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A DIRECT APPROACH TO NONLINEAR SHELLS WITH
APPLICATION TO SURFACE-SUBSTRATE INTERACTIONS

MIROSLAV SILHAVY

The paper develops a direct, intrinsic approach to the equilibrium equations of
bodies coated by a thin film with a nonlinear shell like structure. The forms
of the equations in the reference and actual configurations are considered. The
equations are shown to coincide with those obtained by using coordinate systems
on the film or on the thin shell.

1. Introduction

This paper presents equilibrium equations of the system consisting of a bulk solid
and attached boundary film. The film is assumed to exhibit resistance to flexural
deformations in that its energy is a nonlinear function of the boundary first-order
deformation gradient and of a second-order tensor that represents a suitable version
of its curvature in the deformed state. Such a theory was developed by Steigmann
and Ogden [1997a; 1997b; 1999] in dimensions n = 2 (plane deformations) and
n = 3 (full three-dimensional deformations). The case n = 2 has also been treated
by Fried and Todres [Fried and Todres 2005]. The cited works by Steigmann
and Ogden generalize the situation in [Gurtin and Murdoch 1975; Podio-Guidugli
1988; Podio-Guidugli and Vergara-Caffarelli 1990; Steigmann and Li 1995; Stein-
mann 2008], where the film is modeled as a nonlinear membrane, i.e., its energy
is assumed to depend only on the first surface deformation gradient.

Steigmann and Ogden used a variational principle to derive the equilibrium
equations (among other things) and to show that they coincide with those of thin
nonlinear shells; see [Sanders 1963; Cohen and De Silva 1966; Naghdi 1971;
Pietraszkiewicz 1989].

The purpose of the present paper is to derive a direct, index-free, form of the
balance equations. This approach allows a more unified understanding of the under-
lying mechanics than the coordinate-based approach, where one is typically forced
to cover the manifold with coordinate patches.

The formalism I adopt is different from the intrinsic approaches in [Delfour
and Zolésio 1997] and [Favata and Podio-Guidugli 2011]. The basic feature of
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the present work is the treatment of the surface quantities as tensors in the three-
dimensional space and not just on the tangent space to the shell at the given point.
This allows for a fully tensorial form of the equilibrium equations. Both the ref-
erential and the actual configurations are considered. The main results are the
intrinsic form of the first variation of the surface energy Proposition 5.2 and the
associated equilibrium equations (15), the fully intrinsic form (17) of the effective
second-order stress tensor, the spatial intrinsic form of the equilibrium equations
Proposition 6.1, and the tangential and normal components of the equilibrium
equations Proposition 6.2. Up to the last mentioned item, no coordinate system is
invoked to derive the results. However, for reasons of comparison with the existing
coordinate approaches, in Section 7 I give the coordinate form of the main results
and show that they coincide with those obtained by different methods.

As for the intrinsic tensor calculus, only tensors in euclidean space will be em-
ployed, of orders O, 1, 2, and 3. Tensors of orders 0 and 1 are scalars and vectors
from R" (n > 2; typically n = 2 or n = 3). Second-order tensors are either R-
valued bilinear forms on R” x R” or linear transformations from R” to R"; we do
not distinguish these two interpretations graphically. The set of all second-order
tensors is denoted by Lin. The third-order tensors are mostly interpreted as R"-
valued bilinear forms on R” x R". The set of all third-order tensors is denoted by T'.

2. Geometry of deformation of a coated body

We identify the material points of the body with their positions x in a reference
configuration 2 C R", where n > 2 is arbitrary but in applications n =2 or n = 3.
We assume that €2 is a bounded open set with sufficiently smooth boundary 92
with the unit outer normal n. We consider the bulk solid to be coated with an
elastic surface S C 0Q2. We assume that S is a relatively open subset of €2 with
a smooth boundary dS without corners.

The deformation of the coated body is described by a sufficiently smooth map
from the closure cl 2 of Q2 so that the deformation y of the coating, i.e., the restric-
tion of y to the closure cl S of S, is well defined and sufficiently smooth.

The deformation y of the bulk body is described by the bulk deformation gradient

F = Vy,

which is assumed to exist, be continuous, and of positive determinant, at every
point of cl 2. Here V indicates the gradient with respect to the position in the
reference configuration and at a given point of cl 2, F is interpreted as a linear
transformation from R” to R".

