syene were on the same meridian is mainly drawn from Cleomedes’ account. Actu-
ally, after having exposed Posidonius’ method for measuring the Earth, Cleomedes
introduces Eratosthenes’ measurement with these words:

... Eratosthenes’ method, being geometrical in nature, is considered
more obscure. But what he says will become clear if we premise the

BFor example the distance between Alexandria and Rhodes was estimated by Eratosthenes as
3,750 stadia (Strabo, Geographia, 11, v, 24).

14Strabo, Geographia, XVII, i, 2. In [Rawlins 1982, p. 215], this passage is used, strangely
enough, as a proof that Strabo’s source was a map pre-dating Eratosthenes and that Eratosthenes had
obtained his distance of 5000 stadia just by rounding the ancient value.

15[Shcheglov 2003-2007, p. 165].

16The latitude of the tropic, i.e., the obliquity of the ecliptic, is about 23°26’ nowadays, but in
hellenistic times it was about 23°44’,

17See for example [Goldstein 1984; Dutka 1993].

18Since the latitude of Syene (today Aswan) is 24°05'N, its distance from the tropic is now almost
doubled, but in Eratosthenes’ time it was about 21’.
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MEDITERRANEAN SEA

Alexandria

RED
SEA

Tropic of Cancer

Figure 2. Alexandria, Syene and the tropic (shown in the position
it had in Eratosthenes’ time).

following assumptions: suppose first that Alexandria and Syene are on
the same meridian .. [}

These sentences suggest that the assumptions on the coordinates of Syene might
be one of the simplifications introduced by Cleomedes. Eratosthenes, for comput-
ing the distance between Alexandria and the tropic, had to identify the point P in
our figure, i.e., the intersection of the meridian passing through Alexandria with
the tropic. In other words he had to measure the component along the meridian
of a segment joining Alexandria with any point on the tropic. The individuation
of such a component was an operation usual not only in geometry@ but also in
Eratosthenes’ geographyErI This is a mathematical operation which Cleomedes un-
derstandably might have preferred to avoid in exposing the method of Eratosthenes
to readers unable to follow geometrical arguments, by replacing the abstract point

P with a very concrete town.

197,11 8¢ w0t "Epatocdévouc yewpetpudic 630U éxouévn xoi 50x0bod Tt doupéotepov
Exew. moufoel 8e cagi] Ta Aeyoueva LT adTol Tade TpolUToVeUEVLY NUEGY. DroxeloVw ALY
ne&ToV Wev xdvtolda OO @ adTd ueonuPewvd xelotdon LuAvny xal Ale&dvdpeiay, [...]
(Cleomedes, Caelestia, 1,7, 49-52).

20The orthogonal projection of a point on a line is one of the first procedures explained in a text
which was certainly very familiar to hellenistic geographers: Euclid’s Elements (it is the object of
prop. 12 of the first book). Modern historians, who are usually less acquainted with this text, are
more inclined to recognize Euclid’s influence on hellenistic geographers in some geometrical shapes
(see, for example, [Roller 2010, p. 26]) than in geometrical procedures.

21Strabo in his Geographia, often quoting Eratosthenes, reports several discussions concerning
right triangles whose legs are aligned with a meridian and a circle of latitude. Although Strabo does
not seem able to master the matter, it is clear that his source was considering orthogonal projections
along the two directions.
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It is true that also Strabo writes in a couple of passages that according to Er-
atosthenes the Nile flows along the meridian from Syene to Alexandria, but in the
same passages the Nile is described as flowing along the same meridian even from
Merog to SyenePZ] while in the book devoted to Egypt, still quoting Eratosthenes,
he describes the path of the Nile as far from being a north-south straight lineFE] and
in more than one instance Strabo appears to confuse distances with their orthogonal
projections along a meridianFE]

The accuracy of Eratosthenes’ measurement resulting from our evaluation of the
stadion lends strong support to the conjecture that it was based on land surveying.
We know, in fact, that Egypt had a cadastre based on detailed surveyin and
the use of “royal surveyors” even outside of Egypt is documented by Martianus
Capella@ Furthermore, the fact that the title of Eratosthenes’ treatise “On the
measurement of the Earth” is transmitted by Heron’s Dioptra— by a work devoted
to the description of a surveying instrument and of its use — suggests the possibility
that part of Eratosthenes’ treatise had been devoted to surveying techniques That
no measurement of the Earth’s circumference was attempted in Europe until the
seventeenth century is per se a strong indication that Eratosthenes planned and
oversaw an enterprise requiring a degree of collective organization that cannot be
taken for granted in other historical contexts

A possible objection to the reconstruction so far suggested is that it requires the
drawing of an accurate map of Egypt and, whereas such a map was attributed to
Eratosthenes in the past, in the last decades the appreciation of ancient cartography
has been drastically reduced and the opinion has prevailed that Eratosthenes did
not in fact prepare a map of EgyptFj] We only have evidence of locally confined
surveying in ancient Egypt and there is no direct evidence of a map of Egypt drawn

225trab0, Geographia, 1, iv, 2; 1L, v, 7.

23Strabo, Geographia, XVIL, i, 2.

24For the scant reliability of Strabo in reporting his hellenistic sources, see [[Shcheglov 2003+
2007]. On our particular subject see also [Rawlins 1982], where some examples of orthogonal
components of distances along the path of the Nile, considered by Eratosthenes and misunderstood
by Strabo, are recovered.

25Valuable information on the Egyptian cadastre is contained in the Oxyrhynchus papyri; see in
particular P.Oxy VI 0918 [Grenfell and Hunt 1908, p. 272]. Some useful references on surveying
techniques in ancient Egypt are in [Dutka 1993].

26Martianus Capella, De nuptiis Mercurii et Philologiae, V1, 598.

2TThe use of dioptras by Eratosthenes is well attested (Theon of Alexandria, Commentaria in
Ptolemaei syntaxin mathematicam i—iv (ed. Rome), 395, 1-2; Simplicius, In Aristotelis de caelo
commentaria, 246a [CGA 1894, 550]).

280n this point see [Russo 2004, pp. 273-277].

29Good examples of this new trend are [Harley and Woodward 1987; Brodersen 1995 |Rathmann
2007]. (I am indebted to a referee for suggesting these references in this context.) Scholars of ancient
science know very well, however, that more recent and better do not always coincide.



76 LUCIO RUSSO

by Eratosthenes (apart from the quantitative data reported by Strabo in Geographia,
XVII, i, 2). The first Greek maps mentioned by our sources date back to the sixth
century B.C., but surely did not incorporate quantitative data. On the other hand
Ptolemy’s Geographia is precisely a handbook for drawing maps of the whole
oikoumene and each of its regions, and for this purpose it stores 12,690 numerical
data. We do not know with certainty when the passage from purely symbolic maps
to quantitative cartography was accomplished, but it seems reasonable that it was
contemporary with the birth of mathematical geography and the introduction of
geographical coordinates, i.e., in the time of or shortly before Eratosthenes. On the
other hand the thesis that Ptolemy, in his handbook for drawing maps, drew heavily
on data from hellenistic sources, in particular incorporating Eratosthenes’ material
expressed via his value of 700 stadia for a degree of the Earth’s circumference, is
not only proved by the results in the first two sections of the present paper, but has
been shared by other authors on completely different grounds (see [[Knobloch et al|
2003; |Shcheglov 2004]@ Furthermore, the opinion that there were no quantitative
maps in Eratosthenes’ time is difficult to reconcile with Hipparchus’ discussion, in
the context of his criticism of Eratosthenes’ geographical treatise, of particular
directions reported in “ancient maps (dpyciot nivcxxeg)”

Finally, we have a linguistic clue suggesting that Eratosthenes might have ex-
tended on a different scale techniques used until then only in local surveying. We
know that in hellenistic Egypt officials used a concept analogous to our cadastral
sheet, i.e., a portion of land, containing several estates, which was numbered and
whose extension and position were described in the cadastral register. Such a por-
tion of land was called ocppcxyigEfl It was Eratosthenes who first introduced the
same term o@payic in geography, to mean a vastly larger portion of land

Cleomedes reports an interesting remark made by Eratosthenes in his work. He
had observed that at noon of the summer solstice the gnomons gave no shadow not
only in the point where the sun was exactly at the zenith, but in a circle around it
whose diameter was 300 stadia@ It was suggested in [Hultsch 1897|] that Eratos-
thenes had gotten this information from people specifically sent for this purpose,
but it is also possible that his estimate had a theoretical basis, being deduced from
the knowledge of the angular size of the sunE] In either case the remark would

301 am indebted to the same anonymous referee for drawing my attention to these references.

31 Hipparchus’ fragment is reported in Strabo, Geographia, 11, i, 11.

325ee for example the Oxyrhynchus’ papyrus quoted in note 26 above.

3See [Roller 2010, pp. 26-27] and Eratosthenes’ fragments quoted therein.

34Cleomedes, Caelestia, 1,7, 101-102 (ed. Todd).

35Since the angular size of the sun is about half a degree, the width of the strip where the gnomons
gave no true shadow (umbra), but only penumbra, is about half a degree in latitude, or about 350 sta-
dia according to Eratosthenes’ measure, but Eratosthenes may have considered that outside a strip
300 stadia wide most of sunlight was intercepted by the gnomons.
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Table 1. Longitudes of the towns in the sample

actual Ptolemy’s actual Ptolemy’s
Calpe (Gibraltar) 521" W 7°30/ Carthage 10°19"  34°50/
Malaca (Malaga) 4°25' W 8°50 Leptis Magna 14°19"  42°
Corduba 4°47 W 9°20/ Berenice 20°04  47°45'
Abdara (Adra) 3° 1’W 10°45 Ptolemais 20°57"  49°05
Carthago nova (Cartagena) 0°59' W 12°15’ Cyrene 21°51"  50°
Tarraco 1°15°  16°20 Alexandria 29°55"  60°30’
Barcinon (Barcelona) 2°10/ 17°15 Naucratis 30°37"  61°15
Numantia (Garray) 2°27" W 12°3(/ Oxyrynchus 30°40"  61°40
Saguntum 0°16' W 14°35/ Syene (Aswan) 32°56’  62°
Tolosa 1°25"  20°10/ Arsinoe in Eritrea (Assab)  42°44’  73°45’
Massalia (Marseille) 5023’ 24°3(0/ Chalcedon 29°02"  56°05’
Olbia (Hyeres) 6°08’ 25°10/ Nicomedia 29°55"  57°30/
Genua 8°56  30° Lampsacus 26041 55°20/
Populonium 10°29"  33°30 Pitane 26°56'  56°10
Roma 12029 36°40/ Miletus 27°17" 58°
Cumae (Arco Felice) 14°04/ 39°20/ Pergamus 27°11"  57°25
Paestum 15°00"  40°10/ Sardes 28°02"  58°20/
Croton 17°077  41°30 Mytilene 26°33"  55°40/
Rhegium Julium 15°39’ 39°50 Rhodes (Lindos) 28°05  58°40/
Tarentum 17°14/ 41°30/ Samos 26°50" 57°
Brundisium 17°57 42°30/ Sinope 35°09°  63°50/
Ravenna 12°12)  34°40/ Perga 30°51"  62°15
Ancona 13°317  36°30 Caesarea in Cappadocia 35°29"  66°30'
Camerinum 13°04  36° Tarsus 34°54"  67°40
Capua (Santa Maria C. V.) 14°15  40° Phasis in Colchis (Poti) 41°40°  72°30/
Panormus 13°22"  37° Sidon 35°22"  67°10/
Syracuse 15°177  39°30 Antiochia on the Orontes ~ 36°09"  69°
Pola 13°517  36° Apamea 36°24"  70°
Abdera 24°59/ 52°10 Carrae 39°13"  73°15
Byzantium 28°58  56° Damascus 36°18"  69°
Philippopolis 24°45"  52°30/ Hierosolyma (Jerusalem)  35°13'  66°
Pella 22°31’ 49°2(/ Gaza 34°27"  65°25'
Stagira 23°45"  50°20/ Petra 3527 66°45
Athens 23°43"  52°45 Seleucia on the Tigris 44°31" 79°20/
Thebes (in Boeotia) 23°19/ 52040/ Babylonia (al-Hilla) 44°25"  79°
Delphi 22°30/ 50° Susa 48°15" 84°
Corinth 22°56 51°15 Ecbatana (Hamadan) 48°31" 88°
Lacedaemon 22025 50°15 Persepolis 52053 90°15
Tingis Caesarea (Tangier)  5°48' W 6°30/ Hecatompylon 54°02"  96°
Hippo Regius 7°46'  30°20/ Antiochia Margiana (Merv) 61°50" 106°

Actual longitudes are from Greenwich. Given in parentheses are the cur-
rent names (or names of nearby modern towns) when they differ from
the classical ones.
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make no sense if the distance between Alexandria and the tropic was roughly esti-
mated in thousands of stadia. Furthermore, since Syene was 245 stadia away from
the tropic, Eratosthenes had determined the distance between Alexandria and the
tropic as a multiple of 250 stadia and the central line of a strip 300 stadia wide can
certainly be identified with the precision of some tens of stadia, it seems possible
that the idea of considering Syene to be on the tropic was another simplification
(which, however, Cleomedes shares with many other authors).

