ON THE NUMBER OF IRREDUCIBLE COMPONENTS OF LOCAL
DEFORMATION RINGS IN THE UNEQUAL CHARACTERISTIC CASE

DAVIDE A. REDUZZI

ABSTRACT. Fix two odd primes | # p and let L be a finite extension of Q; and K be a finite
extension of Q, with residue field k. Let p be a continuous representation of Gal(Q;/L) on a

two-dimensional k-vector space. Using results of M. Kisin ([4], [3]) and V. Pilloni ([5]), we deter-
mine the number of geometrically irreducible components of the K-scheme X = Spec RE”J’[%}.

We prove moreover that each component has a point rational over K((,s+1), where p® is the
number of p-power roots of unity contained in the quadratic extension of the residue field of L.
Furthermore, for each component C of X, we determine the set of K[G]-isomorphism classes of
Ofx-lifts of p associated to the closed points of C.

1. INTRODUCTION

In this paper we make use of results of M. Kisin ([4], [3]) and V. Pilloni ([5]) to determine
the number and some rationality properties of the geometrically irreducible components of the
deformation space associated to a local Galois representation of dimension two, in the [ £ p
case.

Fix two distinct odd primes [ and p and let L be a finite extension of ; and K be a
finite extension of Q,. Denote by k the residue field of K and fix a continuous representation
p of G := Gal(Q;/L) over a two dimensional k-vector space. Since p is odd, to study the
deformations of p to complete local noetherian Og-algebras it is enough to study deformations
with fixed determinant . Without losing generality we can also change p by a twist and assume
that it is either absolutely reducible or absolutely irreducible.

Denote by X the generic fiber of Spec Rg’w. It is well known that X is a three dimensional
reduced K-scheme and results of Kisin and Pilloni imply that any geometrically irreducible
component C of X admits one of the following descriptions: (I) there exists a character = :
G — K* such that for any x € C(K), the corresponding K-representation p, is an extension
of v by ~(1); (II) there exists a character v : G — K* such that for any z € C(K), v ! ® p,
is unramified; (III) there exists an irreducible representation o : G — GLg(K) such that for
any v € C(K), p ~ o; (IV) there are characters n,\ : G — K* such that nA™! is ramified
and for any z € C(K) we have p, ~ n¢ ® A¢~! where ¢ is an unramified lifting of the trivial
character. We say that a component of X has type I, II, III or IV depending of which of the
above descriptions it fits.

For any fixed pair (p,7) as above, we determine the number of components of Xz of
each type. At this purpose, denote by I/ the cardinality of the residue field of L and set o =
ordp(lf—l), 8= ordp(lf—i—l) so that a8 = 0. Let x be the p-adic cyclotomic character of G and let
w be its reduction modulo p. The symbol ~ denotes Teichmiiller liftings of elements in the residue
field of Q,. For ? in the set {I,II,11I,1V}, we let c; be the number of geometrically irreducible
components of type 7 contained in X and we set ¢ = (¢, ¢z, ¢, cry). The determination of
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the vector c follows three different paths, according to whether w is (A) trivial, (B) quadratic
or (C) neither trivial nor quadratic. We prove (Theorems [4.0.3} |4.0.4] and [4.0.5)):

Theorem 1.0.1 (A). Assume [L(¢p) : L] =1 (i.e., « >0 and f=0).
Al. Let p=9 &1 where ¥ : G — k™ is a character, and set 1) = 15)(.
ALL If0 =1, then c = (1,1,0, %)
A1.2. If 9 # 1 is unramified, then ¢ = (0,1,0,p* — 1).
A1.3. If 9 is ramified, then ¢ = (0,0,0, p%).
A2. Let p be a non-trivial extension of the trivial character by itself, and set » = x.
A2.1. If p is unramified, then ¢ = (1, 1,0, Z%)

A2.2. If p is ramified, then ¢ = (1,0,0, %)
A3. Let p be absolutely irreducible and set ) = &&}7. Then ¢ = (0,0,1,0).

Theorem 1.0.2 (B). Assume [L((y): L] =2 (i.e., a =0 and > 0).
Bl. Let p =9 @& 1 where ¥ : G — k™ is a character.
Bl If9 = w set ¥ = x. Then ¢ — (2, 1, f%o)

B1.2. If ¥ # w is unramified set 1) = . Then ¢ = (0,1,0,0).
B1.3. If ¥ # w is ramified set v» = 9. Then ¢ = (0,0,0,1).
B2. Let p be a non-trivial extension of the trivial character by a character 9.
B2.1. If v =1 set¢p =1. Then c=(0,1,0,0).
B2.2. If 9 =w set ¢ = x. Thenc= (1,0, i’#,O).

B3. Let p be absolutely irreducible and set 1 = &éﬁ;.
B3.1. If p cannot be induced from a character of G ,), then ¢ = (0,0,1,0).

B3.2. If p can be induced from a character of G, then ¢ = (0,0,pﬁ,O).

Theorem 1.0.3 (C). Assume [L((p) : L] > 2 (ie., a = =0).

Cl. Let p=9® 1 where ¥ : G — k™ is a character.
CL.1. If ¥ = w*! setp = xTL. Then c = (1,1,0,0).
C1.2. If 9 # w* is unramified set ¢ = 9. Then ¢ = (0,1,0,0).
C1.3. If 9 # w*! is ramified set v = 0. Then ¢ = (0,0,0, 1).

C2. Let p be a non-trivial extension of the trivial character by a character 9.
C2.1. Ifv =1 setyp =1. Then c = (0,1,0,0).
C2.2. If ¥ = w setp = x. Then ¢ = (1,0,0,0).

C3. If p is absolutely irreducible, set ¥ = (Eg‘c_/ﬁ. Then ¢ = (0,0,1,0).

In particular, when p is big enough with respect to [ and f (e.g., p > lf) the scheme X
is geometrically irreducible, unless p is twist-equivalent to w*! @ 1, in which case X has two
geometrically irreducible components. On the other side, when [L((p) : L] < 2, the number of
irreducible components of Xz can be large and it depends on « and .

In sections 2| and |3 we determine many K-rational points on each geometrically irreducible
component of X. This is used to write the list Iso(C) of K|[G]-isomorphism classes of O -lifts
of p associated to closed points on each component C.

When dealing with components C of type I and II, the construction of Iso(C) is carried on in

Props. [2.2.2] [2.2.3] [2.2.9] [2.2.10], [2.3.3] 2.3.5], [2.3.8] 2.3.9] Notice that the number of components

of type I or II in the deformation space is always small (at most two, for each type) and it does
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not depend on the specific values of o and 8. On the other side the number of components of
type III can be large when w is quadratic, and it depends on . The determination of Iso(C)
for components of type III is correspondingly more difficult: it is carried on in section [3| (cf.
Props. [3.1.2] 3.2.2] [3.3.2] [3.4.1} [3.4.2)), where results of S.H. Choi ([I]) are used. The number
of components of type IV can be large only when w is trivial, and in this case it depends on «a.
The set Iso(C) in these settings is computed in section [2] (cf. Props. [2.2.5] [2.2.6] [2.2.7] [2.3.10]
. In some cases, explicit computations with the Bruhat-Tits tree of GLy(K) were
used to exclude the existence of liftings of p of type IV.
From the above constructions we deduce the following rationality result (Corollary :

Proposition 1.0.4. Each absolutely irreducible component of X has a point rational over
K(Cpa+5), unless a > 0, B = 0 and p is non-semisimple and twist-unramified, in which case
every absolutely irreducible component of X has a point rational over K ((po+1).