The surface deformation y of the coating is described by the surface deformation
gradient and by the referential version of the curvature tensor of the coating in the
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deformed configuration to be defined below. For the referential surface S of the
coating we introduce the curvature tensor L (also called the Weingarten tensor),
defined by

L=Vn, ey

where V denotes the surface gradient. We here adopt the following convention for
the surface differentiation of maps with values is a finite-dimensional vector space
V defined on a manifold M of dimension k in R": if f : M — V is a smooth
map then for every x € M the surface gradient Vf(x) of f at x is a linear map
from the whole space R” to V which satisfies Vf (x)P(x) = Vf (x), where P(x) is
a projection from R” onto the tangent space Tan(M, x) of M at x, and

i S ®—®) - V®OE -
1m =

_ XX X — x|
XeM, X#x

0.

This convention differs from the alternative view [Federer 1969, Subsection 3.1.22;
Gurtin and Murdoch 1975; Gurtin 2000], where the surface gradient at the given
point is interpreted as a linear transformation from Tan(M, x) to V. The latter is
just the restriction of our Vf(x) to Tan(M, x). Below we apply the same conven-
tion to the derivatives of the response functions for the surface energy with respect
to the surface deformation gradient and curvature. Our convention has the advan-
tage that the surface gradient at different points of M is an element of the same
linear space and one can thus iterate the procedure to define the second surface
gradient V2 f(x) of f at x € M as the surface gradient of the surface gradient.
Thus V2 f(x) = V(Vf)(x) and we interpret V2 f(x) as a bilinear transformation
from R"” x R” to V, defined by

V2 f(x)(a, b) = V(Vfb)a

for every a, b € R". A comparison with [Murdoch and Cohen 1979/80] shows
that the second gradient as defined there is similarly the present second gradient
restricted to Tan(M, x) x Tan(M, x). In [Steigmann and Ogden 1999] the notion
of the second gradient is employed in the special case of the second surface gradient.
We shall see below that this notion of the second surface gradient coincides with
the present one also as far as the definition domain is concerned. We note that the
bilinear map V2 £ (x) is generally nonsymmetric, but its restriction to Tan(M, x) x
Tan(M, x) is symmetric. If V = R", i.e., if f is a scalar function, we identify
the linear transformation Vf(x) from R” to R with an equally denoted element
of R” via the identification Vf(x)a = Vf(x) - a for each a € R”. The equation
Vf (x)P(x) = V£ (x) then reduces to P(x)Vf (x) = Vf (x), i.e., Vf(x) is an element
of the tangent space to M at x. Similarly, the second gradient V2 f (x) is identified
with a second-order tensor in Lin via V2 f (x)(a, b) =a-V? f (x)b for each a, b e R".
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We refer to [Silhavy 2011, Appendix A and B] for more details on the present
conventions on the derivatives and gradients.
We define the surface deformation gradient F of y by

F=Vy.

At the given point x of S, [ is a second-order tensor on R” which is assumed to
map Tan(S, x) onto Tan(S, y(x)), where S = y(S) is the actual configuration of
the coating. We denote by P the orthogonal projection onto the tangent space to S
and by P the orthogonal projection onto the tangent space to S. Then we have

FP=F, PF=F.

The tensor F is always noninvertible. However, we denote by F~! the pseudoin-
verse, which at a given point of § is a linear transformation from R” to R” satisfying

F'F=P, FF'=P.

Then F~! always exists and is determined uniquely. If, for a given point of S, F is
the bulk deformation gradient at that point, then

E=FP, F'=F'P,

where F~! is the inverse of F in the standard sense.

We assume that the response of the coating depends on the first and second
deformation gradients, but on the second deformation gradient V2y only through a
combination that can be regarded as the curvature tensor of the deformed configu-
ration S viewed from the reference configuration. That is, we introduce a bilinear
form K which is identified with an equally denoted second-order tensor by

K(a, b) = - V2y(Pa, Pb)

for every a, b € R", where
cof Fm

o=
|cof F m|

is the unit outer normal to S. Here cof F is the cofactor tensor of F. If for any map
B on R" x R" we introduce the symbol B o (P, P) to denote the map on R"” x R”"
given by

Bo (P, P)(a,b) =B(Pa, Pb)

for any a, b € R", then we have
K= Vyo (P, P)

and
K=Ko (P, P).
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Also, when viewed as a second-order tensor, [K satisfies
PKP =K.
It is useful to note that the curvature L = Vi of the surface S is
L=-F"KF '

Here V is the surface gradient on S, i.e., the surface gradient as defined above, but
for maps on M =&, and F~T := (F~!)T where T denotes the transposition.
If M C R” is a smooth manifold of dimension k and if

@: M — Lin(R", V) (2)

is a map on M with values in the space Lin(R", V') of linear transformations from
R" to a finite-dimensional inner product space V, we define the surface divergence
div@Q: M — V by

a -divQ=tr(V(Q"a)) 3)

for each a € V where the transpose
QT : M —> Lin(V,R")

is defined by b - QTa =Qb-a foreachb € R” and a € V. It follows directly from
the definition that if a : M — V then

div(Q'a) =a -divQ + Q- Va, “4)

where
Q- -Va:= tr(@)TWa,).