I conclude with a remark on a method for measuring large distances which
is often recalled in the context of Eratosthenes’ measurement. In most of the
popular accounts we read that the distance between Alexandria and Syene was
reported to Eratosthenes by a “bematist”, a man trained to keep a regular pace
when marching and to record the number of steps between places. The use of
bematists is often presented as the usual method for measuring large distances in
the Greek world. But a search of the Thesaurus Linguae Graecae has yielded the
result that the word bematist (3nuatiotrc) is attested only once in the entire corpus
of Greek literatureE] in a passage concerning the method used for measuring the
distances traveled by the army during the campaign of Alexander the Great, i.e., in
circumstances in which usual surveying was hardly practicable.
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TV-MIN AND GREEDY PURSUIT
FOR CONSTRAINED JOINT SPARSITY
AND APPLICATION TO INVERSE SCATTERING

ALBERT FANNJIANG

This paper proposes a general framework for compressed sensing of constrained
joint sparsity (CJS) which includes total variation minimization (TV-min) as an
example. The gradient- and 2-norm error bounds, independent of the ambient
dimension, are derived for the CJS version of basis pursuit and orthogonal match-
ing pursuit. As an application the results extend Candes, Romberg, and Tao’s
proof of exact recovery of piecewise constant objects with noiseless incomplete
Fourier data to the case of noisy data.

1. Introduction

One of the most significant developments of the last decade in imaging and signal
processing is compressive sensing (CS) which promises reconstruction with fewer
data than the ambient dimension. CS capability [[Candes and Tao 2005}, |Donoho
2006] hinges on favorable sensing matrices and enforcing a key piece of prior
knowledge, that is, sparse objects.

Consider the linear inverse problem Y = ®X 4 E where X € C™ is the sparse
object vector to be recovered, ¥ € C" is the measurement data vector, and E €
C" represents the (model or external) errors. The great insight of CS is that the
sparseness of X, as measured by the sparsity || X ||o = # of nonzero elements in X,
can be effectively enforced by £;-minimization (£;-min) [[Chen et al. 2001; [Donoho
and Huo 2001]:

min||Z||; subjectto (s.t) [[®Z =Yl <|[E]?, ey

with favorable sensing matrices ®.

The £;-min idea dates back to geophysics research in the 1970s [[Claerbout
and Muir 1973} [Taylor et al. 1979|]. The £;-minimizer is often a much better
approximation of the sparse object than the traditional minimum energy solution

Communicated by Micol Amar.

This research is partially supported by the U.S. National Science Foundation under grant DMS-
0908535.

MSC2010: 15A29.

Keywords: total variation, joint sparsity, multiple measurement vectors, compressive sensing.

81


http://msp.org/memocs
http://dx.doi.org/10.2140/memocs.2013.1-1
http://dx.doi.org/10.2140/memocs.2013.1.81
http://memocs.univaq.it/

82 ALBERT FANNJIANG

via £>-minimization because the 1-norm is closer to || - ||o than the 2-norm. More-
over, the £;-min principle is a convex optimization problem and can be efficiently
computed. The £;-min principle is effective in recovering the sparse object with
a number of data points » much smaller than m if the sensing matrix ® satisfies
some favorable conditions such as the restricted isometry property (RIP) [Candes
and Tao 2005]: ® is said to satisfy the RIP of order k if

(1=8IZI3, < 1®Z[3 < (1+801ZI3 2)

for any k-sparse vector Z where the minimum of such a constant §y is the restricted
isometry constant (RIC) of order k.

The drawback of the RIP is that only a few special types of matrices are known
to satisfy it, including independently and identically distributed (i.i.d.) random ma-
trices and random partial Fourier matrices formed by random row selections of the
discrete Fourier transform.

A more practical alternative CS criterion is furnished by the incoherence prop-
erty as measured by one minus the mutual coherence [Donoho and Elad 2003;
Tropp 2004]:

DY, Oy
11(®) = max ’Zk ik k/‘ '
VO SAL NS ST ML
A parallel development in image denoising pioneered by Osher and coworkers

[Rudin et al. 1992; Rudin and Osher 1994] seeks to enforce edge detection by total
variation minimization (TV-min):

min/|Vg| S.t. /lg—f|2 <é?, 4)

where f is the noisy image and ¢ is the noise level. The idea is that for the class of
piecewise constant functions, the gradient is sparse and can be effectively enforced
by TV-minimization.

For digital images, the TV-min approach to deblurring can be formulated as
follows. Let f € CP*? be a noisy complex-valued data set of p x g pixels. Let
T be the transformation from the true object to the ideal sensors, modeling the
imaging process. Replacing the total variation in [(4)| by the discrete total variation

3)

el = V181G HP+[A2gli, I,
i,J
we obtain

minflgllty st [[Tg— fll2<e¢ )
(see [Chambolle and Lions 1997; (Chan and Shen 2005]).
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In a breakthrough paper, Candes et al. [2006] show the equivalence of [(5)| to [(T)]
for a random partial Fourier matrix with noiseless data (¢ = 0) and obtain a perfor-
mance guarantee of exact reconstruction of piecewise constant objects from [(5)]

A main application of this present work is to extend the result of Candes et
al. to inverse scattering with noisy data. In this context it is natural to work with
the continuum setting in which the object is a vector in an infinite-dimensional
function space, for example, Lz(Rd). To fit into CS’s discrete framework, we
discretize the object function by pixelating the ambient space with a regular grid
of equal spacing ¢.

The grid spacing £ can be thought of as the resolution length, the fundamental
parameter of the discrete model from which all other parameters are derived. For
example, the total number of resolution cells is proportional to £~¢, that is, m =
0(¢~%). As we will assume that the original object is well approximated by the
discrete model in the limit £ — 0, the sparsity s of the edges of a piecewise constant
object is proportional to £!~¢, that is, the object is nonfractal. It is important to
keep in mind the continuum origin of the discrete model in order to avoid confusion
about the small £ limit throughout the paper.

First we introduce the notation for multivectors ¥ € C"*¢:

n 1/b
|wmﬂ=(§]mwﬂYm® . a b=, ©6)
j=1
where row;(Y) is the j-th row of Y. The 2, 2-norm is exactly the Frobenius norm.
To avoid confusion with the subordinate matrix norm [[Golub and Van Loan 1996],
it is more convenient to view Y as multivectors rather than a matrix.
We aim at the following error bounds. Let V be the discretized object and V an
estimate of V. We will propose a compressive sampling scheme that leads to the
error bound for the TV-minimizer V:

IAV — AV |22 =0(), €0, (7)
implying via the discrete Poincaré inequality that
IV — VI, =0(e/0) (8)

independent of the ambient dimension d.

If V is the reconstruction by using a version of the greedy algorithm, orthogonal
matching pursuit (OMP) [[Pati et al. 1993 Davis et al. 1997]], for multivectors then
in addition to[(7) we also have

IV = VI, =0(e/ve) 9)

independent of the ambient dimension d (see [Section 3)). We do not know if the
bound [(9)] applies to the TV-minimizer.
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A key advantage of the greedy algorithm used to prove [(9)|is the exact recov-
ery of the gradient support (that is, the edge location) under proper conditions
(Theorem 2|in [Section 3. On the one hand, TV-min requires fewer data points for
recovery: O(s) for TV-min under the RIP versus O(s2) for the greedy algorithm
under incoherence where the sparsity s = 0(¢'~%) is as already mentioned. On the
other hand, the greedy algorithm is computationally more efficient and incoherent
measurements are much easier to design and verify than the RIP.

At heart our theory is based on reformulation of TV-min as CS of joint sparsity
with linear constraints (such as the curl-free constraint in the case of TV-min): basis
pursuit denoising (BPDN) for constrained joint sparsity (CJS) is formulated as

min(|Z|l12, st (Y —@(@)l2<e, LZ=0, (10)

where
p(Z)=[®1Z,...,9,Z4], Z;=the j-th column of Z,

and & represents a linear constraint. Without loss of generality, we assume the
matrices {®;} C C"*™ all have unit 2-norm columns.

In connection to TV-min, Z; is the j-th directional gradient of the discrete object
V. And from the definition of discrete gradients, it is clear that every measurement
of Z; can be deduced from two measurements of the object V, slightly shifted in
the j-th direction with respect to each other. As shown below, for inverse scattering
we have ®; = ® for all j, and & is the curl-free constraint which takes the form

A1Zy = A2Z,

for d =2 (see[(53)). Our main results, Theorems [T]and 2] constitute performance
guarantees for CJS based, respectively, on the RIP and incoherence of the measure-
ment matrices ®;.

1.1. Comparison of existing theories. The gradient-based method of [Patel et al|
2012] modifies the original Fourier measurements to obtain Fourier measurements
of the corresponding vertical and horizontal edge images which then are sepa-
rately reconstructed by the standard CS algorithms. This approach attempts to
take advantage of typically lower separate sparsity and is different from TV-min.
Nevertheless, a similar 2-norm error bound [Patel et al. 2012, Proposition V.2] to
is obtained.

Needell and Ward [2012] obtain interesting results for anisotropic total variation
(ATV) minimization in terms of the objective function

lgllary =D 1 A1gl, HI+ 128G, ).
i,j

While for real-valued objects in two dimensions, the isotropic TV seminorm is
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equivalent to the anisotropic version, the two seminorms are, however, not the same
in dimension greater than 3 and/or for complex-valued objects. A rather remarkable
result of Needell and Ward is the bound ||V — V||» = 0(¢), modulo a logarithmic
factor, for d = 2. This is achieved by proving a strong Sobolev inequality for
two dimensions under the additional assumption of the RIP with respect to the bi-
variate Haar transform. Unfortunately, this latter assumption prevents the results in
[Needell and Ward 2012] from being directly applicable to structured measurement
matrices such as Fourier-like matrices which typically have high mutual coherence
with any compactly supported wavelet basis when adjacent subbands are present.
Their approach also does not guarantee exact recovery of the gradient support.

It is worthwhile to further consider these existing approaches from the perspec-
tive of the CJS framework for arbitrary d. The approach of [Patel et al. 2012]] can
be reformulated as solving d standard BPDNs

mln||ZT|ll7 s.t. “YT_(I)ZT“2§87 T=15--~5d’

separately without the curl-free constraint £ where Z; and Y- are, respectively,
the 7-th columns of Z and Y. To recover the original image from the directional
gradients, an additional step of consistent integration becomes an important part
of the approach in [[Patel et al. 2012].