It would be interesting to understand the meaning of the numbers appearing as components
of the vector c.

Notation 1.0.5. All the homomorphisms, cocycle, and coboundary maps in this paper are
assumed to be continuous unless otherwise stated. If p; and py are two representations of a
group G with coefficients in a domain R contained in a field K, the notation p; ~k p2 means
that p; and py are K-linearly isomorphic as G-representations. If X is a scheme over a perfect
field K, a geometrically irreducible component of X is an irreducible component of X . The
term component is sometimes used to mean irreducible component and, if no ambiguity arises,
to mean absolutely irreducible component.

2. REDUCIBLE LIFTS

Let [ and p be two distinct odd primes and fix a finite extensions L of ;. Denote by G the
absolute Galois group of L and let y be the p-adic cyclotomic character of G and w its reduction
modulo p. Set f = f(L/Q;). Let k be a finite extension of F), and let p : G — GLa(k) be a
representation; let O be the ring of integers in a finite extension K of Q, having residue field
k. Denote by CLNp the category whose objects are pairs (R,i) where R is a complete local
noetherian O-algebra, ¢ is an isomorphism from the residue field of R onto k, and a morphism
(R,i) — (R',4) is a local O-algebra homomorphism compatible with ¢ and ’. The framed
deformation functor DE from the category CLNp to the category of sets is represented by an

object RE of CLN@. For any fixed lift ¢ : G — O of det p, the functor Dg’w cutting out those

framed deformations whose determinant is v is represented by R?’¢.
Denote by 1 the trivial O-valued character of G. There is a natural morphism of functors
Dy x Dg’w — DE induced by sending a pair (a,0) € D1(A) X Dg’w(A) to a ® o, for any ring
A in CLNgy. Since p # 2, this induces an isomorphism R%' ~ R1®ORE’w ~ O[[Gab’(l)]]@)(gRE’w,
so that: .
a0 B I X]]
(LX) 1)

where o = ordp(lf —1). To determine the geometrically irreducible components of the generic

fiber of Spec R%' it is therefore enough to study the irreducible components of RE’w[%] for any
fixed choice of 1.
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If ¥ : G — k* is a character, there is a canonical isomorphism Rpg — RE@W. After replac-
ing k with a finite extension if necessary, we are then left to consider deformation spaces for
representations p falling in one of the following cases:

(1): p=9Y @1, where 9 : G — k™ is a character and 1 is the trivial k-valued character;
(2): p is a non-split extension of 1 by 1 or a non split extension of 1 by w;
(3): p is absolutely irreducible.

Fix from now on a choice of arithmetic Frobenius ® of G. We denote by t,, : I¢ — Z, C Ok
the tame character of inertia arising from the canonical isomorphism I é ~ Hl,#Zl/. We identify
t, with a generator £ of H'(G, K (1)) via the isomorphism H'(G, K (1)) — Hom(Ig, K) induced
by restriction. We can choose a representative t, € Z'(G, K(1)) for the class ¢ having the

following properties: t, 7, = tp; t, takes values in Z,(1); £,(®) = 0. We fix for the rest of the
paper such a choice of representative t~p and we also denote it by ¢, if no confusion arises.
Assume that w # 1; after reducing t,, : I¢ — Zj, modulo p, we obtain a group homomorphism
t, : I¢ — F, C k that we identify with a generator ¢ of H(G, k(1)) via the isomorphism
HY(G, k(1)) — Hom(Ig, k). A representative for the class ¢ is given by the reduction modulo
p of the 1-cocycle fp that we choose above. We fix this choice of representative for £ and we

denote it by t~p or simply by ¢, when no confusion arises.

2.1. Classification theorems. We keep the notation just introduced and we fix a lift ¢ of the
determinant of p. The following results are proved in [4], [3], and [5].

Theorem 2.1.1. The deformation space X = Spec R%W[%} 1s three dimensional, reduced, and
scheme-theoretic union of formally smooth components. Any geometrically irreducible component
C of X admits one of the following descriptions:

(I): There exists a character v : G — K* such that for any geometric point x : Spec K — C
the corresponding K -representation p, is an extension of v by v(1).

(IT): There exists a character vy : G — K* such that for any geometric point x : Spec K —
C the K -representation v~ ® p, is unramified.

(ITX): There exists an irreducible representation o : G — GLo(K) such that for any geo-
metric point x : Spec K — C the K-representation p, is isomorphic to o.

(IV): There are two characters n, A : G — K* such that n\=' is ramified and such that for
any geometric point x : Spec K — C the K-representation p, is isomorphic to n¢ ® g1
where ¢ is an unramified lifting of the trivial character.

It two distinct components intersect, they are respectively of type I and of type II for the same
character ~y; if x is a geometric point lying on the intersection the associated K -representation
is isomorphic to vy @ y(1).

If x and y are two geometric points of X with corresponding K -representations isomorphic and
reducible, then x and y belong to the same geometrically irreducible component.

We will use the above theorem without explicit mention. We will also refer to the component
of X as of being of type L,, IL,, III, and IV{mIG’)‘”G} with the obvious meaning of this notation.

We also have (cf. loc.cit.):

Theorem 2.1.2. For any character v : G — K*, there is at most one geometrically irreducible
component of X of type L, or of type IL,. There is at most one geometrically irreducible com-
ponent of X of type IV{W\IG:)‘IIG}’ unless p ~ 7 © X\ with AN"! non-trivial and unramified, in
which case there are exactly two components of X of type IV{”IIgv/\\Ic}'
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2.2. Semisimple reducible p. Assume p = ¥ @ 1 for some character ¥ : G — k*. It is easy
to see that if ¥ # wt! and w # 1 then H?(G,ad’ p) ~ H(G,ad’ (1)) is trivial, so that Rg’w
is isomorphic to the formally smooth algebra O[[X, X5, X3]] and X has exactly one irreducible
component, which is of type II; (resp. IV) if ¥ is unramified (resp. ramified).

We can therefore assume that either w = 1 or w # 1 and ¥ = w; the case w # 1 and ¥ = w™
gives rise to a deformation space which is isomorphic to the one of the case w # 1 and ¥ = w.

1

2.2.1. The case w = 1. We assume (, € L (i.e., p|lf — 1) and we work with ¢ = Jx, where the
symbol ~ denotes the Teichmiiller lifting.