If V =R, we identify @ : M — Lin(R", R) with a vector field ¢ : M — R" by
Qa = q- a for each a € R” and define the divergence of q to be the divergence of
@Q; thus div q is a scalar field defined by

divg =tr(Vq)

and (3) can be rewritten as a - div@Q = div(QTa) for eacha € V.

We say that @ as in (2) is superficial if @ = QP. In particular if @ : M —
Lin(R",R) and @ : M — R”" are related as above, @ is superficial if and only if q
is tangential, i.e., @ is an element of the tangent space at every point: Pq = q.

We define the relative boundary d M of M by IM = cl M \ M where cl M
is the closure of M in R”. We assume that .M is sufficiently smooth. We denote
by m the relative normal to d M. This is a map which, at a given point of d M,
is an element to the tangent space to M defined, e.g., by m = V¢/|V¢| where ¢
is a function defined locally on M such that the equation ¢ = 0 expresses locally
o0 M. We here assume that M can be extended to a smooth manifold of dimension
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k in R" which contains cl M; this makes the tangent space to M defined also at
the points of M and the equation ¢ = 0 makes sense. The surface divergence
theorem asserts that if @ as in (2) is superficial then

/d]ﬁw@d?—[":/ QmdH!.
M oM

Here #* is the k-dimensional area measure on M and H*~! the (k—1)-dimensional
area measure on d M.

Furthermore, the surface Piola transformation asserts that if @ is as in (2) is
superficial, if ® : M — M := ®(M) is a diffeomorphism and if @ is a field
defined on M by

Q=j'QF",
where j is the jacobian of ®, F:= V®, then @ is superficial and
dvQ=j'divQ (5)

where div is the surface divergence on M, i.e., the surface divergence as defined
above, but for fields defined on M. Below we need the cases M =S and M = dS.
Moreover, we shall employ V =R, V =R" and V = Lin, i.e., Q will be a vector
field, second-order tensor field and third-order tensor field. We refer to [Marsden
and Hughes 1983, Chapter 1] for abstract formulations of Stokes’ theorem and
surface Piola transformation on manifolds from which the present euclidean cases
follow.

3. Constitutive assumptions

We assume that the bulk body is made of a nonlinear hyperelastic material with the
bulk stored energy f : Lin, — R, where Lin,. is the set of all second-order tensors
with positive determinant. For a given deformation y : cl 2 — R” the stored energy
field is given by the constitutive equation

fx =fFEx), xeclQ, (©6)

where F is the bulk deformation gradient. For the coating S we assume that for
each x € § we have a surface stored energy function f x . Dx = R" where Dy is
the set of all pairs ([F, K) € Lin x Lin such that FP(x) = F and K is symmetric
and satisfies P(x)[KP(x) = K. For a given deformation y : S — R” the field of
superficial stored energy f on S is given by the constitutive equation

fx) =, (Fx),Kx), xe€S, @)

where F and K are defined in Section 2. We note that the response function for
the superficial stored energy depends on x since we are forced to assume that the
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domain Dy is different for different x € S. The same applies for the derivatives
of fx. However, below we - simplify the notation and suppress the dependence of
f, on x and write simply fin place of f,. The same convention applies for the
derivatives of f. The constitutive assumption (7) is employed in [Steigmann and
Ogden 1999] in a coordinate form, who refer to [Hilgers and Pipkin 1992; Cohen
and De Silva 1966] for earlier employments of the same hypothesis. In n = 2
(plane deformations of the bulk body), equivalent hypotheses have been made in
[Steigmann and Ogden 1997a; 1997b; Fried and Todres 2005]. See Section 7
(below) for the coordinate version of this assumption for n = 3.

Following [Steigmann and Ogden 1999], we also treat the coating S as a general
second grade material, i.e., we treat the superficial stored energy as a function of
the first and second surface gradients. More precisely, we introduce a third-order
tensor G interpreted as an R”-valued bilinear form on R” x R” given by

G(a, b) = V2y(Pa, Pb)
for all a, b € R”, note that
K(a,b) =n-G(a,b), ®)
and introduce a response function f=f «: Ex > Rrelated to f by
f(F.6)=fF K
where G and K are related by (8). The domain Ey of f consists of all pairs (F, G) €
Lin xT, where T is the space of all R”-valued bilinear forms on R” x R", satisfying
F=FP, G=Go(P,P). C))
The field f is then given by the constitutive equation

f(x) = f(Fx),6(x)), xe&.