From the CJS perspective, the ATV-min considered in [Needell and Ward 2012]]
can be reformulated as follows. Let Z € C%" be the image gradient vector by
stacking the d directional gradients and let Y € C? be the similarly concatenated
data vector. Likewise let ® = diag(®,, ..., ®4) € C¥*9" be the block-diagonal
matrix with blocks ®; € C"*™. Then ATV-min is equivalent to BPDN for a single
constrained and concatenated vector:

min||Z|l;, st |V —-®Z|,<e, PZ=0, (11)

where & is the same constraint & reformulated for concatenated vectors. Repeating
verbatim the proofs of Theorems |l|and [2| we obtain the same error bounds as|(7)H(9)
for ATV-min as formulated in [(TT)] under the same conditions for ®; separately.
In [Needell and Ward 2012f], ATV-min is formulated in terms of the image,
instead of the image gradient, to get rid of the curl-free constraint. To proceed the
differently concatenated matrix [®1, ..., ®,] is then assumed to satisfy the RIP
of higher order demanding 2dn measurement data points. For d = 2, Needell and
Ward assume the RIP of order 55 with §5, < % for [®, ®,], which is much more
stringent than the RIP of order 2s with §,5 < V2 —1 for @, and P, separately in
In particular, ®; = ®, is allowed for but not for Needell and Ward. To
get the aforementioned favorable O(¢) 2-norm error bound for d = 2, an additional
measurement matrix satisfying the RIP with respect to the bivariate Haar basis is
needed, which, as mentioned above, excludes partial Fourier measurements.
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1.2. Organization. The rest of the paper is organized as follows. In[Section 2] we
present a performance guarantee for BPDN for CJS and obtain error bounds. In
we analyze the greedy approach to sparse recovery of CJS and derive
error bounds, including an improved 2-norm error bound. In we re-
view the scattering problem starting from the continuum setting and introduce the
discrete model. In|Section 5| we discuss various sampling schemes including the
forward and backward sampling schemes for inverse scattering for point objects.
In we formulate TV-min for piecewise constant objects as BPDN for CJS.
We present numerical examples and conclude in We present the proofs

in the

2. BPDN for CJS
Consider the linear inversion problem
Y=9pX)+E, <£X=0, (12)
where
(X)) =[®1 X1, ®2X5, ..., PsX4], @ € C",
and the corresponding BPDN
min(|Z|l12, st Y —@(Z)l22 <e=|El22, LZ=0. (13)

For TV-min in d dimensions, ®; = ® for all j, the vector X represents the discrete
gradient of the unknown object V, and & is the curl-free constraint. Without loss
of generality, we assume the matrices {®;} all have unit 2-norm columns.

We say that X is s-row sparse if the number of nonzero rows in X is at most s.
With a slight abuse of terminology we call X the object (of CJS).

In the following theorems, we let the object X be general, not necessarily s-row
sparse. Let X® consist of the s largest rows in the 2-norm of X. Then X is the
best s-row sparse approximation of X.

Theorem 1. Suppose that the linear map ¢ satisfies the RIP of order 2s
(1 =8)11ZI5, < le(@)]5, < A +80)IZ3, (14)
for any 2s-row sparse Z with 8>, < ~/2 — 1. Let X be the minimizer of Then
IX = Xll22 < Cis™ 21X = XDl 2+ Coe (15)

for absolute constants Cy and C, depending only on ;.

Remark 1. Note that the RIP for joint sparsity follows straightforwardly from
the assumption of the separate RIP:

A =8)1ZI5 < 19, Z5 < (1482011 Z]l5 forall j,
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with a common RIC.

Remark 2. For the standard Lasso with a particular choice of regularization pa-
rameter, [Candes and Plan 2009, Theorem 1.3] guarantees exact support recovery
under a favorable sparsity constraint. In our setting and notation, their TV-min
principle suggests

min 201 Zlh2+ 1Y = @(Z)3,5. 1=22logm, (16)

where o2

= g2 /(2n) is the variance of the assumed Gaussian noise in each entry of
Y. Unfortunately, even if the result of Candes and Plan can be extended to|(16)}, it
is inadequate for our purpose because they assume independently selected support
and signs, which is clearly not satisfied by the gradient of a piecewise constant

object.

The proof of is given in
The error bound [(15)] implies [(7)] for s-row sparse X. For the 2-norm bound [(8)]

we apply the discrete Poincaré inequality [Cheung 1998|]

2/d
2_m 2
Iz < ad IAfI5

to get
1/d

WV =Vl< e Cre=0(% (17)
2= a2 =)

since £ ~m~ 14,

3. Greedy pursuit for CJS

One idea to improve the error bound is through exact recovery of the support. This
can be achieved by greedy algorithms. As before, we consider the general linear
inversion with CJS with || E|22 =¢.

Algorithm 1| on the next page is an extension of the joint-sparsity greedy algo-
rithms of [Cotter et al. 2005; |(Chen and Huo 2006} [Tropp et al. 2006 to a setting
with multiple sensing matrices.

Note that the linear constraint is not enforced in

A natural indicator of the performance of OMP is the mutual coherence [(3)]
[Tropp 2004; Donoho et al. 2006]]. Let

Mmax = mMax /-’L(oj)
J

Then, analogous to [Donoho et al. 2006, Theorem 5.1], we have the following
performance guarantee.
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Algorithm 1. OMP for joint sparsity
Input: {®;},Y, e > 0.
Initialization: X =0, R® =Y, and ¥° = @.
Iteration:

1) imax = arg max; Z?:1|CI>;,.R]J‘._1 |, where CI>>;J. is the conjugate

transpose of the i-th column of ®;.
2) Pk = P U {imax )
3) X* = arg min||®Z — Y |5 s.t. supp(Z) < S.
4) RF =Y — p(X5).
5) Stop if 371 R ll2 < &.
Output: X*.

Theorem 2. Suppose the sparsity s satisfies

d
s<1(1+ 1 )_ Vde
2 Mmax X min

Let Z be the output of[Algorithm 1| with the stopping rule that the residual drops
to the level € or below. Then supp(Z) = supp(X).

Let X solve the least-squares problem

; Xminzrr}(in”rowk(X)Hl- (18)

Mmax

A

X =arg rr}gin||Y —®B|2, st supp(B) Csupp(X), £B=0. (19)

Then
2¢e

V1T — pmax (s — 1)'
The proof of is given in

The main advantage of [Theorem 2| over [Theorem 1|is the guarantee of exact
recovery of the support of X. Moreover, a better 2-norm error bound follows
because now the gradient error is guaranteed to vanish outside a set of cardinality
0(e'=4): Let L c 74 be a finite lattice of 0(¢~%) cardinality and {L;: /=1, ..., L}
a partition of L, i.e., L = Ul [; and L, Nl = & for [ # k. Let the scaled sets £1 4,
I=1,..., L, be the level sets of the object V such that

L
V= Z v Loy,
I=1

where I, is the indicator function of £L;. The reconstructed object V from X
given in [(T9)| also takes the same form:

L
V = Z ﬁ[ I[[Ll-
=1

IX — X2z <

(20)




TV-MIN AND GREEDY PURSUIT FOR CONSTRAINED JOINT SPARSITY 89

To fix the undetermined constant, we may assume that v; = 9;. Since
AV = V)22 =0()

by [(20)] and the gradient error occurs only on the boundaries of £L; of cardinality
0(¢'~?), we have
lug — 0y = 0(e£“~D/2) forall 1.

Namely
IV = Voo = 07172

and thus
IV =Vl=0(/Ve).

4. Application: inverse scattering

In this section, we discuss the main application of the CJS formulation, that is, the
TV-min for the inverse scattering problem.

A monochromatic wave u propagating in a heterogeneous medium characterized
by a variable refractive index n?(r) = 14 v(r) is governed by the Helmholtz
equation

VZu(r) + o*(1 + v(r)u(r) =0, (21)

where v describes the medium inhomogeneities. For simplicity, the wave velocity
is assumed to be unity and hence the wavenumber w equals the frequency.
Consider the scattering of the incident plane wave

where d is the incident direction. The scattered field u® = u — u! then satisfies
V' + 0*u® = —w*vu (23)

which can be written as the Lippmann—Schwinger equation:
u(r) = w’ f v W' ) +ut ()G (r, r)dr, (24)
R4

where G is the Green function for the operator —(V? 4 w?).
The scattered field necessarily satisfies Sommerfeld’s radiation condition

lim r(d_l)ﬂ(% — ia))uS =0,

r—>0o0

reflecting the fact that the energy which is radiated from the sources represented
by the right-hand side of [(23)| must scatter to infinity.
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Thus the scattered field has the far-field asymptotic

elwlrl

us(r):W—_IW(A(f',ti,a))—l—@(lrrl)), F=r/lrl, (25)

where A is the scattering amplitude and d the spatial dimension. In inverse scat-
tering theory, the scattering amplitude is the measurement data determined by the
formula [[Colton and Kress 1998|]

N 2 .
A(r,d, w) = z)—n / dr'viru(r e """,

which under the Born approximation becomes

~ 2 C 5 A
A, d, 0) =2 / dr'v(r'yelr @, (26)
4
For simplicity of notation we consider the two-dimensional case in detail. Let
L C Z? be a square sublattice of m integral points. Suppose that s point scatterers
are located in a square lattice of spacing ¢:

Ll={rj=Lt(p1,p):j=(p1—DJm+pr,p=(p,p2)el}. (27

In the context of inverse scattering, it is natural to treat the size of the discrete ambi-
ent domain £ as being fixed independent of the resolution length €. In particular,
m ~ £~2 in two dimensions.

First let us motivate the inverse scattering sampling scheme in the case of point

scatterers and let v, j =1, ..., m be the strength of the scatterers. In other words,
the total object is a sum of §-functions:
v(r)=Zvj8(r—rj). (28)
J
Let ¥ ={r;;:j=1,..., s} be the locations of the scatterers. Hence v; = 0 for all
rj ¢ <.

For point objects the scattering amplitude becomes a finite sum:
2 .
PO TR o ioor;-(d—7)
A d, )= X;U,e jd=F), (29)
J:

In the Born approximation the exciting field u(r;) is replaced by the incident field
u(r i)
5. Sampling schemes

Next we review the sampling schemes introduced in [Fannjiang 2010] for point

objects [(28)]
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Let cil and 7,1 =1, ..., n, be various incident and sampling directions for the
frequencies w;, [ =1, ..., n, to be determined later. Define the measurement vector
Y = (y) € C" with

_ 4
)’l—wzﬁ

The measurement vector is related to the point object vector X = (v;) € C™ by the
sensing matrix @ as

AL d,w), 1=1,....n. (30)

Y=®X+E, 31

where E is the measurement error. Let 6; and 51 be the polar angles of ci; and 7,
respectively. The (I, j)-entry of ® € C"*" is

—1/2 —iwiF

n e rjeiwldl‘rj — n—1/2eiwlZ(p2(sin9[—sin91)+p1(00501—(:0591))’ (32)

with j = (p; — 1) + p». Note that ® has unit 2-norm columns.
Let (£, ¢;) be i.i.d. uniform random variables on [—1, 1]> and let p; and ¢; be
the polar coordinates as in

(&, &) = pi(cos gy, singy), oy =/& + & < V2. (33)

Let the sampling angle 6; be related to the incident angle 6, via
0+ 0 =2¢ + ., (34)

and set the frequency wy to be

_ Qpy
V2sin6 —6,/2)

where € is a control parameter. Then the entries [(32)|of the sensing matrix ® under
the condition

(35)

QU=m/v2 (36)
are those of the random partial Fourier matrix
STPETP) 1 =1 n pi,pa=1,...,/m. (37)

We consider two particular sampling schemes: The first employs multiple fre-
quencies with the sampling angle always in the back-scattering direction, resem-
bling the imaging geometry of synthetic aperture radar; the second employs only a
single high frequency with the sampling angle in the forward direction, resembling
the imaging geometry of X-ray tomography.
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I. Backward Sampling. This scheme employs €2-band limited probes, that is,
w; € [—2, ©]. This and [(35)]lead to the constraint

00|, P
2\2Jj (38)

A simple way to satisfy [(34)] and [(38)]is to set

‘ sin

b1 =6=6—m, (39)
Qpy
w=—7=, (40)
V2
where [ = 1, ..., n. In this case the scattering amplitude is sampled exactly in

the backward direction, resembling synthetic-aperture radar imaging. In contrast,
exact forward sampling with 6; = 6; almost surely violates the constraint|(38)

II. Forward Sampling. This scheme employs single-frequency probes no less
than :

o=yQ y=1, I=1,....n 41)
We set
6, = ¢y + arcsin —* (42)
yV2’
~ .o
6, = ¢ — arcsin . 43)
Y2
The difference between the incident angle and the sampling angle is
0, — 51 = 2 arcsin il (44)
yV2

which diminishes as y — oo. In other words, in the high-frequency limit, the sam-
pling angle approaches the incident angle, resembling X-ray tomography [Natterer
1986].