Proposition 2.2.2. If9 # 1, X has no geometrically irreducible components of type I. Assume
¥ = 1; then there is exactly one component C; of type I, which is associated to the character
v =1 and which contains a K-rational point x such that p, = x ® 1 as Ok -representation. The
lifts of p associated to K -rational points on C; are all and only K-isomorphic to either:

x®1l or ( X tf > )

Proof Let C be a component of X of type I, and let = be a point on C, so that p, : G —
GLy(Ok) is isomorphic over K’ to an extension of v by (1) and p, = p ® k', where K’ is
some finite extension of K with residue field k¥’. Since p is semisimple we obtain 9 &1~ 5 ® ¥
so that ¥ =1 =4. If ¥ = 1 the representation y @ 1 defines point on C by Proposition 4.6.4 of
[5]. To show that C is the only component of type I, notice that a component of type L,/ is such
that ¥ = 1 and (v/)® = 1, because of our choice of ¢: this implies v = 1 as p is odd. The final
statement follows from the fact that H'(G, K(1)) is one dimensional. B

Proposition 2.2.3. If 9 is ramified, there are no components of type II; otherwise there is
exactly one component Cry of type II which is associated to the character v = 1 and contains
a K-rational point x such that p, = 1§X @ 1 as Ok -representation. The lifts of p associated to
K -rational points on Crr are all and only K-isomorphic to either:

@chfl@go or X1/2®(1 nr1(1)>7

where ¢ is any unramified character G — (9;5( such that p = 1 or @ = 9, and nr(1) is the additive

unramified character of G sending the arithmetic Frobenius to 1 € K. The second representation
only occurs if 9 = 1.

Proof It is obvious that a necessary condition for the existence of components of type II
is the unramifiedness of . Assuming this, a component of type II; exists as p = Jx @ 1 is
unramified. Assume now that X contains a geometrically irreducible component of type IL, for
some character v valued in the ring of integers of some finite extension K’ of K. Notice that
if 7/ is another Ok -valued character of G' which coincides on I with v, then v and +" define
the same component of X, since two distinct type II components cannot intersect. We can
then assume that -y, viewed as a character of G, is trivial on G™ = Gal(L™ /L), so that it
induces by local class field theory a homomorphism G® — sy x (14+Me, ) — OF,. Since 72
is unramified, ~y is trivial on u?f_l x (1+Mp,) and we conclude that v =1 as 7|7, = 1.

For the final statement, notice that any unramified two dimensional representation p of G
is either split or it is an extension of an unramified character by itself. In the latter case, write

p=a® ( 1 71ﬁ > where r is a continuous unramified additive homomorphism G — K. By
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the lifting requirement we have @ = 1 = ¢ and the determinant condition implies that o? = x;
notice that since w = 1, the cyclotomic character has a unique well defined square root. Finally,
since we are working up to K-isomorphisms, we can rescale r so that it sends an arithmetic
Frobenius of L to one. W

Corollary 2.2.4. Assume ¥ = 1. The unique component C; of Xz of type I and the unique
component Crr of X of type Il intersect and if x is a geometric point in their intersection the
K -representation p, is isomorphic to x @ 1.

Components of type IV. Let A be the set of equivalence classes of characters n: G — OIX? such

that 7 = 1 and n21§*1 is ramified, where two such characters 7 and 7, are considered equivalent if
and only if 77, = 1)1, or nm |1, = )1, Let r be equal to two if ¥ # 1 is unramified, otherwise
set r = 1.

Lemma 2.2.5. The number of geometrically irreducible components of X of type IV equals

r- #A.
Proof Let K'/K be a finite extension and let 7 be a character representing a class in A.

- 21
Denote by £27*7 1X[]%] the smooth closed subscheme of Spec R?ﬂ o7
p~ ! which are isomorphic over K to 7725‘_1)(90 @® ¢! for some unramified character ¢ such that

¢ =1 ([5], 4.9). If ¥ # 1 is unramified, Proposition 4.9.4 in loc.cit. implies that ED’"W_IX[%]

is the union of two geometrically irreducible components; in the other cases, ED’"%AX[%] is

geometrically irreducible. After identifying the spectrum of R?LZQWlX[%] with X, we deduce

that if ¥ # 1 is unramified, the above subscheme cuts out two irreducible components of X
one parametrizing lifts isomorphic over K to 17’11§<p’1 @ pnx for some non-trivial unramified
character ¢ such that ¢ = 1, and the other parametrizing lifts isomorphic to n_11§ @ nx. In the
other cases, we obtain just one irreducible component of Xz, parametrizing lifts that become
isomorphic to n_11§g0_1 ® pny over K for some unramified character ¢ such that @ = 1.
Assume now that 7, is in the same equivalence class of 7, say 17, = 111, and set n = Bn;.

[%] parametrizing lifts of

If p is a lift of p which is K-isomorphic to 77_11590_1 @ pnx for some unramified character ¢ such
that @ = 1, then p is also isomorphic to 7, 19 (Bo) L@ (Be)m x and By is unramified with trivial
reduction. Similar considerations can be made if nny 7, = 5“ 1, S0 we conclude that if n and m
represent the same class in A, then they determine the same component of X z (or the same pair
of components if ¥ # 1 is unramified). Thus we defined an injective map © from the set A (or
A x{0,1}, if 9 # 1 is unramified) to the collection of geometrically irreducible components of X
of type IV. We now check that © is surjective: if x is a geometric point of X that belongs to a
component of type IV, then p, ~ ﬁxﬁ_l @® B for some character 8 as K-representation. Notice
that since 2 cannot belong to a component of type II, 932 is ramified. We have 3 =1 or 8 = ¢
and we deduce that x is a geometric point on ©(x~!3) in the first case, and on @(@5*1) in the
second case. H

Lemma 2.2.6. Let o = ord,(I/ —1). Then A contains "QT*I element if U is unramified, otherwise
it contains p* elements.

Proof Fix a topological isomorphism G = Of x 7 and set Ko = K (pe). Assume
first that ¢ is unramified. Suppose a > 0 and for any integer a such that 1 < a < p® — 1



NUMBER OF IRREDUCIBLE COMPONENTS OF LOCAL DEFORMATION RINGS (I # p) 7

define an Of_-valued character 7, of G by composing the continuous homomorphism G —
OF = ppe C 1+ Moy, with the ath power map. It is clear that in this way we obtain 7%
distinct classes in A, as 7, ~ np if and only if a = +b(mod p®). Viceversa, if 7 defines an element
of A, then it factors via the maximal pro-p quotient of G®, hence through a map fpe X Ly —>
1+ Mo, ; after changing if necessary representative for , we can assume that 7 is trivial on Z,,
which implies that n = 7, for some a as above. When a = 0 and ¥ is unramified, we see that A
is empty as 7 cannot be trivial by definition.

If ¥ is ramified, then A coincide with the set of equivalence classes of characters with trivial
reduction, where two such characters are equivalent if and only if they have the same restriction
to inertia. As above we see that representatives for the classes in A are given by the Galois
characters induced by composing the map G*® — Of — ppe C 1+ Moy, with the ath power
map for 0 <a<p*—1. 1

As in the above proof, we fix a topological isomorphism G = O] x 7 and for any integer
a we denote by 7, the character of G defined by composing the map G® — ji,e C 1+ M K(Cpo)
with the ath power morphism.

Corollary 2.2.7. Let a = ord,(If — 1) > 0 and K, = K({e).

(a): If v =1, X has Z%geometrically irreducible components of type IV, say Cf,, (1 <
a< L;l) For any unramified Ok, -valued character ¢ of G with trivial reduction, there
is a point x € C&,(Ka) such that py =n3 o™ & onax as Ok, -representations.