4. The total energy

The total energy F of the bulk body plus the coating is assumed in the form

F(y) = Ep(y) + Ec(y) + W(y)

for each deformation y : cl 2 — R”, where Ey(y) is the internal energy of the bulk
body, E.(y) is the internal energy of the coating, and W(y) is the potential energy
of the loads. Here

Eo(y) = / Fac,
Q
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where f is given by the constitutive equation (6) and L£" is the n-dimensional
volume in R”,

mwza®=/fﬂW*
S

where f is given by the constitutive equation (7) and %" ~! is the (n—1)-dimensional
area on 9€2, and

W(y)=—/ y'bdﬁn—/ y-sdH"!;
Q a0

here b : 2 — R" is a prescribed body force and s : €2 — R” is a prescribed surface
traction on the boundary of the body.

We assume that the response functions for the bulk and surface energies are
sufficiently smooth and define the first variation §F(y, v) of the total energy corre-
sponding to the variation v : cl 2 — R” by

dF(y +tv)
SF(y, v) = T\ZZO.

We define the first variations §E(y, v) and §E.(y, v) of the internal energies and
the first variation §W(y, v) of the potential energy of loads analogously.

5. The first variation of total energy and the Euler Lagrange equations

Proposition 5.1. For every deformationy : c1 2 — R" and every variation of de-
formation v : cl1 Q@ — R", we have

8Eb(y,v):—/ V-dideE"—I—f v-SndH"!
Q ET9)

where S is the bulk referential stress given by the constitutive equation

S(x) =S(F(x)), withxeclQ, S=dpf.

Furthermore,

swiy.v = [

v-bdﬁ"—f v-sdH" L.
Q Q2

This is standard.
Proposition 5.2. We have
SEc(y, v) = —/ v-d]ﬁwTdH"_l—i-/ (A - Viv+(Tm—div'A") -v) dH" 2 (10)
S S
for each deformationy : c1S — R" and for each variation v : c1S — R” of defor-
mation, where H" 2 is the (n—2)-dimensional area measure on 0S8,

T=8—-(divhd)P (11)
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with S and A the referential surface stress and the referential surface couple stress
given by the constitutive equations

Sx) =$(F(x), G(x)), AKX) =AEX),G(x)), xecclS,

with

§=0gf, A=agf, (12)

div! denotes the divergence on 3S, Vv := Vv is the directional surface gradient
of v in the direction of the normal m, and A+ and A" are fields on dS given by

L =Am, m), Ala=A(P'a, m)

for each a € R", where P! is the orthogonal projection from R" onto the tangent
space of dS at the given point.

We here recall that the response function f is defined on the domain Ex which
consists of all pairs (F, G) € Lin xT such that (9) hold. Thus for a given point
of S, the domain of f is a linear subspace of the product Lin xT'. The partial
derivatives of f in (12) follow our convention about derivatives on submanifolds
of an euclidean space and interpret the total derivative (differential) Df of f as an
element of the space Lin x 7', which satisfies

Nnpf=f (13)

where IT is the orthogonal pI'O_]CCthIl from Lin xT onto Ex. The value D fisa
pair in Lin x T and we write D f = (0gf, oxf) with 9gf € Lin, dxf e T for the
“components” of D f. Equation (13) and the definition of Ey gives

efP = 0pf, oxf o(P,P) = oxf.

Proof. The definition of the variation gives
SEc(y, v) = / (S-Vv+A- (Vivo (P, P)))dH" .
S

Since A- (V2vo (P, P)) = Ao (P, P)-V>vand A= Ao (P, P), this may be rewritten
as

SEc(y,v) = / (S-Vv+A-V2v)dH" .
S

We use the formula div(A - Vv) = divA - Vv + A - Vv = (divA)P - Vv + A - V2y
[see (4)] and employ the surface divergence theorem noting that A is superficial to
obtain

(SEC(y,M):/T'WMd’H"_lﬁ—/ div Am - vdH" 2.
S S
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Next we use the formula div(TTv) = (div T) - v+ T - Vv and employ the surface
divergence theorem to obtain

SE.(y, M)=—/M-d]ﬁMTdHnl+f (Am-Ww—i—Tm-w) dH" 2. (14)
S 39S

The second integral on the right hand side is further transformed as follows. We
write Vv = Vv 4 Vlv where V! denotes the surface gradient relative to S to
obtain

Am - VvdH" > =/ (A" Viv+ A Vi) dH" 2.