6. Piecewise constant objects

Next let us consider the following class of piecewise constant objects:

v(r)=vaIm(%—p), m=[-1 17, 45)

pel

where I is the indicator function of the unit square [J. As remarked in [Section 1]
we think of the pixelated v as a discrete approximation of some compactly sup-
ported function on R? and having a well-defined limit as £ — 0. Set V = (v j)ecCm

and j = (p1 — 1)/m+ pa.



TV-MIN AND GREEDY PURSUIT FOR CONSTRAINED JOINT SPARSITY 93

The discrete version of [(26)] is, however, not exactly the same as [(29)] since
extended objects have different scattering properties from those of point objects.
The integral on the right-hand side of [(26)] modulo the discretization error, is

1N ior(d—F) _ iwtp-@—#) [ ior-@—y (T 4./
/drv(r)e _vae /e ID(£>dr.

pel

Now letting ti[, r;,and w;, [ =1, ..., n, be selected according to Scheme 0r
and substituting them into the above equation, we obtain

/dr/v(r/)eiwzr’.(t?/—fl) — 2 vaein(plél-i-pzm)/ ST EYM) g dy

pel g

_2 Z o T PIE+P2) 2sin (& /2) 2sin (wn;/2)
= » .

pel & T
Let

xj=0vp,  j=(p1—DvVm+ps,
and

47 o

VI =——=A,d,o)+E, [=1,...,n,

Wy 8ia/n

where

. 2sin (& /2) 2sin (wn;/2)
81 =
& TN

and E = (¢;) is the noise vector.
Define the sensing matrix ® = [¢y,] as

1 .
(pkp:_elﬂ(pl%-k_'_pznk)v p=(p1 _l)ﬂ—i_pZa P1, p2=]’7\/% (46)

Jn

Then the system above can be written in the same form as [31)}
Y=®X+E, X=(;), (47)

where the data and error vectors have been modified as above to account for the
differences between extended and point objects.
Our goal is to establish the performance guarantee for TV-min

min[|Ztv, st Y —@Z|2 < || E]}>. (48)

We accomplish this by transforming into BPDN for CJS
Define X = (X, X5) with

(X1, X2) = 02(AV, AyV) € C"*2,
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Suppose the support of {vyye¢,, Vpie,} is contained in L. Simple calculation yields

e . e, .
y = ﬁelﬂ& Z vp+elelﬂ(P1§l+P2771) — ﬁe”ﬂ?l Z vp+ezem(p1$1+p2m)
pel pel
and thus
. 02 )
(eflﬂél — Dy, = ﬁ Z(vp-i-el — vp)elﬂ(Pl’-;’/Jerm)’ (49)
pel
—immy & i (p1&i+pam)
(e — Dy = ﬁ Z(Up+ez —vp)e . (50)
pel

Define Y = (Y, Y») with
Yi=(e " =Dy), Ya=( """ —1)y)eC",
and E = (Eq, E,) with
Ei=((e7™ —1)e)), Ex= (™" —1)e) e C". (51)
We rewrite in the form
Y=®X+E, (52)

subject to the constraint
A1 X = Ay X, (53)

which is the discrete version of curl-free condition. This ensures that the reconstruc-
tion by line integration of (v,) from X is consistent (that is, path-independent).

To see that is necessary and sufficient for the recovery of (v,), consider,
for example, the notations in and suppose vg o is known. By definition of
the difference operators A and A; we have

V1,0 = 0,0 + (A1 V)o,0, vo,1 =v0,0+ (A2V)o,0.
In general, we can determine v, p € L, iteratively from the relationship
Upte; =Vp +(A1V)p,  Upie, =Vp+ (A2V)p,

and the knowledge of V at any grid point. The path-independence in evaluating

Upi+1,pa+1>

Upi+1,pat1 = Upy,po + (A1V)py py + (A2V) pi 11,
=Vp,pp T+ (sz)m,m + (A V)P1,172+1’

implies that

(A2V) pit1,p = (B2 V) py oy = (A1V) pypott = (A1 V) py o
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..............................................

.........................................................................

Figure 1. Consistency among cells C, C’, and C”.

which is equivalent to [(53)]

Now is equivalent to [(52)| with the constraint [(53)| provided that the value
of V at (any) one grid point is known. The equivalence between the original TV-
min [(48)] and the CJS formulation [(I3)] with ®; = @ for all j, then hinges on the
equivalence of their respective feasible sets which can be established under the
assumption of Gaussian noise. When E in is Gaussian noise, then so is E,
and vice versa, with variances precisely related to each other.

The random partial Fourier measurement matrix satisfies the RIP with n = O(s),
up to a logarithmic factor [[Candes et al. 2006]], while its mutual coherence u be-
haves like O(n~!/?) [Fannjiang et al. 2010]. Therefore implies the sparsity
constraint s = 0(/n) for the greedy approach which is more stringent than s = O(n)
for the BPDN approach.

7. Conclusion

We have developed a general compressive sensing (CS) theory (Theorems [] and [2)
for constrained joint sparsity with multiple sensing matrices and obtained perfor-
mance guarantees parallel to those for CS theory for a single measurement vector
and matrix.

From the general theory we have derived 2-norm error bounds for the object and
the gradient, independent of the ambient dimension, for total variation minimiza-
tion (TV-min) and greedy estimates of piecewise constant objects.

In addition, the constrained joint sparsity (CJS) greedy algorithm can recover
exactly the gradient support (that is, the edges of the object) leading to an improved
2-norm error bound. Although the CJS greedy algorithm needs a higher number of
measurement data points than TV-min for Fourier measurements the incoherence
property required is much easier to check, and is often the only practical way to
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Figure 2. The original 256 x 256 Shepp-Logan phantom (left)
and the Shepp—Logan phantom and the magnitudes of its gradient
(right) with sparsity s = 2,184.

verify the restricted isometry property when the measurement matrix is not inde-
pendently and identically distributed or Fourier.

We end by presenting a numerical example demonstrating the noise stability
of TV-min. Efficient algorithms for TV-min denoising/deblurring exist [Beck and
Teboulle 2009; |Weiss et al. 2009]]. We use the open source code ¢ 1-MAGIC | for
our simulation.

shows the 256 x 256 image of the Shepp—Logan phantom and the
modulus of its gradient. Clearly the sparsity (s = 2,184) of the gradient is much
smaller than that of the original image. We take 10,000 Fourier measurement data
points for the £;-min |[(1)|and TV-min |[(5)|reconstructions.

Because the image is not sparse, £1-min reconstruction produces a poor result
even in the absence of noise, shown in The relative error is 66.8% in

Figure 3. Noiseless £;-min reconstructed image (left) and the dif-
ferences (middle) from the original image. The plot on the right

is the gradient of the reconstructed image.


http://users.ece.gatech.edu/justin/l1magic/
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Figure 4. TV-reconstructed image with 5% (top left) and 10%
(bottom left) and the respective differences (middle) from the orig-
inal image. The plots on the right column are the magnitudes of
the reconstructed image gradients.

the £, norm and 72.8% in the TV norm. Only the outer boundary, which has the
largest pixel values, is reasonably recovered.

shows the results of TV-min reconstruction in the presence of 5% (top)
or 10% (bottom) noise. Evidently, the performance is greatly improved.

Appendix A: Proof of

The argument is patterned after [Candes 2008|] with adaptation to the CJS setting.
Proposition 1. We have
IR(P(Z), 9(ZN)] < 85451 Z112211Z" 12,2

for all Z, Z' supported on disjoint subsets T, T’ C {1, ..., m} with |S| < s and
|S'] <.

Proof. Without loss of generality, suppose that || Z||2 = ||Z'|,2=1. Since Z L Z',
(VA== Z’||%’2 = 2. Hence we have from the RIP|(14)

2(1 = 8545) < IQ(Z £ 2155 <201+ 851). (54)
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By the parallelogram identity and [(54)]
R (2), 9(Z)) =  [19(Z) +(Z) 35 = 19(Z) = 9(Z)3 5] < S,
which proves the proposition. ([

By the triangle inequality and the fact that X is in the feasible set we have
lo(X = X) 22 < l9(X) = Yl22+ Y = 9(X)]22 < 2e. (55)

Set X = X + D and decompose D into a sum of Dg,, Dg,, Ds,, ..., each of row
sparsity at most s. Here Sy corresponds to the locations of the s largest rows of X;
S| the locations of the s largest rows of DSS; S> the locations of the next s largest
rows of DS33 and so on.

Step (i). Define the norm

1 Z]| 00,2 = max|[row ; (Z) 2.
J

For j > 2,
1/2 —1/2
IDs; 12,2 < s'21IDs; o2 < 572D, 12,2
and hence
—1/2 —1/2
D IDs N2 <572 IDs, 2 < 57 Dl 2. (56)
Jj=2 j=1

This yields, by the Cauchy—Schwarz inequality,

ZDSJ

Jj=2

| Dsyusyyellz,2 =

<Y IDsll2 <s Dl (57)
2,2 j=2

Also we have

X112 = [1Xll1,2=1Xs, + Dsyll1,2 + [ Xsg + Dsgllv .2
> 1 Xsll12 = 1Dsplli2 — 1 Xsg .2 + 1 Dsg Il .2,

which implies
[Dsglli2 < 2[1 X sglli2 + 1 Ds, ll1,2- (58)

Note that | Xsc[l12 = | X — X||; 5 by definition. Applying[(57)| [(58)| and the
Cauchy—-Schwartz inequality to || Dg, |12 gives

| Dsyusyyell2,2 < [Ds,ll2,2 + 2eo, (59)

where eg = s~!2| X — X9 ||1».
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Step (ii). Define the inner product

(A, B) = Z A Bjj.
Observe that "
llp(Ds,us)113.2
= (p(Dgus), (D)) — (0 (Dsus). Y ¢(Ds)))

j=2
=N(p(Dsus), 9(D)) = Y Rlp(Ds,us,), p(Ds,))
j=2
=R (p(Ds,us), p(D)) — Y _[N(p(Ds,), 9(Ds))) + Rp(Ds,), ¢(Ds))].  (60)
j=2

From and the RIP it follows that
e (Dsyus,), e(D))| < llo(Dsyus) 12,2119 (D)l2,2 < 2e+/ 1+ 825 [| Dsyus, |12,2-
Moreover, it follows from that

M@ (Dsy), @(Ds)))| < 825 | Ds, l|2.2[1 Ds; 12,2, (61)
1@ (Ds,), 9(Ds)))| < b2 | Ds, l|2.2[1 Ds; 12,2 (62)

for j > 2. Since Sy and S are disjoint:

IDs,ll2.2 + 1 Ds, 2.2 < ﬁ\/ IDs,13 5 + 1 Ds, 113 , = V2[| Dsyus, l12.2-

Also by [(60)H(62)] and the RIP,

(1= 82) | Dsyus, 3.5 < lo(Ds,us) 3.

< IDsus; 2.2 (261482 +820 DI Ds, l122)-
Jj=2

Therefore from [(56)] we obtain
C2VTHS V28

D <ae+ps V2| Dgllia, a= , = ,
| Dsyus; ll2,2 < P [ Dscll1,2 -y 0 e

and moreover by [(58)| and the definition of e
[ Dsous ll2,2 < e + plDsyll2,2 +2peg

after applying the Cauchy—Schwartz inequality to bound || Ds, ||1.2 by s'/?|| Ds, 2.2
Thus

| Dsyus; ll2.2 < (1 — p) ™ (e +2peq)

if [(14) holds.
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Finally,

D22 < | Dsyus, 12,2 + 1 D(sousiye ll2,2 < 2| Dsyus, ll2,2 + 2eo
<2(1—p) (ae + (14 p)ep),

which is the desired result.