(b): If ¥ # 1 is unramified, X has p* — 1 geometrically irreducible components of type IV,
say Cfygs Ciyyy (1 <a < %) There is a point x € Cfyo(Ka) (resp. x € Cfy1(Ka))
such that py = 1977;1 D NaXx (resp. py = ’@nglcp_l @ pnax for any unramified Ok -valued
character ¢ # 1 of G with trivial reduction) as O, -representations.

(c): If ¥ is ramified, X has p* geometrically irreducible components of type IV, say Cf,
(1 <a<p®*). For any unramified Ok -valued character ¢ of G with trivial reduction,
there is a point x € C},(Kq) such that p, = 19?7;14/371 @ pnux as Ok, -representations.

In any case, the lifts of p associated to K -rational points on components of type IV are all
and only K-isomorphic to representations of the form

I '™ @ erax
where ¢ is an unramified K -valued character of G with trivial reduction and ng : G — O[X{(C o)
P
s as above.

2.2.8. The case ¥ = w # 1. We assume (, ¢ L (i.e., p does not divide I/ — 1) and 9 = w; we
work with ¥ = .

Proposition 2.2.9. X always has a geometrically irreducible component Cy1 of type I with
associate character 1; this component has a K-rational point x such that p, = x ® 1 as O-
representation. If [L((p) : L] # 2, there is no other components of type I, otherwise there is
exactly another component Crg, of type I having associated character v = @. This component
has a K-rational point y such that p, = @ ®wx as Ok -representations. The lifts of p associated
to K -rational points on Cr1 resp. Crg are all and only K -isomorphic to:

xX®1l or (X tf);
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resp.

wdwy or &)®<X t1p>.

Proof The first statement is obvious. If v : G — (’);( is a non-trivial character such that
X has a component of type L, then +2 = 1 because of the determinant condition. By looking
at the semisemplification of the reduction of any representation corresponding to a point on
this component we also obtain 4 = w. This implies that w? = 1 and hence [L((,) : L] = 2.
We deduce that v is the quadratic character associated to the extension L((,)/L, or v = @. A
component of type I with such a character do occur as p, defines a point on it. Finally, notice
that = does not belong to this component. The only thing to check for the last statement is that
when [L((p) : L] = 2 the K-representation p = @ ® (X tlp ) has an integral model whose reduction

is equal (and not just isomorphic) to p. This is obvious after conjugating p first by ((1) é) and
then by ((1)2)' |

Proposition 2.2.10. X contains exactly one geometrically irreducible component Crr of type
11, with associate character 1; this component has a K-rational point x such that p, = x & 1
as O -representation. The lifts of p associated to K -rational points on Crr are all and only
K -isomorphic to:

xe @ g,
where ¢ is any unramified character G — (’)E such that o =1 or ¢ = w.

Proof It is clear that X has a component of type II; containing x as in the statement of
the proposition. If C is a component of type II with associated character v # 1, then v and 7
are both unramified, so that + is unramified as p does not divide If —1. This implies that z also
belongs to C. Since two components of type II do not intersect, we deduce that C = Cy;. The last
statement follows from the fact that if an unramified representation a® (1 71") is K-isomorphic to

2

a lift of p we have & = 1 or @ = w and the determinant condition implies a® = x contradicting

the fact that w # 1. R

Corollary 2.2.11. The components Cr1 and Cr; of X intersect and if x is a geometric point
in their intersection the K -representation p, is isomorphic to x & 1. When [L((p) : L] = 2 also
Cre and Cyy intersect and if y is a geometric point in their intersection then p, is isomorphic
to x ® 1 over K. There is no intersection between Cr1 and Crg.

Proposition 2.2.12. X has no components of type IV.

Proof Assume that z is a geometric point of a component of type IV, so that p, is K-
isomorphic to x5! @ B for some character 3 such that 32 is ramified. The lifting property of
p. implies that the reduction of § is either trivial or equal to w. In either case, the restriction
of B to Ig must factors through the maximal pro-p quotient of Gal(L®/L*"), which is trivial as
(p ¢ L. This contradicts the fact that 8 is ramified. B

2.3. Non-semisimple p. Assume p is a non-split extension of 1 by 1, so that either ¥ = 1 or
¥ = w. We consider the following three cases:

(1) w#1and ¥ =1;

(2) w# 1 and ¥ = w;

B)w=v=1.
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We fix a topological isomorphism G ~ Of x 7 identifying the arithmetic Frobenius ¢ that
we fixed earlier with 1 € Z. Denote by ¢ : G — Z, the unique group homomorphism factoring

through G™®) and obtained by identifying the latter with Zp; let ¢ be the reduction of ¢
modulo p and view it as a homomorphism with values in %k via the embedding F, C k.

2.3.1. The case w # 1 and ¥ = 1. Assume w # 1, ¥ = 1 and choose the determinant lift ¢ = 1.
Since H'(G, k) = Hom(G® () k) is one dimensional, we can assume that:

(1)

Proposition 2.3.2. The deformation space X has no geometrically irreducible components of
type I or IV.

where ¢ : G — k is as above.

Proof If p is a lift of p corresponding to a point on a component of type I, we have
Jw ®F =161, so that w = 1. Assume now that p corresponds to a point on a component of
type IV and that p ~ A@® A~! as K-representations, so that A\ is a ramified character of G. We
deduce that A = 1 and hence ) is unramified. H

Proposition 2.3.3. X contains exactly one geometrically irreducible component Cry of type I1,

and its associate character is 1; this component has a K-rational point x such that p, = (1 ‘f)

as Oy -representation. The lifts of p associated to K-rational points on Cr; are all and only

K -isomorphic to:
L e
E

Proof It is clear that X contains a geometrically irreducible component C;; of type 11
with associate character 1. If y is any geometric point on this component p, is unramified, so

that p, ~ (0‘2) as K-representations. Since a? = 1 and @ = 1, we deduce o = 1 so that

b € HY(G, K') for some finite extension K’/K. This implies that either b = 0 or, without loss
of generality, b = ¢ (after seeing Z, C K'). The first possibility does not occur as the trivial
representation does not have an integral model lifting p.

We now see that there is only one component of type II. Let v : G — K be a character
such that X has a component C of type IL; let y € C(K) so that y~! @ p, is unramified. By
the determinant condition we deduce that 42 is unramified; notice that y~! @ p, is unramified,

so that ¥ is unramified. We conclude that v is unramified and therefore y € C;r(K). Since two
distinct components of type II do not intersect, we have C;; =C. B

2.3.4. The case w # 1 and ¥ = w. Assume ¥ = w, w # 1 and set ¢ = x. Since H'(G, k(1)) is
one dimensional, we can assume:

[ w b

p = ( 1 > )

where the 1-cocycle ¢, is defined at the beginning of section
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Proposition 2.3.5. X contains exactly one geometrically irreducible component Cr 1 of type I;
its associate character is v = 1. This component has a K-rational point x such that p, = (X t{’)
as O -representation. The lifts of p associated to K-rational points on Cry are all and only

K -isomorphic to:
X tp
K

Proof By definition of the cocycles t, and ¢,, p, is a lift of p so that the generic fiber of
our deformation space contains at least one component of type I;. Notice that any lift of p
associated to a K-rational point on this component is K-isomorphic to either p, or to x @ 1;
the latter case cannot happen as p is ramified.