S S

Recalling that 3°S = @, we use the surface divergence theorem to obtain
f div' (AT -v) dH" 2 =0,
S

Next we invoke the identity A' - Vv = div! (AT - v) — v - div' A!. The last two
relations provide

f Am - VvdH" = / (At Viv—v-div' A') dH" 2
S S

and this reduces (14) to (10). ([l

Proposition 5.3. If 6F(y, v) = O for a given deformation 'y : <12 — R" and all
variations of deformation v : cl 2 — R", we have the equations

divS+b=0 on 2,
Sn=s on Q\ S,

(15)
divT+p=0 on §

At =0, Tm-div'A'=0 on 3S,
where
pP=s—Sn.

Ifn =3 and t is the counterclockwise unit tangent vector to S then

A=At mt, div'A'= (A, m))
where ' denotes the derivative with respect to the arc length parameter on 9S.
Proof. Collecting the expressions in Propositions 5.1 and 5.2, we obtain

SF(y, V) =— Jq V- (divS+b)dL" + 10 s V- (Sm—s) dH"!
— fSM- (divT —Sn+s) dH"!
+faS(Al-Wlw—i-(Tm—(d]ﬁw”A”)-w) dH"2. (16)
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We first consider all variations v with compact support contained in the open set
Q, then the integrals over 92\ S, over S and over dS vanish and the arbitrariness
of v gives (15);. With this knowledge the volume integral in (16) disappears. We
then consider variations v such that v =0 on cl §; then the integrals over S and
08 vanish and the arbitrariness of the values of v on dQ2\ S gives (15),. With this
knowledge, also the integral over 2\ S disappears from (16). Then we consider
variations v = v| cl § such that v has compact support in the relatively open set S.
This gives (15)3 and the integral over S in (16) disappears. We are thus left with
only the integral over 38 in (16). Since the variations Vv and v|3dS can be chosen
independently, we obtain (15)4. U

We recall that our basic response function for the surface energy was f, ex-
pressing the surface stored energy as a function of [F and K. The next proposition
expresses the tensor T occurring in (10) and (15)3 in terms of the derivatives of f.

Proposition 5.4. We have the following relation for the tensor T in (11):
T = o¢f —div(A® Faxf )F " (17)

Proof. Let us show that the partial derivatives of the functions f and f are related
by
Ief = 0ef A (F'G- 9xf), def =0® dxf (18)

at the corresponding arguments, where F~'G - dxf is a vector satisfying
a-(F'G- axf)=R- dxf
for all a € R", where R is a second-order tensor satisfying
R(p, @) =a-F 'G(p, @

for all p, q € R”. Indeed, we interpret @ as a function of [ determined locally
uniquely by the equations F'@ = 0, |@| = 1. This functional interpretation of @
makes K a function of G and f. Differentiating the relation

f(F, G =fF nF) - G (19)

with respect to G we obtain (18),. To obtain (18);, we first note that interpreting
m as a function of [, we have the relation

piA = —F TATw

for each A € Lin, where we interpret dgi as a linear transformation from Lin to
R". Differentiating (19) with respect to [F in the direction of A € Lin and using the
above relation for the derivative on i, we obtain

def A=—F TATH-G)- af + 9¢f - A, (20)
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where for any vector a the symbol a - G denotes a second-order tensor defined by

(a-G)(p.q) =a-G(p.q)
for any p, q € R". We have the following rearrangements
(FTATR-G) - dxf = FTATR) - (G- dxf)
=(A"m)- (F'G- df)
=(A® (F'G- dxf))-A
which reduces (20) to
Ief A=—-(7® (F'G-oxf)) A+ d:f -A

and the arbitrariness of A gives (18);.
Using relations (18) one finds from the definition (11) of T that

T=S-divAP = def —0® (F'G- dxf) — div(r® dxf )P
and the proof of (17) is completed by noting the following easily provable identity

div@@Foxf)F ' =a® (F'G- axf ) +div(R ® axf )P. O

6. The spatial form of equilibrium equations

The spatial form of the equilibrium equations (i.e., that on the deformed configura-
tion of the film) to be derived below admits a splitting into the tangential and normal
components with the tangential component given by a second-order equation and
the normal component a fourth-order equation with the iterated surface divergence.