Appendix B: Proof of

We prove the theorem by induction.
Let supp(X) =S ={Jy,..., Jy} and

Xmax = [[row 5, (X) || = [lrow , (X)[I1 = - - = [[row; (X) |l = Xmin.

In the first step,

d d
Z@;h Yi|= Z}lej +Xni @ Pin e+ X PGP+ DTy, Ej|
j=1 j=1
> Xmax = Xmax(s = Dptmax — Y1 Ejll2. (B.1)
J

On the other hand, for any / ¢ supp(X),

d d
DIO% Y =YX % Ry X j Ry A Xy D8 B + DY E |
j=1 j=1
< XmaxSimax + Y _I1Ej 2. (B.2)
j

Hence, if

23 IE |12

— - <1
Xmax

then the right-hand side of [(B.T)|is greater than the right-hand side of [(B.2)] which
implies that the first index selected by OMP must belong to supp(X).

To continue the induction process, we state the straightforward generalization
of a standard uniqueness result for sparse recovery to the joint sparsity setting
[Donoho et al. 2006, Lemma 5.3].

Proposition 2. Let Z = ¢(X) and Y = Z + E. Let $* be a set of k indices and let
A € C"™4 with supp (A) = ¥*. Define

(25 - 1)Mmax +

’

Y =Y —g(A) (B.3)

and
Z' =7Z—¢(A).
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Clearly, Y = Z' + E. If $* C supp(X) and the sparsity s of X satisfies 2s <
1+ uL , then Z' has a unique sparsest representation Z' = o(X') with the sparsity
of X' at most s.

says that the selection of a column, followed by the formation of
the residual signal, leads to a situation like before, where the ideal noiseless signal
has no more representing columns than before, and the noise level is the same.

Suppose that the set % € supp(X) of k distinct indices has been selected and

that A in solves the following least-squares problem:
A=argmin||Y — ®B|», st supp(B) C ¥F, (B.4)

without imposing the constraint £. This is equivalent to the concatenation A = [A ]
of d separate least-squares solutions

Aj=argmin|[¥; — ®;Bjl», st supp(B)) c gk, (B.5)
J

Let @ o« be the column submatrix of ®; indexed by the set 9. By and
(B.5), we have <I>7’ gk Y // = 0 for all j, which implies that no element of ¥* gets
selected at the (k + 1)-st step.

In order to ensure that some element in supp(X) \ ¥* gets selected at the
(k 4+ 1)-st step we only need to repeat the calculation to obtain the

condition 2T IES |
(25 — Dptmax + —L—2= < 1 (B.6)
||XJk+1 ”1
Since Zj I1Ejll2 < \/3||E||2’2 = \/de,|(B.6)|follows from
2V/d
(2s — D ptmax + <1, (B.7)

min
which is the same as [(I8)] and allows us to apply repeatedly.

By the s-th step, all elements of the support set are selected and by the nature of
the least-squares solution the 2-norm of the residual is at most €. Thus the stopping
criterion is met and the iteration stops after s steps.

On the other hand, it follows from the calculation

d K
/ * I . ) * . *k .
Z”anQ = Z |CDJ'Jk+1YJ'| - Z |Xjk+'/ + Z X5i®j gy Pigi q)j,Jk+1EJ|
F =1 F i=k+2

> |lrow ., (X) 11 — max (s — k — D[[row ., (X))l — Z”Ej”z
J

> (1 = pmax(s —k — D) [[row s, (X)[l1 = > N1 Ejll2,
J
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and |(B.7)| (equivalently, Xpmin(1 — ftmax (25 — 1)) > 24/de) that || Y ||;.2 > +/de for
k=0,1,...,5s — 1. Thus the iteration does not stop until k = s.

Since X is the solution of the least-squares problem |(19), we have
1Y — ®X|l2o < ¥ — ®X |22 <¢

and
I®(X — X)3, <2]Y — ®X|3,+2||Y — ®X|]3, < 2¢,

which implies
IX = Xll2.2 < V28 /hmin,

where
Amin = min{the s-th singular value of the column submatrix of ®; indexed by ¥}.
j
The desired error bound [(20)] can now be obtained from the following result
[Donoho et al. 2006, Lemma 2.2].

Proposition 3. Suppose s < 1+ p,(<l>j)_1. Every m x s column submatrix of ®;
has the s-th singular value bounded below by \/1 — (P (s —1).

By [Proposition 3| Amin > +/1 — itmax (s — 1) and thus

A V2e
X —Xl22 < .
% 1 _Mmax(s - 1)
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ON THE THEORY OF DIFFUSION AND SWELLING
IN FINITELY DEFORMING ELASTOMERS

GARY J. TEMPLET AND DAVID J. STEIGMANN

The role of a relaxed local intermediate configuration associated with free swelling
is examined in the context of diffusion of a liquid in an isotropic elastomer. It is
found that this configuration is energetically optimal if the free-energy function
of the polymer-liquid gel is polyconvex. Further aspects of the general theory of
diffusion in elastomers are also discussed.

1. Introduction

We study the modern continuum theory for diffusion of an incompressible liquid in
an incompressible elastomer [Treloar 1975; [Truesdell 1962; |Adkins 1964} Weits{
man 1987} |Shi et al. 1981} Rajagopal 2003; Baek and Srinivasa 2004; Prasad and
Rajagopal 2006]. In addition to examining the structure of constitutive equations
and initial-boundary-value problems, we study the role of a local intermediate con-
figuration induced by free swelling, defined as dilation of the polymer network in
the absence of stress due to the presence of an infused liquid. We show, for isotropic
elastomers, that the local free-swelling deformation minimizes energy if the free-
energy function for the polymer network satisfies the condition of polyconvexity. In
fact we are able to weaken this requirement to rank-one convexity. Accordingly the
decomposition of the deformation into elastic and swelling deformations, assumed
a priori in current theories of diffusion in polymers [Pence and Tsai 2005} |Hong
et al. 2008}, [Duda et al. 2010} |Chester and Anand 2011} Duda et al. 2011]], is mean-
ingful for free-energy functions commonly used to model elastomers. Moreover,
because of the basic role played by polyconvexity in Ball’s landmark existence
theory [1977] for conventional elasticity, our results indicate that an extension of
that theory to accommodate diffusion should be feasible.

We use standard notation such as A’, A=, A*, tr A and J4. These are respec-
tively the transpose, the inverse, the cofactor, the trace and the determinant of
a tensor A, regarded as a linear transformation from a three-dimensional vector
space to itself, the latter being identified with the translation space of the usual
three-dimensional Euclidean point space. We also use Sym™ to denote the linear

Communicated by Pierre Seppecher.
MSC2010: T4FXX.
Keywords: diffusion, polymers, polyconvexity.
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space of positive symmetric tensors and Orth™ to denote the group of rotation ten-
sors. We denote the standard tensor product of vectors by interposing the symbol
®. The Euclidean inner product of tensors A and B is A - B = tr(AB"), and the
associated norm is |A| = ~/A - A. Lastly, D is used to denote the gradient with
respect to position x in a reference configuration and F4 stands for the tensor-
valued derivative of a scalar-valued function F(A).

Section 2| contains an outline of the general theory, including the diffusive bal-
ance law, the swelling constraint and the definition of dissipation. The latter is
shown to lead to a constitutive structure in which the stress and chemical poten-
tial are determined, modulo a Lagrange multiplier, by a free-energy function that
depends on the deformation gradient and the concentration of diffusant. The role
played by polyconvexity in this theory is examined and used to analyze the free-
swelling problem, which forms the basis of a decomposition of the deformation
into elastic and swelling components. The general constitutive equation for the
mobility tensor is also examined and shown to satisfy all invariance and symmetry
requirements. The relatively simple theory for two-dimensional problems is sum-
marized in[Section 3| and an|Appendix|is included in which necessary and sufficient
conditions for polyconvexity in respect of isotropic materials are discussed.

2. Three-dimensional theory

2.1. Basic equations and inequalities. We outline the basic theory for diffusion
in elastomers undergoing finite deformations. For the most part our model may
be viewed as a specialization of a thermodynamical theory presented in [Gurtin
et al. 2010]]. Here, however, thermal effects are suppressed, and the model reverts
to conventional finite-elasticity theory in the absence of diffusion. The effects
of inertia are also suppressed, in deference to the fact that the associated time
scales typically differ markedly from those associated with the effects of diffusion.
Further, we do not take chemical reactions into account, although it is possible to
do so in a manner that is compatible with the present framework.

Let c(x, t) be the concentration of diffusant, where ¢ is the time and x is position
in a fixed reference placement «. For example, it is common to take the concentra-
tion to be the number of molecules of diffusant per unit volume of the reference
configuration adopted for the dry elastomer [Chester and Anand 2011]], the latter
then being identified with «. Alternatively, in [Gurtin et al. 2010] the concentration
is defined to be the mass of diffusant per unit reference volume. The ratio of the sec-
ond of these definitions to the first is the mass of a molecule of diffusant, a constant.
Accordingly, these definitions are equivalent. A third definition of ¢, equivalent to
these and more convenient for our purposes, is introduced in the next subsection.
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For any subvolume 7 of ¥ we have the diffusive balance
d
— | cdv=— m-nda forall m C«k, )
dt b4 o

where m(x, t) is the flux of diffusant and d7 is the piecewise smooth boundary,
with exterior unit normal n, of the region 7w C «. The inequality m - n > 0 (resp.,
< 0) corresponds to local transport of diffusant out of (resp., into) 7r; transport
vanishes when m - n vanishes. The flux m arises entirely from diffusant transport,
resulting in a change of mass of the gel (polymer-diffusant mixture) associated with
k. Consistent with this interpretation, we suppress bulk production of diffusant,
which would otherwise require the addition of a volumetric source term to [(T)]
The local form of [(T)]is

¢+Divm=0 in «, 2)

where the superposed dot stands for d/0¢ at fixed x and Div is the divergence with
respect to x.

We assume the existence of a free-energy function W (F, c¢), yielding the energy
of the gel per unit volume of «, where F, with Jr > 0, is the gradient of a defor-
mation function y = x (x, t) yielding the position at time ¢ of a point associated
with position x € k. Thus x represents the motion of the infused elastomer. For
convenience we suppress reference to a possible explicit dependence on x in the
notation for the free-energy function.

The power supplied to the arbitrary part 7 of the body, assuming no body forces
and no volumetric sources of diffusant, is

P(r, 1) = 5 (p-y—gq-n)da, 3

where
p=Pn, “)

in which P is the Piola stress, is the traction acting on the boundary, and q is
the rate of energy supply due to the flux of diffusant; that is, the rate at which
the energy content of the gel changes due to the transport of diffusant across dr.
The sign appearing before g conforms to the convention adopted in[(T)] With this
interpretation of ¢, it follows on logical grounds alone that

q = pm, )

where w, the chemical potential, is the energy conducted by the diffusant into the
gel; ie., the energy per unit of diffusant concentration. The same conclusion fol-
lows from a rigorous thermodynamic treatment of diffusion in which the chemical
potential is admitted as an independent variable [Gurtin et al. 2010].
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Following [Gurtin et al. 2010] we suppose that m depends constitutively on the
list {F, c, Du}, while P depends constitutively on {F, c}. Further, if the net force
on an arbitrary subvolume 7 C « vanishes, as we assume, then the stress satisfies

DivP =0 in «. (6)

The dissipation is denoted by 9 (7, ¢) and defined as the difference between the
power supplied to 7 and the rate of change of the total energy in 7. Thus,

D(mw,t) = P(m, t)—%/ W dv. (7

T

It is assumed to be non-negative for every subregion; i.e.,
D(m, 1) > 0. ®)

Using|[(4)] applying the divergence theorem and supposing all fields to be smooth
in 7 yields

/ p-yda= / Div(P'y) dv, 9)
am T
in which

Div(P'y)=P - F, (10)

by virtue of [(4)|and[(6)] Accordingly, [(7)|and[(T0)] together with Div(um) =
uDivm +m - Du, furnish

Qb(n,t):/(P-F—i—,uc'—\if—m-D,u)dv, (11)

and [(8)| then yields the local restriction
(Vp = P)- F +(¥e—p)é+m-Du <0. (12)

2.2. Volume decomposition, the swelling constraint and the basic constitutive
structure. Most workers adopt the assumption that the volume of the gel is simply
the sum of the volumes of the elastomer and the liquid diffusant. We invoke this
assumption here and thus conclude that for any & C «,

/JFdUZ/(JFe+JFd)dU, (13)

where Jr, and Jg, respectively are the current volume of elastomer and diffusant
per unit reference volume. Accordingly,

Jp=Jpe+Jrg In k. (14)

Here and henceforth we assume that sufficient liquid is available to support dilation.
The alternative, corresponding to an unsaturated condition [Deng and Pence 2010;
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Rivlin 1977], entails the global constraint that the total dilation reduce to the sum
of the elastomer and liquid volumes. This carries a uniform reaction pressure that
must be added to the expression for the (Cauchy) stress (see previous references).