Let now 1 # ~ : G — K> be a character such that X has a geometrically irreducible
component Cr , of type I,. Fix a K’'-rational point on this component for some finite extension

K’ of K and let p be the associated O -representation, which is K’-isomorphic to (”@).

Set p; = v and ps = yx. The K'-representations p; & py and p have the same characteristic
polynomial. Since w # 1, p1 is not isomorphic to go. Also notice that p, which is indecomposable
by assumption, admits p; as subrepresentation: this follows from the conditions p*® ~ p; & po,
72 =1 and 7 # 1 (recall that p is odd). We conclude that by the main theorem of [7] there is a

matrix £ € GLy(Og) such that:
=7 pr ok £,1
’ < p2 )

as O -linear representations. Since (pl :2> =YX® (X71 I) and H'(G, Og/(—1)) = 0 we deduce

that for some ¢ € Ok we have:

et ) () ()]

so that p is semisimple, contradicting our assumption. l

Proposition 2.3.6. X has no geometrically irreducible components of type II or IV.

Proof If p is a lift of p corresponding to a point on a component of type I, p is isomorphic

over K to the representation (Xw_la v;*) for some unramified character a. After reduction

and semisemplification we deduce that ¥ = & or ¥ = aw. In any case, 4 is unramified. Since
w # 1, we conclude that v - and hence p - is unramified, contradicting the fact that p(Ig) # 1.

A lift of p corresponding to a point on a component of type IV is isomorphic over K to
xe a,l) for some character o such that o2 is ramified. After reduction we see that @ = 1 or

= w™! so that & is unramified. This implies that « is unramified, and hence a contradiction.

—

m o

2.3.7. The case w =19 = 1. Assume w =19 = 1 and ¢ = x. Let a = ord,(I/ — 1) > 0 and recall
that we have fixed an isomorphism G% = Of x 7. The projection I — pipe — p, induced
by OF — ppe factors through I(Gp ), which is identified with Z, via t,: this induces a surjection
Zy, — pp and then an isomorphism p, ~ IF,, that we consider fixed.

Let ¢ be the character defined at the beginning of Denote by § : G — k the additive
character obtained by composing the projection G — G — ppe of G into the p-power roots
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of unity of Of with the surjection pype — g, and then with the inclusion p, C k induced by
tp ~ ), and by the embedding of F), in k. We have:

HY(G, k) = Hom(G®®P) k) = ko @ ko.

We can then assume that p has one of the following shapes:

p—(l 5+1b90) for some b € k, orp—(1 910)

We assume for this paragraph that we choose an element (pe generating fipe such that § (pe) = 1.
Proposition 2.3.8. X contains exactly one irreducible component Cy; of type I, which has as-
sociated character v = 1. Furthermore:

(1) If p = (1 f), Cr has a K-rational point x such that p, = (th) as O -representation.

The lifts of p associated to K -rational points on Cr are all and only K-isomorphic to:

(1)

(2) If p = (1 bdi“”) for some b € k, write I/ —1 = p®u and let a be an integer such that
au = 1(modp). Then C; has a K-rational point x such that

- 1
Pz = < X btp+1ap“ >

as Og-representation. If b = 0 (resp. b # 0), the lifts of p associated to K -rational
points on Cy are all and only K-isomorphic to:

X@107~<X tf) (resp. (X tf)).

Proof If X has a geometrically irreducible component of type I, then v =1land 5 =1,
which implies v = 1.

Since w = 1, the reduction modulo p of the cocycle t, : G — Z,(1) fixed in [2]is a homomor-
phism ¢, : G — F, C k. Since t,(®) =0 and ¢ is the tame pro-p character of inertia, ¢, = 4.

plic
In particular, when p = (1 ‘15), the Ok -representation p = (X tf’) defines a point on a component

of X having type I,. Since p is ramified, it cannot have any lift which is K-isomorphic to x & 1.

Assume now p = (1 béf“’). The continuous function ¢ := Btp —|—axp;1 is a 1-cocycle of G with

values in K (1). Observe that bt, has values in W (k) C O and the image of x — 1 is contained

in p*Z,, so that ( assumes integral values. Since axpzl () = 1(modp) by construction, the

reduction of ¢ : G — W(k) modulo p equals b0 + ¢ and p; = p, so that there is a component
of type 1. To prove the final statement, notice that if b #% 0 we have p, =~ (th) as K-

representations, and p cannot have an unramified lift. When b =0, p, ~ (X 1) over K and

x—1
p:(X ptp+1ap“ )

is an Og-linear representation which reduces to p and which is K-isomorphic to (X tlp) .l
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Proposition 2.3.9. If p = (15+1b“"> for some b € k, X has no components of type II. If

p= (1 “f), Xz has exactly one component Crr of type II, corresponding to the character v = 1.

Cyr contains a K-rational point x such that

1 G
px:X1/2®< Sf)

as O -representation. The lifts of p associated to K -rational points on Cry are all and only
K -isomorphic to either:

1 G
xBe ! orx1/2®< ‘f)
where B : G — K* is any unramified character such that f =1 and §%(®) # 177.

Proof If X contains a geometric point = lying on a component of type IL,, ~% and 7 are
unramified, so that « and p, are unramified and p = (1 “10) In this case, a component of type
IT; exists as the above described representation p, shows (we denoted by x!/2 the composition
of x with the inverse of the automorphism 1 + pZ, — 1 + pZ, given by squaring). Notice that
this is the only component of type II as v = 1 and two type II components do not intersect.

For the last statement, notice that if p is an unramified non split representation K-isomorphic

to a lift of p, then p ~¥z a ® (1 ’1") where o2 = y and @ = 1. This implies a = /2 and since r
is unramified, we can assume up to K-isomorphism that r = .
If p is as above but split, we can find a finite extension K’ of K and an unramified character
B : G — OF, such that B =1and p~ xB®B~L. Notice that since p(®) is not diagonalizable over
k, we need to have x3(®) # 71 (®), so that I/ 2(®) —1 # 0. To show that these representations
occur, up to K-isomorphism, as liftings of p, denote by @ a uniformizer of K’ and let

orde (17 8%(2)—1)

= € O,
T UR@) -1
There is a K’-isomorphism:
g oo — X1
p=p e | X orde (U 32(®)—1)
1

By construction, the right hand side above is an Og-linear representation which lifts p. B

Components of type IV. Fix a finite extension E of K containing e and denote by @ a
uniformizer of Op. Let e be the ramification degree of E over Q.

Fix an integer r such that 1 <r < p® — 1, an element ¢ in Z-o U {oo} and a unit u € OF.
Let

Ertu: G— 14+ Mg

be the character defined by composing the surjection G — G®:(#) ~ Hpa X ®Z» with the homo-
morphism pye x &% — OF defined by:

Cpo > o, P 1+ wlu.

We adopt the convention w™ = 0). Write If = 1 + w®w with w € O} and let v = ord,(r), so
E v P
that (jo = (pa— is a primitive p*~7th root of one.
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Lemma 2.3.10. Set:

Cc = min {pa'yle(p—l)7 Ordw (wt(2u -+ wtu2) _ weaw)} )

Then ¢ > 1 and the continuous function €, — 6,:,},“)( : G — Og takes values in wOpg.