Proposition 6.1. Assume that the stored energy fis objective in the sense that
£(QF. K) = £ (F, K)

for all orthogonal tensors Q and all arguments F and K from the domain of £. Then
(15)3 is equivalent to

dvT+j 'p=0, 1)

where j = |cof F| is the jacobian of the transformationy : S — S = y(S), div is
the divergence on the actual configuration S, and

T=j"'TF =N-LM-aQ PdiviM), (22)

where
N=j'9:fF", M=j 'FoxfF" (23)
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and L = Vi is the curvature of the deformed configuration of the film. Equations
(15)4 are equivalent to

M@, m) =0, Tm—dw (@ ® Mm) =0, (24)

where @ is the unit normal to S in the tangent space to S and div' is the diver-
gence relative to 0S. If n = 3, then (24), reads

Tm — (AM(E, @) =0,

where t is the counterclockwise unit vector tangent to S and the superscript’
denotes the derivative with respect to the arc length parameter on 9S.

Here and below in this section we distinguish the objects related to the deformed
configuration by a superimposed bar. Here N is the normal stress and M the couple
stress in the film.

Proof. Note first that a standard argument based on the objectivity implies that N,
given by (23), is a symmetric tensor. Furthermore, the definition (23); immedi-
ately implies that Nf = 0 and NP = N, where P is the orthogonal projection from
R” onto the tangent space to S, which by the symmetry implies that PN = N.

We note further that if T is given by (22); then (21) is equivalent to (15)3 by
the surface version of the Piola transformation (5). To obtain the equivalent form
(22),, we note that by (17) we have

T=N-j"'div{a®Fixf)P. (25)

Employing the surface version of the Piola transformation once more and invoking
the formula for the divergence of a tensor product, we find that

i div(@ @ Fixf )P = (div(d ® M))P = LM + 7 ® P divM.

The insertion into (25) yields (22),.

Equation (24); is clearly equivalent to the first equation in (15)4. To obtain
the equivalence of (24), and the second equation in (15)4, we employ the Piola
transformation to the passage from dS to dS. We note that the jacobian of this
transformation is

i=JIF Tml
and the unit normal @ to 3S is given by
m=F "m/|F "m|.
The basic relation (5) of the Piola transformation is then

div' G E Tm AT =5 1F Tm| ! div A
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which reduces the second equation in (15)4 to
Tm-+div' G~ IFTm| ' A'FT) =0.
Recalling (18),, we note that
A=0® dxf
and we use this in the following computation:
JTHF Tm|'AIFTa= ' |FTm|'A(P'Fa, m)
=j ' AP'FTa, F'm)
=i AFETP'a, FTm)
= M(P'a, m)n
=M((P —m®m)a, m)n
(a, M){H — M(m, M) ([ - a)f

= M(a, m)m,

Il
| £l

where we have used (24);. Thus we conclude that
FTHE Tm| 'AFT = A @ Mm

and the above computation also shows that M is a tangential vector on S, i.e.,
P'Mm = Mm. Thus we have (24),. O

Proposition 6.2. The tangential and normal components of (21) read

Pdiv(N —LM) —LdivM +j'p' =0, 6)
dv@PdiviM) +L-N—-L>-M—j~'pt =0,
where
p'=Pp. p =a-p
The tangential and normal components of (24), read
(N —2LM)m = 0,
I 27)
m - divM +div (P'Mm) =0
on dS. Ifn =3 then (27), reads
m - divM + (M m) =0. (28)

We recall that N and M depend on the first and second gradients of the surface
deformation, which gives that (26); is of the second order in the deformation and
(26), of the fourth order.
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Proof. To obtain the tangential component of (21), we use the identity
PdivT = P*divT = P div(PT) — PVPT, (29)
where we note that employing the formula PN = N we obtain
PT=N-LM. (30)

Furthermore, differentiating ® = 1 — i ® @ one finds that the directional gradient
in S of P in the direction a satisfies

PV,Pb=—La@-b)
for each a, b € R”; it follows that
PYPT = —LT 'mn=LdivM. (31)

Inserting (30) and (31) into (29), one obtains (26);.
To obtain the normal component of (21), we employ the identity

n-divT =div(T m) — T - L. (32)
Since N is symmetric, we have N'@ = Nfi = 0; combining with L@ = 0, we find
T'h=—-PdivM. (33)
Also
T-L=N-L-LM-L. (34)
Inserting (33) and (34) into (32), we obtain (26);.
To obtain (27), we invoke the identity
div' (@ ® Mm)= V'aMm + & div' (M)
P'Mm + n div' (P'Mm)
= LMm + ndiv' (P'Mm)

Il
él

and combining with the second expression in (22) we conclude that (24), is equiv-
alent to

N — 2LMm — a(((P div M) - ) + div' (P'Mm)) = 0.