Following [[Chester and Anand 2011, here we suppose the contribution of the
diffusant to arise solely from its transport into k. Thus,

Jra = cqva, (15)

where c; is the number of molecules of diffusant per unit volume of « and v, is
the volume of a molecule of diffusant. The latter is presumed to be constant if the
diffusant is incompressible. Accordingly, Jr; and ¢, furnish equivalent definitions
of concentration in this case. The assumption that the elastomer is essentially
incompressible is also virtually ubiquitous. This implies that Jg, = 1 and hence
the swelling constraint [Chester and Anand 2011

Jrp=14c¢, where c=cyvy, (16)

applicable to incompressible elastomers infused with an incompressible diffusant.
Because c is defined as the product of non-negative scalars, it follows from [(T6)]
that

Jrp>1. a7

The simplicity of justifies our choice of ¢ —the volume of diffusant present
in the gel per unit volume of dry elastomer — as the measure of concentration.
Accordingly, for a gel consisting of an incompressible elastomer infused with an
incompressible diffusant, the deformation and concentration are not independent.

To account for this interdependence in we use in the form ¢ = J,
together with J F=F*. F, obtaining

(Vp—P+ (V. —w)F*]-F+m-Du <0, (18)

in which F is unrestricted and, importantly, F and c are to be regarded as being
independent when computing the derivatives of W. Thus W is regarded as a smooth
extension of the free-energy function from the nine-dimensional manifold in R'°
defined by the constraint[(I6)] The extended function is thus defined and differ-
entiable for all {F, c} € R'%. Accordingly, our constitutive hypotheses may be
combined with a standard argument (e.g. [Liu 2002[]) to conclude from@] that

P=Vp—qgF* where g =pu— V¥, (19)

together with
m-Du <0. (20)

Because the argument is purely local in space and time, g may vary with x and ¢.
Accordingly, it is an additional field to be determined in the course of the analysis
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of the initial-boundary-value problem, which includes the constraint [(16)] The
dissipation in any subvolume is then given by

@(n,t):—/m-D,udv 21D

and satisfies inequality [(8)] The connection P =T F*, where T is the Cauchy stress,
implies that g is mechanically indistinguishable from a pressure. Equivalent results
are derived in [[Chester and Anand 2011]], albeit by a rather circuitous procedure.

Our hypotheses, together with an important result due to Gurtin [2000], yield
the general constitutive structure compatible with in the form

m=M(F,c, Du)Du, (22)
in which the (2nd order) mobility tensor M satisfies
Du-M(F,c, Du)Du <O0. (23)

In this work we restrict attention to the practically important case in which the
mobility tensor is insensitive to Du. Its symmetric part is therefore non-positive,
and is negative definite if holds as a strict inequality for all non-zero Dpu, so
that m - Dy = 0 if and only if Dy = 0. Henceforth we assume this to be the case.

Thus the problem is to solve the five equations consisting of the diffusive bal-
ance [(2)] the equilibrium equation [(6)] and the swelling constraint [(T6)] for the five
variables in the list {x, c, g}. Standard boundary data entail the specification of
pory,and u or m - n, on (possibly different) complementary parts of dx. A
distribution of chemical potential may be specified in the domain « at an initial
time, and the constitutive equation [(I9)h may be used to generate an initial distri-
bution of concentration in terms of the specified chemical potential field and the
(unknown) initial deformation gradient and Lagrange multiplier fields; the swelling
constraint, the equilibrium equation and associated boundary data may then be used
to determine initial deformation and Lagrange multiplier fields, and the diffusive
balance [(2)] then used to obtain the initial distribution of the time derivative of
concentration. This information is used to advance the concentration in time, and
the procedure then repeated for a specified time interval to generate the evolving
spatial distribution of the list {x, ¢, g}.

Frame invariance of material response requires that the free-energy function and
the mobility tensor depend on F via the right Cauchy—Green deformation tensor, or
equivalently via the right stretch tensor [Gurtin et al. 2010]. The restriction on the
free-energy function is equivalent to the symmetry of the Cauchy stress [[Rajagopal
and Srinivasa 2012]] and so renders the moment-of-momentum balance redundant
whenever the linear momentum balance is satisfied.
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We apply [(20)| for 7 = « and suppose traction p to be assigned on a part of
the boundary and position to be assigned on the complementary part. Suppose the
diffusant flux m - n and chemical potential n vanish on complementary parts of d«.
If the traction field is conservative in the sense that the power is expressible as

d
Pk, t)y=—L, 24
(k, 1) 7 (24)
where L is a suitable load potential, then
d
7, Ew. D+, 1) =0, (25)

where %(k, t) is given by with m = «, and
E= f Wdv—L (26)
K

is the total potential energy of the gel. Inequality |(8) then implies that the potential
energy is dissipated.

Specifically, the energy associated with the state {x (x, 7), c(x, t)} is no larger
than that associated with state {y(x,t—7t),c(x,t—7)} for any t > 0. There-
fore the energy of a state at fixed time ¢ is optimal relative to any trajectory
tending to that state. Consequently, if {x (x, t), c(x, t)} is a trajectory starting at
{x(x, ), c(x, tp)} and tending to {Xo0(X), coo(X)} a.e. as t — 00, then E, < Ej,
where E(y and E,, are the values of E at times f; and infinity; asymptotically
stable states thus minimize the potential energy. Moreover, if the decay of energy
is gradual, in the sense that E(t —t) — E(¢t) +o(t) ast — oo, then dE /dt — 0
as t — oo. In this case we have from [(21)] that Dy (x) = 0, where p is the
large-time limit of the chemical potential. Indeed, the alternative implies, via [23)]
that there is some X € k where Do - M(Fso, 000)Ditoo < 0. By continuity, the
latter inequality obtains in a subvolume of non-zero measure, and a contradiction
then follows from the fact that % — 0 as t — oo.

In practice the diffusive balance [(2)]is integrated in time using Euler forward
differencing, for example, to generate the concentration c(x, #,) at time #,, say. One
then seeks a deformation y (x, #,) that minimizes the energy under the constraint
Jr(x,t,) =1+ c(x, t,). This procedure motivates a definition, in [Section 2.4} of a
kinematic decomposition of the deformation gradient into elastic and swelling parts
in which the latter is associated with an unstressed state at an assigned value of c. It
also suggests a framework whereby an extension of Ball’s theory [[1977]], in which
polyconvexity figures prominently, may be explored to establish the existence of
an energy minimizing deformation y (x, ¢,).

2.3. Polyconvex energies for isotropic materials. 1If the free-energy function is
frame invariant and isotropic relative to « then it is expressible as a function of the
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list {iy, i, i3, c}, where
ir=tulU, i,=uU* iz=Jf 27

are the principal invariants of the right-stretch tensor U € Sym™ in the polar de-
composition
F=RU (28)

of the deformation gradient, with R € Orth™*. These are related to the more fre-
quently used invariants

I =trC, 12=tI'C*, Iz =Jc 29)

of the Cauchy—Green deformation tensor C = F'F by the invertible transformation
[Steigmann 2002]

I =it —2iy, ©Lh=i3—2iji3, 5I=i3 (30)

However, grounds for using the i in the formulation of constitutive equations,
rather than I, are given below.

Because of the swelling constraint, any constitutive dependence of the energy
on i3 is induced by its dependence on c, provided that c is strictly positive. The
invariant i3 is therefore redundant whenever the swelling constraint is operative,
and the free-energy function is then expressible in the form

V(F,c) =1 (i1, iz, ). €1y

Technically this function is defined on the manifold .l in R'® defined by the
swelling constraint Jr — ¢ = 1. However, the same function is well defined for
states (F, ¢) € R!? that do not satisfy the constraint. Thus may also serve as
an extension of the free-energy function into R!?, for purposes of differentiation
in[(T9)] The associated Piola stress is given by [Steigmann 2002]]

P =Ro, (32)
where 5 5 5
o= (4P - Yy gur (33)
8l1 312 812
is the (symmetric) Biot stress, and the chemical potential is
oy
n=—-=+q. (34
dc

We remark that any alternative extension must, of course, reduce to on the
constraint manifold. Accordingly, because any trajectory (F(¢), c(¢)) € M has a
derivative with respect to ¢ that lies in the tangent space to Jl at the considered
instant, it follows that the part of the derivative (W, W, ) of the extended function,
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in the direction (F*, —1) orthogonal to .I(, cannot be determined by inequality
Therefore, the use of an alternative extension affects only the as-yet-undetermined
scalar field g. The extension [(31)| may therefore be used without loss of generality.

We may also use the swelling constraint to eliminate the concentration in favor
of i3 and thus express the energy as a function of {iy, i», i3}, in the manner of a
conventional compressible solid [Treloar 1975} |[Pence and Tsai 2005; |Pence and
Tsa1 2006} Deng and Pence 2010], albeit subject to the requirement i3 > 1. In this
interpretation we write [(31)]in the form

V(F) = ¢(i1, iz, i3), (35)
where W/ (F) = W(F, Jr — 1) and, of course,
@(ir, iz, i3) =Y (i1, iz, i3 — 1). (36)

The minimum-energy argument of applies to this surrogate compress-
ible material.

In view of this it is natural to investigate constitutive functions that satisfy the
well-known polyconvexity condition of Ball’s existence theory for energy minimiz-
ers [|[1977]. Polyconvexity of W’ is the requirement that there exists a function

O(F, F*, Jp)=V'(F), (37)

in general non-unique [Podio-Guidugli 1991; |Podio-Guidugli and Vergara-Catfarelli
1991]], which is jointly convex in its arguments; we make the obvious choice

O(F, F*, Jp) = p{u(NF'F), tr(y/(F*)' F*), JF}. (38)
If @ is differentiable, then [Ball 1977]]
V' (F)—V/'(F) > ®p(F, F*, Jp)-(F — F)+ ®p«(F, F*, Jp)- (F* — F*)
+ @, (F, F*, Jr)(JF — Jr)  (39)

for all deformation gradients F and F. Here we use
(iDF=0)r=R (40)
[Steigmann 2003]] to conclude that

g dg
®p=—R and op-=_-—R. 41)

diy dip
Polyconvexity ensures that the pointwise values of the free energy fulfill the
(non-local) quasiconvexity condition, which is always satisfied by energy minimiz-
ers [Ball 1977]. Further, it guarantees the sequential weak lower semi-continuity of
the potential energy functional which, together with coercivity of the free-energy

function, ensures the existence of energy-minimizing deformations belonging to



114 GARY J. TEMPLET AND DAVID J. STEIGMANN

an appropriate Sobolev space. Here, coercivity refers to the restriction [Ball 1977
Steigmann 2003

@i, in, i3) > ki (i) +i3 +i5) + ko, (42)

where p >2,qg > p/(p—1),r > 1 and ky, k, are constants with k; > 0. Moreover,
polyconvexity is free from the well-known objections [Ball 1977] raised against
ordinary convexity of the free energy with respect to the deformation gradient, a
condition which also implies quasiconvexity. However, Ball’s existence theory is
not immediately applicable here because of inequality [(I7)} whereas that theory
relies on a hypothesis about the behavior of the free-energy function in the limit
J F — 0.