Proof We have (5r7t,u — 5;}#)() (Cp) = ( 1%‘1*” — 1) Cz;’l‘” ~ (pa—y — 1, where we write
A~ Bin O — {0} if and only if AB™! is a unit. Since Q,({ye—~) is a subfield of E, we deduce:
-1 (&
w ritau o = =, i~ Z 1.
ord ((5 L, Er,t,uX)(Cp )) pa_,y_l(p _ 1)

We also see that
(Ertu — 8;151#)()((13) ~ @' (2u + wlu?) — w*w
and the w-adic order of this element is positive.
Since w = 1, we can view &, 1, — &, ;ux as a continuous function e x dLe — Op. To
show that it takes values in @w®Op it is enough to show that (er’f”u — 5;;”)() (Cga ®%) has w-adic
order larger than or equal to c for any 1 < j < p® and any integer ¢ > 0. For simplicity set d =

e/p* 7 H(p—1). Assume t # oo, so that (sm,u—e;t{ux)(g‘j,; P?) ~ C§£,7(1+wtu)2i—(1 + @ww)".
The w-adic order of the latter is larger than or equal to

min {ordw (Cig_v(l + wlu)? — 1) yordy ((1 + ww)’ — 1)} :

We have ord ((1 + @)’ — 1) > e« and a simple computation shows that ord,, (C;i_w (14 whu)? — 1) >
min{t, d}. We conclude:

orde (g0 — egéux)(Cga %) > min{t,d, ea’}
= min{t, d}.

By definition of ¢ we see that ¢ = min{¢,d} if t < ea and ¢ = d otherwise, so that min{t,d} > ¢
as desired. If ¢ = 0o, then ¢ = d and we obtain an analogous inequality. B

Proposition 2.3.11. If p is ramified, X has L2_1geomet'rically irreducible components of type
IV, say Cy, (1 <r < %) Let Ko = K((po) and denote by w a uniformizer of K,. Fiz an
integer r € [1, %] and set d = e(Ko/Qp)/p* %=1 (p — 1). The characters e, .. : G —
1+ Mg, appearing below are defined as at the beginning of the section:

(a): Ifp= (1 ‘f), there is a point x € Cj,(Ky) such that

-1
€T7OO71 - 87”,00,].><
p - 67‘,00,1 tl ’ d
Er,oo,lx

as Ok, -representation. Heret) equals wd/(Cga —(pa ) € O[X(a. The lifts of p associated to
K -rational points on Cry are all and only K -isomorphic to representations of the form
Er00,18 @ 5_157:;0,1% where 3 is an unramified K-valued character of G with trivial
reduction.
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(b): If p= (1 b‘;;”o) for some b € kX, there is a point y € C}y,(Ko) such that
-1

E’I’,d,’l} - E”",dﬂ])(

- Erdoy T2- ——a
Py @
67",d,'L)X
as O, -representation. Here to = wdi)/(g;a — () € O and v = ﬁ The lifts of p
associated to K -rational points on Cry are all and only K -isomorphic to representations
of the form e, 4,8 @© ﬁ_ls;é o Xo where B is an unramified K -valued character of G with
trivial reduction.

Proof Let C C Xz be a component of type IV and select a point # € C(K), so that
Pz i ()‘/\,1)() for some character A : G — Op such that A2 is ramified and A = 1. As

in the proof of Lemma there is a three-dimensional formally smooth closed subscheme
E[%] ~ £D7/\72X[%] of X parametrizing lifts of p which are K-isomorphic to A3 @ B~ A~ !y for
some unramified character 3 of G such that 3 = 1. Since p is not semisimple E[%] is geometrically

irreducible ([5], 4.9.4) and C = E[%]. By associating to C the set of characters of the form Ag
with 8 as above, we obtain therefore a well defined map:

O - components of X characters A:G—)O;{ / ~
’ of type IV with A2 ramified and =1

)\il
1l
© is injective and Lemma implies that Xz has at most % components of type IV. Notice
that under our assumptions this number is not zero.
Fix for the rest of this proof an integer r so that 1 < r < %.

(a) Assume p = (1 ‘15) and set

where A = Aq if and only if A = 1. Since two distinct component of type IV do not intersect

-1
é. _ 87‘7OO>1 - 6T,OO,1X
wi '

Applying Lemma [2.3.10| with £ = K, t = co and u = 1 we obtain ¢ = d so that the image of
¢ is contained in Of,. We also have £(®) = (1 — /) /w? = 0(mod w) since ea > d. As p # 2
we have (Er,oo,l — ET_’;OJX (Cp) = Cpa — (e # 0 50 that #; is well defined, and by construction

t1 - €(Cpe) = 1. Since w?/ (Cpo — Cpa ) € Ok we conclude that p, has integral values and p, = p
as desired.
(b) Assume p = (1 b‘sf“a) for some b € k™ and set

-1
€/ — gT,d,’U - ET,d,’UX
v wd

where v is a unit in O, that we will determine. Using Lemma [2.3.10| applied with £ = K,,
t =d and u = v we see that &, is an O, -valued function on jiye x ®*». We have that

h= o/ (erap = rguX) (Gr) = =/ (Go = GiT)

is a unit in Ok, which does not depend on the choice of v. We deduce that the continuous
function E;l := hb - &, has values in O, and p, is an O, -linear representation. Observe that:
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{Z(gpa)(modw) :bd , .

" ~ 24w — w
®) =hb-

&(®) 14 wiv

)

where we wrote I/ = 1 + @®w. In particular £, (®)(mod w) = 2bhv, where the bar denotes
reduction modulo w. Since b # 0 we can choose v so that 2bht = 1 in the residue field of K.
With this choice of v, p, = p as desired.

p*—1

Finally, since r € [1,%5=] the definition of the equivalence relation ~ implies that the

components defined above are pairwise distinct. H

Proposition 2.3.12. If p = (1‘f), X has paglgeometm'cally irreducible components of type
IV, say C, (1 <1 < paT_l) Let Koy1 = K((pot1) and denote by m a uniformizer of Kai1.
Fiz an integer r € [1,L;1] and set d = e(Ko11/Qp)/p* %=1 (p — 1). There is a point
z € Chy (Ka41) such that

-1
y Erd—1,1 " & q-11X
_ | &a- .
pz — T’,d 1,1 3 17Td71
Erd—11X

1
€ (’)[X(QH. The lifts

of p associated to K -rational points on Cry are all and only K -isomorphic to representations of

as Ok, -representation. Here t3 equals ml—d (E,«,d_lyl(@) — 5;;_1 1X((I)))

the form e, 4118 ® 6_15;7;_171)(, where B is an unramified K -valued character of G with trivial
reduction.

Proof As in the proof of Proposition X has at most Z% > () distinct components
of type IV. Fix an integer r so that 1 <r < . Notice that e(Kq+1/Qp) > p“(p — 1) so that
d—1> 0 and the character €, 411 : G — 1+ Mg, ., is well defined.