Taking the tangential and normal components, we obtain (27). (]
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7. Coordinate expressions

For the purpose of comparison with the existing literature, we now establish the
component expressions of the main formulas.

Throughout this section we use the convention that the Greek indices «, 8, y
run from 1 to n — 1 while the Latin indexes i, j, k run from 1 to n. We use the
Einstein summation convention for repeated indices.

We assume that S is parametrized by a map @ : D — S, where D ¢ R"~! and
note that we can express the general maps m defined on S as functions m of the
variables (0',...,0""!) € D of the parametrization ®@©',...,0""). The maps
m and m are related by m = m o ® but below we denote both m and m by the same
letter m. A Greek subscript following a comma denotes the partial differentiation
with respect to the corresponding variable in the collection (8, ..., 6" ).

We denote by e; = e’ the canonical basis in R" and introduce the coordinate
vectors &, in the tangent space of S by

ey =®,.
We denote by e” the dual basis in the tangent space, satisfying
ey e’ =685
and the Christoffel symbols Ff;ﬁ defined by
Trg =€ -@qp.
We then have
up =Tge, —Lopm, @’y =—Tpse” —Lim,

where Log = Le, - @ and &.g = Le” - eg, and where L is the curvature tensor of the
reference configuration of the film, see (1). (We note in passing that the second
fundamental form of S is given by byg = —Lgg.) If V is a finite-dimensional vector
space and f : S — V aclass 2 mapping then

Vf=foa®e” (35)

and consequently
Vf=(fa®e) s (36)

Differentiating the above product by the product rule and employing the formula
for e’ given above we obtain

Vif=fop@e ®e’ — f,0T%e ®e’ L% f, onae’.
VB B
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It follows that
V2 fo(P,P)= fus ®e€” ®€’ — f, @T%e” @ .

If V is a finite-dimensional vector space and @ : S — Lin(R", V) a superficial
map then we have the formula

divQ =J"1JQ% 4, (37)

where Q% = Qe® and J = (det V®TV®)!/2 is the jacobian of ®. This formula
coincides with the well known expression for the divergence based on covariant
derivatives of tangential vector fields. However, with the divergence defined in (3),
Formula (37) holds for an arbitrary superficial field @ : S — Lin(R", V), where
V is arbitrary finite-dimensional vector space with inner product, in particular also
for second and third-order tensor fields, whereas (37) does not hold for divergence
based on the covariant derivative of tensor fields of order > 2. See also (43) (below).
By (35) and (36), the first and second surface deformation gradients are deter-
mined by the components of the deformation function y' :=y- e’ as follows:

F=Vy= foe,- e,
Vy=F, e ®e" ®e —F, ("¢ e @’ + L% dnde),
where
Fe =Y
It follows that
G=V’yo(P.P)=(F, , —F Tl)e e e (38)
Let us express the energy as a function of F!, and Fg’ PE viz.,

f(F.G) =f(F..F. ).

where F, G and fo, fo’ p are related by the formulas established above. This is the
assumption employed in [Steigmann and Ogden 1999].

Proposition 7.1. We have
SEc(y, v) = — /S JITY) oV dH" ™+ /a S(M?ﬁwfamﬁ +Tmyv' ) dH" > (39)
for each v € C*(clS,R"), where
Te =0 f -37'AM ) MY =g f: (40)
furthermore T} and M?ﬂ are the components of the tensors T and M, satisfying

T=T ®e, M=M"e®e, e
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Up to a change of notation, (39) coincides with Equation (4.8) of [Steigmann
and Ogden 1999].

Proof. If T7 and M?ﬂ are the components of T and M, we see that (10) reduces to
(39). Thus it remains to prove (40). Let the components S of S be defined by

S= Sj-"ei R ey.

The components of the partial derivatives f and the partial derivatives of f are
related as follows:

S% = ogf | _aF,f+aF, fl“yﬂ, M = 86 f|"‘ﬁ_aFl £, @D

where we have used (38). Equation (40), then follows immediately from (41),. To
prove (40)1, we note that by (37), we have

(divM);=J ' IMPe,)
=J_1(JMO”3) A% +M“ﬁ@aﬂ
=T AM) pey +MP (T ge, — Lopm),
where (divM); = (divM)Te;. Thus
(divM)P); = I~ AM”) peo + M’ T e, . (42)

where ((divM)P); = ((divM)P)Te;. Combining (42) with (41);, we obtain (40);.
O

Next, let us express the energy as a function tE of fo and Kp := K(ey, @g). We
have

Kaﬂ - ﬁ]i @fxﬂ B

where
aﬁ—e G(ey, ep) =F aﬂ —F. 1’

v ap?
where we have used (38). Using the relation n; IFfV = 0 we obtain
Kap = miF, 4.
The function f satisfies the relation
£(FL, Kap) = £(FL, FL ).
Proposition 7.2. In terms of the partial derivatives of f we have

T = 3F&f _J_I(F_l)?(’] m; F/é aKﬂyf),y’
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where the components (F_l)‘}‘ are defined via the identification
T=F e e,
where =1 is the pseudoinverse of F.