Thus our restriction to polyconvex energies is motivated by the fact that quasi-
convexity, which is necessary for energy minimizers, is thereby assured. Further,
the coercivity condition, while an integral part of Ball’s theory, is evidently restric-
tive as a number of explicit solutions to equilibrium boundary-value problems have
been obtained using non-coercive free energies [|Carroll 1988|]. Therefore we do
not impose coercivity.

By [Steigmann 2003}, the function W'(F) defined by and is polyconvex
if and only if

¢ is a convex function of all three arguments jointly, and

43
¢ is a nondecreasing function of i| and i»; 3

that is, if and only if
o N L PN )
o, 12,13) — @, 02, i3) = (1 — i)+ —)—+@—i)— (44
011 dir i3
together with
dg

in which i; and 7, respectively, are the invariants associated with F and F and the
derivatives are evaluated at i;. Sufficiency follows from[(41)|and the fact that i;
and i, are convex functions of F and F*, respectively [Steigmann 2003], i.e.,

i1(F)=iy(F)= R(F)-(F—=F) and ir(F")—i2(F*)> R(F*)-(F*~F"). (46)

A proof of the necessity of [(44)] and [(45)] for polyconvexity is given here in the [Ap}
In this regard it is important to note that[(43)]is equivalent to polyconvexity
in respect of the function defined by but may not be if alternative choices are
adopted. This is due to the fact that the function ® defined by is not unique.

The simplicity of the polyconvexity criteria[(43)| supports our preference for a
constitutive formulation based on the stretch tensor.
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Of particular relevance to the present work is the free-energy function
Wiy (F; x) =W (F, c(x)), (47)

obtained by fixing the concentration field at c¢(x), say, which may be specified
as an arbitrary function taking non-negative values. We expect that Ball’s theory
for incompressible materials, adapted to accommodate the assignment of Jg(x) in
accordance with the swelling constraint, may yield the existence of minimizers in
this case.

Remark. This free-energy function pertains to a gel in which diffusion has ceased
and the volumetric deformation Jr(x) is fixed. [Equation (2), with [(T9), [(22)] and
¢ = 0, then becomes a restriction on the function ¢g(x). The associated flux m
is divergence-free and the net (integrated) flux through the boundary d« vanishes.
The argument in about minimum-energy states is applicable under the
slightly stronger condition that m - n and p vanish pointwise on complementary
parts of the boundary; these yield data for the determination of g (x), if desired.

The function W) is polyconvex at x* € « if and only if there exists a convex
function

O (F, F*) =W (F, "), (48)
where ¢* = c(x*); that is, if and only if

Wi (F; x*) — Wi (F; x*)
> Oy p(F, F*) - (F — F) + O p+(F, F*) - (F* — F*). (49)

In the present circumstances we take this function to be

O (F, F*) = ¢ {tr(v'F'F), tr(y/(F*)'F*), c}. (50)

The inequality does not involve the determinant of the deformation gradient; this
is fixed at the value 1 + ¢* by the swelling constraint. Necessary and sufficient
conditions in this case are [Steigmann 2003

Y is a convex function of i; and i, jointly, and

¥ is a nondecreasing function of i and i5; D
that is,
V(i1 2, €*) = Y (iy, ia, ) > (11 — i])% + (2 — iz)%, (52)
together with
%20 and %20, (53)

ai; dip
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in which i, and 7, respectively, are the invariants associated with F and F and
the derivatives are again evaluated at i. Sufficiency is proved in [Steigmann 2003]]

whereas the proof of necessity given in the applies here as well.

2.4. Local free swelling. Consider a subvolume 7 C « with p and pm-n vanishing
everywhere on dm. The foregoing argument about the decay of energy is thus
applicable to 7 with the load potential equal to a constant. This is the free-swelling
problem, and plays a central role in [Treloar 1975; Pence and Tsai 2005; Hong
et al. 2008}; Duda et al. 2010; |Chester and Anand 2011]], where it is used to specify
constitutive information; i.e., restrictions on the response of the gel at points in «.
To make contact with these ideas, we make repeated use of the following simple
result: If F(x) is continuous and MV (F') is the mean value of F' in r, then there
is a point x* € 7 such that F (x*) = MV (F). Further, if d(t) — 0, where d () =
SUPy, y,er X1 — X2 is the diameter of 7, then [x —x*| — O for all x € 7 and
the continuity of F implies that F(x) — F(x*). For example, the well-known
mean-stress theorem, following from [(4)] and yields

MV(P):/ pQ®xda, (54)

o
which vanishes in the free-swelling problem. Accordingly, P(x) — 0 as d(w) — 0,
implying that the pointwise values of the stress field may be brought arbitrarily
close to zero by making the diameter of 7 correspondingly small against any avail-
able length scale. In the same way, by integrating um - n(= 0) over dx, we find,
using the divergence theorem and the diffusive balance, that

MV (uc)=MV(m-Du) <0. (55)
Therefore, if d(r) — 0 it follows that
pe <0, (56)

pointwise in 7.
In the present setting, the condition on stress reduces to o = 0; i.e.,

Y . Y oy
— — I ——U=qU". 57
<81’1 +”ai2> i 1 57)
The trace yields
0 d
gir =32 12,2V (58)
3l1 812

which furnishes ¢ in terms of iy, iy and c. If this state is at least asymptotically
stable then it minimizes the energy; i.e.,

MV[W(F,¢)—W(F,c)] >0, (59)
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where F(x) and ¢(x) are any deformation and concentration fields consistent with
the balance laws and boundary conditions. Accordingly, if d(7) — 0 then

W(F,&) > W(F,c), (60)

again pointwise.

Two definitions of the free-swelling problem are evident:
(a) In the first, which is tacitly adopted in [Pence and Tsai 2005} |Chester and
Anand 2011], the flux m - n is unrestricted on d7; this requires u to vanish there,
and the local inequality [(56)|is satisfied if d () — 0, with ¢ unrestricted. This in
turn requires that 4 = 0 pointwise, ensuring that the condition on the boundary is

satisfied. gives g = —dy/dc, while[(58)| reduces to
ad
3 —+2 _—+ir—=0, (61)

where we have used the connection [(36)| pertaining to the equivalent compressible
material, in which the stress is given by [(33)] with ¢ replaced by ¢ and ¢ by i3 — 1.
This is effectively the free-swelling condition given in of [Deng and
Pence 2010], yielding an equation for c. We note that our polyconvexity criteria
then require that d¢/di3 < 0, which is compatible with [(43)};.

(b) In the second definition of free swelling, proposed here, the diffusive flux m - n
vanishes pointwise on drr and the argument leading to [(55)] with wm replaced
by m, yields

d
EMV(C):O, sothat MV (c)=c*, (62)

a constant. Accordingly, if d(7) — 0 then
c=c", (63)

pointwise. This implies ¢ = 0, ensuring that is satisfied. Inequality
reduces to
Ve (F) > Ve (F); Jp=Jp=1+c", (64)

where W) is defined by
In the literature on isotropic elastomers [Treloar 1975} [Pence and Tsai 2005}

Hong et al. 2008}; Duda et al. 2010; (Chester and Anand 2011]] we find the universal
assumption that the free-swelling deformation is a pure equi-triaxial stretch; i.e.,
that

F=\I (65)
for some A > 0, yielding U = F. Then, [Equation (58)|reduces to
d a
W 9 2y (66)

a1 dip
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in which the derivatives are evaluated at
i1=3r and ip=3)% (67)
The swelling constraint yields
A =14c" (68)

and [(66)] and [(34)] yield unique values of ¢ and ;.. We have thus established the exis-
tence of a state that satisfies the local free-swelling problem in which concentration
is assigned.

If the solution described by [(65)H(68)]is to be stable, it must satisfy [(64)] To
investigate this we follow [[Ogden 1984, p. 110] and decompose the deformation
F of the comparison state in the form

F =RU, (69)

in which R € Orth™ and

U=>) xuQu (70)
=D (su1 @ui+s ' us@ur+uz @u3)[t ™ (w1 @uy +uy ®uz) +tuz dus),

where A; (> 0) are the principal stretches, {u;} are the orthonormal principal axes

of U and the factors correspond to a pure equi-triaxial stretch of amount A(> 0), a

pure shear of amount s(> 0) and an isochoric uniaxial extension of amount ¢ (> 0)

with accompanying lateral contraction. These are coaxial and so may be composed
in any order. The principal stretches are

)_\1 =)_»Sl‘_1/2, )_\2=)_us_ll‘_l/2, A3 = Af, (71)

which may be inverted to yield

h=0akad)' P, =330, s =0/ (72)
Accordingly, [(7T)| affords a general representation of any state of stretch and the
decomposition entails no loss of generality [Ogden 1984f]. The corresponding
invariants are

H=AlG+s D241, L= s+sH2+t7, =2 (73)

It is instructive to insert these expressions into the polyconvexity criteria. Be-
cause c is fixed at the value ¢* in inequality [(64)] the relevant polyconvexity con-

dition is |(49)| in which A = A. Accordingly, yields

_ a d
Wiery (F) — Wi (F) = 0 (s, z)a—Z A2 F s, ”)a_Z’ (74)
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where u = ¢~!, and, for x and y positive,
fay=@+x"hy 24y -3 (75)
The derivatives in are evaluated at the invariants given in [(67)] with

The function f is stationary at (x, y) = (1, 1). Its Hessian matrix there is easily
shown to be positive definite, so that f has a local minimum, equal to zero, at
(1, 1). At this point both the pure shear and uniaxial extension of reduce to
the identity, and U = U (= AI). It then follows from that W+ has a local
minimum at the equi-triaxial stretch defined by and [(68)] In fact the minimum
is global, as f > O for all values of its arguments. This claim is easily proved by
observing that it is equivalent to the inequality x +x~! > (3 — y)y!/2, the truth
of which follows from the fact that the left-hand side has a strict global minimum,
equal to 2, at x = 1; whereas the right-hand side has a strict global maximum, also
equal to 2, at y = 1. Thus, f(1,1) =0and f(x,y) > 0 forall (x, y) # (1, 1) with
x and y positive. In particular, inequality and the strict versions of [(53)| then
imply that holds in the strict sense for all U # U such that J7 = J.

We have shown that the polyconvexity criteria [(51)]imply that a state defined
by and [(65)| furnishes an optimal solution to the free swelling problem asso-
ciated with a given concentration. This result is perhaps surprising. For, although
polyconvexity implies quasiconvexity, the latter is not known to imply In fact
the optimality of the solution follows from the weaker restriction of rank-one

convexity. This is demonstrated in the

Our result justifies the local decomposition [Chester and Anand 2011]
F=HG, (76)

in which
G=>0+0"*I with ¢>0, (77)

is the free-swelling deformation associated with ¢, yielding a swollen stress-free
local configuration k. followed by an elastic deformation H that gives rise to stress.
Indeed, if such G were not energetically optimal, then theories based on [(76)| might
well yield predictions that are sub-optimal and perhaps even unstable. We observe

that and are consistent with the swelling constraint if and only if
Ju =1. (78)

Using the foregoing procedure, the free-swelling state can be achieved at all
points of the gel provided that « is divided into an arbitrarily large number of
subvolumes, each of which satisfies the free-swelling problem. In general, the
local configurations resulting from this operation cannot be made congruent in
three-dimensional space in the absence of strain; that is, they do not necessarily fit
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together to form a connected whole in Euclidean space. Instead, the union of such
states is to be regarded as a smooth three-dimensional manifold, whose tangent
space at a given value of ¢ is identified with k.. The fact that this manifold is
generally non-Euclidean implies that G is not the gradient of any position field.
Accordingly, it does not satisfy the compatibility condition which follows from
the existence of such a field. Of course, F, being the gradient of the map x, is
necessarily compatible. The incompatibility of G then implies that H is likewise
incompatible. That such a formalism is necessary follows from the fact that G
is compatible if and only if the field c(x, t) is uniform. In this case the equilib-
rium equation, diffusive balance and boundary/initial conditions yield an overde-
termined problem for the fields x (x, t) and g (x, t), having no solution except in
special circumstances.