Set:

g___gnd—lJ,_'egé,le
qd—1
Using Lemma applied with E = Kq41,t =d —1 and u = 1 we see that £ is an O, -
valued function on iy x ®Zr. We see that ord, (£({pe)) > 0, while:

d—1 d—1 ea
T2+ ) — %W
§(®) ~ 1

for some w € (’)IX(QH. This implies that £(®) is a unit in Ok, and t3 = {(®) ! is an element
of (’)IX(QH. We deduce that the continuous function ¢3 - £ has values in Ok,
Ok, -linear representation such that p, = p as desired.

Finally, since r € [1, paT_l] the definition of the equivalence relation = implies that the

components defined above are pairwise distinct. H

41 and p, is an

Remark 2.3.13. One way to determine the possible shapes of the lifts of p in the above settings
is to notice that if p = €1 @ 9 is a degree two K-linear representation G — Autg(V'), and if
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p: G — Autp, (L) is an Ok-integral model of p, there is an Og-basis of the O-lattice L C V
such that the matricial form of g in this basis is:

< ‘o 7‘(615; £2) )

for some r € K which makes the function (g1 — 2) to be O-valued.

3. IRREDUCIBLE LIFTS

We maintain the notation introduced at the beginning of We furthermore set o =
ord,(lIf — 1) and B = ord,(I/ + 1). We now look at the existence of geometrically irreducible
components of type III in the generic fiber X of the framed deformation space of p.

3.1. Preliminary results.

Proposition 3.1.1. Let C be a geometrically irreducible component of X and suppose that there

is a K -rational point on C whose associated K -linear representation o is absolutely irreducible.
Then:

(a): If x is any geometric point lying on C, we have p, ~ o as representations over K.
(b): C is the only geometrically irreducible component of X containing a geometric point
whose associated representation is K-isomorphic to o.

Proof Part (a) follows from the proof of Proposition 4.10.3 in [5]. Part (b) is a consequence
of the results of Chapter 4 of [I] (notice that in loc. cit. the role of p and [ is switched with
respect to our conventions). When p is reducible, (b) also follows from the proof of Proposition
4108 of [5]. m

We adopt the following terminology. Let F' be an algebraically closed field of characteristic
different from two. Fix an index-two closed subgroup H of a topological group P and let v be a
homomorphism from H to F'*. For a choice of element s in P— H we denote by ¢ the character
of H defined by v¢(h) = v(s~'hs) for h € H; notice that the choice of s is irrelevant and that
coincides with its P/H-conjugate ¢ if and only if it can be continuously extended to a character
of P. If that is the case, v has exactly two extensions to P: if we denote one of them by ¥, the
other is yxp/iy where xp/y is the only character of P over F' whose kernel equals H.

We denote by Ind% () the group homomorphism p : P — GLy(F) defined by the following

matrices: )
(g .
fge H
( 7¢(9) > na

( (s1g) 7(99) ) ifgeP— H.

We have Ind%(y) ~ Ind} (v°). The F-representation Ind% (v) is irreducible if and only if v # ~°.
When v = ~¢, Indf; () is isomorphic to 5x p/H © 7, with ¥ an extension of v to P.

plg) =

Lemma 3.1.2. Let M/L be a quadratic extension and let E/K be a finite extension. Fir a
character vy : Gy — O with trivial reduction. Then:

(a): If M/L is ramified, then v extends to a character of G.

(b): Ifa=pB=0 ora >0, and M/L is unramified, then -y extends to G.

(¢): If a =0, B > 0 and M/L is unramified, then v extends to G if and only if -y is
unramified.
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Proof Let o/ = ord,(I/(M/@) —1). Choose a uniformizer ¢ of M; if M/L is ramified (resp.
unramified) we can assume that ¢ = ¢? (resp. € = <) is a uniformizer for L.

We normalize the reciprocity law of local class field theory so that uniformizers corresponds
to arithmetic Frobenii. There is a commutative diagram:

Gu — Gy S pax® D 14+ Mg

3 1 AR

~

G — G®P T x e
in which the central horizontal isomorphisms are induced by the reciprocity maps, 9t is induced

by the norm map of M over L, the first two vertical maps are induced by the inclusion of L in
M, and ~ denotes the morphism induced by the given character Gyy — O (also denoted 7)

On fiar X Zr. Assume M/L is ramified, so that & = o/. As the image under G* 5 OF x ¢~
of ker(G® — G®)) contains —1, we see that ‘)’I(C]iagj) = géej for all integers ¢ and j. In

particular 91 is an isomorphism and 7 extends to a character of G with values in 1+ 9g. This
proves (a).

Assume that M/L is unramified, so that m(C;Q,cj) = 32; €%, In this case o/ = a+ f3, so that
if @ > 0 we have a = o/ and M is an isomorphism. Similarly if @ = 8 = 0 we have o’ = 0 and N
is bijective. This proves (b).

To prove (c), assume M/L is unramified. Suppose that « = 0 and o/ = 8 > 0. Define a
continuous character 7' : €Zr — 149y by setting 7/(€) = v(¢)*/2. If ~ is unramified, 7/ o 9 = v
so that +' defined an extension of v to G. Viceversa, assume that v extends to a character
7 : G — OF. By contradiction suppose that there is g € Gjs such that (g) # 1 and g is sent
by the fixed epimorphism Gp; — fhpet X ¢%r to (pa/. Then

1#4(9) = 7" (M(Gu)) =7"(1) =1

for some character 7" : Of x & Oy induced by 4. This is impossible. B

We introduce another piece of notation. Recall that we have chosen an arithmetic Frobenius
® of G. Assume for this definition that L((,) is a quadratic extension of L so that ®2 is an
arithmetic Frobenius for Gr,,) and 8 > 0. By local class field theory we obtain an identification

Gabv(p)
L(Cp)
E of K containing (,s we denote by <, (resp. yy,1) the homomorphism

2 f1,8 X ¢%» sending ®? to a uniformizer ¢ of L(¢p). For any integer r and for any extension

GL(Cp) — 1+ mE

obtained by sending (,s to C;B and ¢ to —I/ (resp. ¢ to 1). If an extension F is not specified,
we see vy, (resp. 7,.1) as a character with K ((,s)-values.

3.2. Semisimple reducible p. Assume p = 9 @ 1 for some character ¢ : G — k*. We saw
that if ¥ # w*! and w # 1 then R?“p is an integral domain and X has exactly one irreducible
component of type 11y (resp. IV) if ¥} is unramified (resp. ramified). We therefore assume that
eitherw=1orw#1 and ¥ = w.

Proposition 3.2.1. I[fw =1 and ) = O, or if 9 =w # 1, [L(() : L] # 2 and ¢ = x, then X
has no geometrically irreducible components of type III.
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Proof Let p : G — GL2(K) be an absolutely irreducible representation lifting p, say
P i Indﬁ(fy) for a quadratic extension M/L and a character v : Gy — C’)IX—( such that v is
different from its G/Gps-conjugate ~°.

Assume w = 1 and ¢ = Jy. Since p is reducible, we have ¥ = 4¢ and 7 extends to G;
denoting by 4 any such extension, we obtain p ~ yX s/ ©7 where x /7, is the quadratic mod p
character associated to the extension M/L. If ¥ = 1, parts (a) and (b) of Lemma imply
that v = +“. Then yxp;/, = 1 which again implies ¥ = 1 and v = 7, so that there are no
components of type III in this case.