Proof. This follows immediately from Proposition 5.4. ]

We note that the parametrization @ of the referential surface S which introduces
a coordinate system A!, ..., 0"~! on S gives, via the composition with the defor-
mation y a parametrlzanon <I> =yo ® of the deformed surface S which introduces
the coordinate system 6!, ..., 6" " on S. If m is a function defined on S with
values in a finite-dimensional vector space, we use the subscript comma followed
by the index « to denote the derivative of m o @ with respect to #%. The coordinate

vectors @ corresponding to the coordinate system 0!, ..., 6" ! on S are given by
& = Fe” and the dual vectors are &, = F~'e,. We denote by I:gﬁ the Christoffel
symbols corresponding to the coordinate system ', ..., 6"~ ! on S, given by

fZﬁ =@ @y, B-
We denote by a vertical bar followed by an index « the covariant differentiation
on S using the Christoffel symbols fgﬂ, ie., if ¥ = ¥*&, and A = A*fg, ® @pisa
tangential vector and superficial tensor defined on S then
Vg =93 — T3,

e _ pap ra AdB ~B Rad

AP], =A% —T5A7 — FMAO‘ .
We shall also employ the divergences based on the covariant differentiation, i.e.,

the objects ¥*|, and A% | g- It is easy to see that the superficial derivative is related
to the just mentioned divergences by

dvA=v", PdivA=A";g,. (43)

For the subsequent discussion we define the superficial right Cauchy—Green
tensor components Cyp = F’ Furthermore, assume that the stored energy f is

objective and let us express the energy as a function f of Cyp and Kyp, i.e.,

f(Cup. Kap) = £(F. K) = £ (FL, Kap).
We note that this is possible by the objectivity.

Proposition 7.3. Assume that the stored energy £ is objective and denote by N*#
and M® the components of N and M identified by

N=N"g, @8, M=M"g,®es.
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In terms of these components, Equations (26) read

(M — W) |, —LeMP |+~ =,

_ L . (44)
M |5 +LapN"P — Loy Ly - M* —j~'pt =0,
where
[DH — [P)aéa-
If n = 3, the system of boundary conditions (24)1, (27)1, and (28) is equivalent to
M* i, mg = 0,
(N“F — 2LeM"P)mig = 0, (45)

M |5 Mo + (M*PE,mp) =0,

where Mg, and ¥, are the components of the unit normal and tangent to 3S given
by

ﬁ]:[ﬁ_maéa, t:ta@a,
and the superscript’ denotes the derivative with respect to the arc length parameter
on dS. One has R R
Naﬂ :j_l a@mﬁf’ M(X'B :j_l aKuﬂf' (46)
Apart from differences in notation, Equations (44) coincide with Equations
(4.37) of [Steigmann and Ogden 1999]. They also coincide with the first and second

of equations (9.47) of [Naghdi 1971] when the latter are specialized to the case of
equilibrium of a shell, and with the equations in Theorem 7.1-3 of [Ciarlet 2000].

Proof. Equations (44) follow from (26) and the identities (43).
To prove (46), we note that differentiating the relation

F(Fle @e”, Kype @) = £ (F!, Kup)
one obtains B B
opf = 8Fgfe‘ Rey, oxf= aKaﬁf@a Reg. (G
From (47); follows that )
Nij =3 g £ FL,
where N; ; are the components of N is the orthonormal basis e/ = e;. The compo-
nents of N in the basis & = Ifoe,- are then related by N; = Nep fo IFé, which gives

N =Ny D E D] =57 F )5 op £ (48)
Likewise, from (47), follows that

Mij =" FLF) o, f
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where M; ; are the components of M in the basis e/ = e;. It follows as above that
the components M*” in the basis &, are

M =M FEE D =57 0, f - (49)
Differentiating the relation
£(FLF. Kop) = £(FL, Kap)

we obtain

A

B, By = 0pf, O, = i, f. (50)

A combination of (48) with (50); provides (46); and a combination of (49) with
(50), provides (46);.

The equivalence of the system (24), (27)1, and (28) with (45) is proved simi-

larly. U
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