2.5. Using k. as reference. The decomposition |(76)| suggests the use of k. as ref-
erence when formulating constitutive equations [[Chester and Anand 2011]]. For
example, given a deformation field x (x, ¢) the free-energy function per unit volume
of k. is W(FK,¢) = JxV(F, c), where K = G, Accordingly,

W(F,c)=(1+4+c)W(H,c), where H=(+c¢)"'*F. (79)

This decomposition shows that the present model is subsumed, at fixed ¢, under
Noll’s theory of materially uniform bodies [Noll 1967, which has dramatically
advanced the development of theories of plasticity and continuously distributed
defects. Here, because the local change of reference from « to «. entails a pure
dilation (cf. [(77)), it does not affect the symmetry group of the gel. This is a simple
consequence of Noll’s rule [Truesdell 1977|] connecting the symmetry groups as-
sociated with local references. Accordingly, the material is isotropic with respect
to both « and k.. This fact, the constraint and the invariance of W under
superposed rotations — a property inherited from W — imply that the strain energy
W depends on H via the list {h;, hy}, where

hy=twUy and hy=trUj. (80)

Here Uy is the symmetric, positive right-stretch tensor in the polar factorization of
H . From|(79)b, the rotation in this factorization is simply R, the rotation associated
with F. It follows that Uy = (1 4 ¢)~'/3U; therefore,

hi=0+0)""3i and hy=1+0)",. (81)

These in turn yield W(H, c¢) = w(hy, hs, c¢) for some function w, which may be
used to write in the form

Y (i, iz, 0) = (1 +c)w(hy, ha, 0). (82)
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Using this with [(81)] it is straightforward to show that the polyconvexity criteria
[(5T)| are satisfied if and only if
w is a convex function of &, and &5 jointly, and (83)
w is a nondecreasing function of /| and h»,
and this in turn implies that the function W (H) = W(H, c), associated with
fixed c, is polyconvex [Steigmann 2003]. Thus, there is a function G )(H, H*) =
W) (H) such that

Wey(H) — Wy (H)
>Gu(H,H*)-(H—H)+ Gou~(H, H*) - (H* — H*). (84)

In the present circumstances we take G ) (H, H*) = w(hy, ha, ¢) (cf. [(50)), yield-
ing Gyn = (0w/dh1)R and G (g~ = (0w /dh2) R. Indeed, using [(8T)} [(82)] and
it is straightforward to show that is equivalent to inequality This
furnishes an explicit example of the general fact that polyconvexity is preserved
under any fixed change of reference [Neff 2003, Lemma 6.5, p. 260]. Using the
results of the previous subsection, we conclude that any distortion; i.e., any Uy # I
with Jg = 1, entails an energetic cost if w satisfies |(83)

2.6. Constitutive specification of the diffusive flux. A well-known representation
theorem for isotropic functions [Noll 1970] furnishes the canonical form of the
mobility tensor for materials exhibiting holohedral (as distinct from hemihedral)
isotropy. Here, we combine this theorem with the Cayley—Hamilton formula to
conclude that

M = ool + U +axU?, (85)

where o 12 are functions of i > and ¢, arranged to ensure that the mobility is
negative definite. The swelling constraint implies that i3 is redundant. This repre-
sentation furnishes the referential diffusive flux m defined by
In [Chester and Anand 2011]] the diffusive flux is expressed in terms of variables
pertaining to the local stress-free swollen configuration «.. The operative diffusive
flux is the push-forward
m.=J;'Gm (86)

of the referential flux m. Using and [(77)] this is easily shown to yield
me = (I +1Up + U H' (grad ), (87)

where grad is the spatial gradient based on position y and yy 1 2 are functions of
the invariants 41 > and c. This is an isotropic function jointly of Uy and the push-
forward to . of the referential chemical-potential gradient, namely, H' (grad 1) =
G 'Dpu.



122 GARY J. TEMPLET AND DAVID J. STEIGMANN

Chester and Anand [2011]] state that isotropy of the constitutive equation for
a single diffusive flux vector should be imposed relative to both « and k.. This
restriction implies that the mobility tensor is purely spherical; i.e., that it is pro-
portional to the identity, as they point out. However, we have shown that isotropy
is preserved under the transformation ¥ — «., provided that the appropriate flux
vector is used. Thus we conclude that the imposition in [Chester and Anand 2011]
of the dual requirement on the constitutive equation for a single diffusive flux vector
is not appropriate. Instead, we observe that the preservation of isotropy is due to
the fact that the transformation kx — k. is a pure dilation. According to Noll’s
theorem [Truesdell 1977], these do not alter the symmetry group. When using this
theorem it is essential to account for the induced change in the referential variables

(cf.[(86)).

3. Two-dimensional theory

The two-dimensional version of the foregoing theory, applicable to plane-strain
deformations, is substantially simpler. Here we use the same notation as before
with the stipulation that all tensors are regarded as linear maps from E? to itself.
Thus the model discussed is inherently two dimensional. We present a synopsis
of the main results in this case, emphasizing those features that differ from the
corresponding three-dimensional theory.

The arguments leading to and remain unaltered, and thus yield

3
P=Ro, with a:a—‘?l—qu*, (88)
l

where
i=trU (89)

is one of the two independent isotropic invariants. The other, det U, is fixed by the
swelling constraint, which carries over without modification, except of course that
all reference to volume is replaced here by area. The relation connecting the
chemical potential, free energy and Lagrange multiplier is also unaltered.

In two dimensions we have [Steigmann 2002]

iR=F+ F*, (90)
and therefore
.—1 8@0 * *
P=i (T)(FJrF)—qF, 1)
i

which is required to satisfy div P = 0 in « together with any traction data on d«,
where div is the two-dimensional divergence on k.
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The diffusive balance [(2)] takes the form
¢+ div[M(U, ¢)Vu] =0, (92)

in which V is the two-dimensional gradient and, by the two-dimensional represen-
tation theorem for isotropic functions,

MWU,c)=PBoli,c)I + 1, c)U, (93)

in which I is the identity for 2-space and the functions Sy, ; are restricted by the re-
quirement that M be negative definite. To obtain U from the deformation gradient
we use the two-dimensional Cayley—Hamilton formula

U=i"'[(14c¢)I+C], where C=F'F, (94)

in which the swelling constraint has been imposed.
The operative polyconvexity condition, replacing [(51)} is

¥ (i, ¢) is a convex, nondecreasing function of i. 95)

This is necessary and sufficient for W) (F) = ¢ (i (F), c¢) to be polyconvex [Steig{
mann 2003|.

The free-swelling problem, in which c is assigned, is again solved by deforma-
tions of the form F = AI, but now with

W2=1+c (96)
i replaced by
0
g=1"1 (97)
0l

in which the derivative is evaluated at i = 2, and [(34)] then furnishes a unique
value of L.

Polyconvexity again ensures the optimality of this solution to the free-swelling
problem. To see this we use [(95)] to obtain

— 9
Vi) (F) =¥ (F) = (l'—i)a—ll.ﬂ, (98)

in which the derivative is evaluated at i = 2A. The gradient F may, without loss
of generality, be decomposed in the form [(69)] where
U=OD(suy@ui+s 'uy @uo) (99)

is the composition of an areal dilation of amount A and a pure shear of amount
s(> 0). The associated principal stretches are A; = As and A, = As~L, yielding

A=xhi and s=(A/A)"%
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Here we impose A = A in accordance with the swelling constraint, obtaining 7 =
A(s +s71). Inequality [(98)| reduces to

— 0
Wi (F) Wi (F) 2 25 +57 =22 (100
which is non-negative by virtue of |(95){and the fact that s +s~! has an isolated
minimum, equal to 2, at s = 1, corresponding to U = U.

This result justifies the decomposition (cf. [(76))

F =HG, (101)
in which
G=>1+c)"*1 with ¢ >0, (102)
and
Jy =1, (103)

by virtue of the swelling constraint.
The free energy, per unit reference area, is then expressible in the form

Y@, c)=(14+c)w(h,c), where h=i/v1+c, (104)

is the trace of Uy, the stretch factor in the polar decomposition of H, and w is
the free energy per unit area of the swollen elastomer. It is easy to show that the
polyconvexity criterion [(95) holds if and only if the same restriction applies to w;
that is, w(h, c) is a convex, nondecreasing function of #.

Appendix

In [Steigmann 2003] the conditions are shown to be sufficient for polyconvex-
ity. The proof of necessity is given here.

The necessity of [(44)] follows immediately from [(39)] [(40)| and [(41)| by selecting
a deformation F for which R(F) = R(F), and hence R(F*) = R(F*); these yield
R-(F—F)=1i —i,and R - (F* — F*) =1, — i», respectively, thereby reducing
to

To demonstrate the necessity of [(45)] we use the fact that polyconvexity implies
rank-one convexity [Ball 1977]], which is equivalent to the inequality

V' (F)—V'(F)>P(F)-(F—F), with F—-F=a®Db, (Al)

for arbitrary @ and b. For isotropic materials, [(32)} [(33)} [(34)| and [(36)| may be used
to express this in the form

— 0 0 0 0
W'(F) - W'(F) > [(—9” +i1—?")R - F+ —.‘”F*] a®b. (A2)
811 8l2 312 3l3
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Consider a and b such that F~'a - b = 0. For this choice |(A2)|reduces to

VE) -V 2 (40 Y

A .
Rb— %4 Fb, with J-=Jpr. (A3
i, iy )¢ o with Jr=Jr. (A3)

2

If b is an eigenvector of U with eigenvalue A, then we have the further reduction
— 0 a
V(F) = W(F) =[5+ (1 =)= |a- Rb. (Ad)
014 diy

Because U and U* have the same eigenvectors, the restrictions on a and b imply
that @ - Rb = 0, yielding

W' (F)—W/'(F)>0, with Jz=JF. (AS)

To interpret this result in the present context, we use F — F = a ® b, with
F~'a-b =0, in the convexity conditions|(46)| obtaining F* — F* = —F*bQ F'a
and

i(F)—ii(F)>a-R(F)b and iy(F*)—iy(F*)>—-U*b-F 'a, (A6)

where the rotation invariance of the inner product has been used in the second
inequality. The right-hand sides of these inequalities vanish for the choice of b
leading to[(A5)] Thus, [(AS)]is equivalent to the restriction

(1, 12,13) > @(i1, iz, i3) forall 71 > iy and 1o > i>. (A7)

We observe that the restrictions 7; > i; and 1» > i, are satisfied in the formulas
pertaining to the free-swelling problem. Consequently the optimality of the
solution [(65)| to that problem is a consequence of rank-one convexity, which of
course is weaker than polyconvexity.

In a general deformation, the stretch invariants satisfy the restrictions i? > 3i»
and i% > 3i1i3 [Podio-Guidugli and Vergara-Caftarelli 1991]], with equality if and
only if U is purely spherical. These impose the limits

.2 2
V3ir <iy < 31—2 and /3i1is <ih < %1 (A8)
l

3

on the invariants; the first applying when i, and i3 are specified and the second
when i and i3 are specified. Fixing 7, = i» and choosing 77 > i; in the first interval,
we write in the form

ad

e(5-+c0@) =0, with e =T —ir, (A9)
I

which yields |(45)| on dividing by e(> 0) and passing to the limit. In the same way

is seen to imply [(45)p. Thus the necessity of [(45)] for polyconvexity has been
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demonstrated. A discussion of necessary and sufficient conditions for polyconvex-
ity in isotropic elasticity in terms of principal stretches is given in [Mielke 2005].
The idea for the present proof of necessity may be found in [[Steigmann and Pipkin
1988|], where it is applied to a special class of materials.

We note that if the free-energy function is strictly polyconvex, then the strict
inequalities and follow. Moreover, if inequality is strict and af least
one of inequalities |(45)|is strict, then the free-energy function is strictly polycon-
vex. These statements are valid despite the fact that inequalities [(46)] are non-
strict [Steigmann 2003]]. Finally, all of the foregoing remarks remain valid in the
presence of a constraint on Jr, exemplified here by the swelling constraint.
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