Assume now ¥ = w # 1 and ¢y = x. As before we find p ~ YXps/, ® 7, which implies
w = X/, and therefore [L((p) : L] = 2. B

Proposition 3.2.2. Assume ¥ = w # 1, [L((,) : L] = 2 and ¢ = x. Then B > 0 and

Xg has p’82—1 geometrically irreducible components of type I, say Cj;; (1 < r < pﬁT_l). Let

Kp = K((ys): there is a point x € Cj;;(Kp) such that

-1
11 . 11
Pr = ( 1 1 > 'IndL(Cp)(’W‘)' < 1 1 )
as O ,-representation. The lifts of p associated to K -rational points on Ct;; are all and only
K -isomorphic to the above p,.

Proof By way of Proposition we need to classify the K-linear isomorphism classes of
absolutely irreducible lifts of p. Fix a finite extension K’ of K and let p : G — GL2(K') be an
absolutely irreducible representation having determinant y; assume that p has an integral model
whose reduction is equal to 5. We can assume p = Ind};(y) with M a quadratic extension of L
and v : Gy — OF, a character which is different from its G/Gs-conjugate. Since any integral
model of p has reducible reduction we deduce that ¥ = 5 and J © 1 ~ JXp; 1, © 7, where ¥
denotes any fixed extension of 4 to G. This implies that ¥ = w = Y7/, so that M = L ((p).
Since 7 = 1, part (c) of Lemma implies that ~ is ramified. Assuming without loss of
generality that (s € K " we see that v factors as:

v GL(Cp) — fps X | + My

and satisfies v((,s) = (s for some integer r € [1,p% —1].

Since ® ¢ G and ®? is an arithmetic Frobenius in G L(¢,) We obtain using the determinant
condition:

1o(@7) = 7(9%)? =17,
Assume that in the projection G L(¢p) — Hps X ¢Zr &2 corresponds to the uniformizer ¢, so that
v(s) = 1/, Since the image of 7 is contained in 1 + Mg, we have that y(s) — 1 is an integer

divisible by p. Since a = 0 this means that v(¢) = —1/. B
We conclude that our original representation p is K-isomorphic to p, := Indf(gp)(%) for

some integer 7 € [1,p% — 1]. We claim that if r, s € [1,p” — 1] then:
pr ~j ps if and only if r = +s(mod p”).

Indeed, if p, >~z ps pick an element i € I = IGL( ) whose image under the surjection Gr(¢,) —
P X ¢Zr equals (ps- By Kummer theory together with the fact that 7, = 1, we see that
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~vE(i) = ’yr(i)l_f. The equality of traces of p,(i) and ps(7) implies then that:
. ri—f -t
o+ =Ca+ 05

Since [=f = —1 in Z/p®Z we deduce that C;za + C;f = ;5 + CI;;S so that 7 = +s(mod p®). On
the other side, by similar computations one sees that ¢ = y_,, so that the claim is proved.
Fix now an integer r € [1, pz;l] and set p, = (_11 })71 Dr (_11 }), viewed as a representation
with coefficients in K 3. To conclude the proof of the proposition, we are left with checking that
pr 18 an integral representation with determinant y and that it reduces to p.
Since 7y = -, the determinant of p, is unramified. As ® ¢ Gp ) we have det p,(®) =

—7(®2) = I/ and we conclude det g, = x. An explicit matrix computation shows that:

L) +7(9) wlg) —w(9) )

» 2 < YE(9) —w(9) Y (9) +7E(9) ) t9€Gug)
Pr\g) =

1 < 7 (9®) =1 (@) =7 (9®) + (2 1g)
2 ’Yr(gq)) - 'Yr((p_lg) 'Yr(gq)) + ’Yr(q)_lg)

This implies that p, is Of,-integral and its reduction modulo Mg, equals p, as 7. = 77 = 1
and ¥ =w = )ZL(CP)/L. |

> ingG_GL(gp)-

3.3. Non-semisimple p. Assume p is a non-split extension of 1 by 1, so that either ¢ = 1 or
¥ = w.

Proposition 3.3.1. If p is a non-split extension of 1 by 1, then X does not have any geomet-
rically irreducible component of type III.

Proof If z is a K-rational point on a component of type III, p, ~z Ind%,(y) where M
is a quadratic extension of L and 7 is a character of Gj; which satisfies v # 7°. Since p is
reducible, we have ¥ = 4¢; since p** = 1@ 1, if we denote by 4 any extension of 4 to G we have
¥ =1=9Xumy/L, so that x5;/p =1, which is impossible. B

Assume ¥ = w, w # 1 and set ¢ = xy. We can assume:

_ w 1,
p= ( H > ;
where the 1-cocycle ¢, is defined at the beginning of section

Proposition 3.3.2. Assume ¥ =w # 1 and ¥ = x.

(a): If [L(¢p) = L] # 2, X does not have any geometrically irreducible component of type
1I1.

(b): If [L((p) : L] = 2, X has 7# geometrically irreducible components of type III, say
Cip 1<r< pﬁz—_l). Let Kg = K ((,5): there is a point x € Cj;;(Kp) such that for some
X e GLQ(K[})

pe=X"" -Indﬁ(cp)(%) - X

as Ok, -representation. The lifts of p associated to K -rational points on Cr;; are all and
only K-isomorphic to the above p,.
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Proof Let K’ be a finite extension of K. If z is a K'-rational point on a component of
type III, p, >~k Indﬁ(y) where M is a quadratic extension of L and v is a character of Gy
which satisfies v # 7°. We have 7 = 7 and from p* = w & 1 we deduce w = X/, and hence
M = L(¢,). Let us now assume [L((p) : L] =2 and M = L ({p).

As in the proof of Proposition we see that we can assume K’ = Kz and we have
B_1

pz ~K,; pr Where p, = Indé(gp)(%) for a uniquely determined integer € [1, 25—=]. Since the
semisimple reduction of p, is isomorphic to w @ 1, by Ribet’s lemma ([6], Proposition 2.1) we
can find a matrix Y € GLy(Kpg) such that Y~ 1p,Y is Ok ;-integral and has reduction equal to
(w Ct”) for some ¢ # 0 in the residue field of Kg. Then we can also find X € GLy(Kg) such that

X 1p.X is Of ,-integral and has reduction equal to p. Since det(X ™~ 1p.X) = x, we are done.
|

3.4. Absolutely irreducible p. Suppose that p is absolutely irreducible. We can assume that
(2] 2.3, 2.4):
p = Indf;(6)

where M is a quadratic extension of L and 6 : Gj; — k™ is a character which is different from
its G/Gr conjugate 0°. We set 1) to be the Teichmiiller lift of det p and we consider as usual
framed deformations of p having determinant ¢). The generic fiber X of the corresponding
deformation space has only components of type III.

A straightforward computation shows that H?(G,ad" p) is non-trivial if and only if one of
the following mutually exclusive conditions is satisfied:

(IRR1) M = L (), or
(IRR2) L(¢p) /L is quadratic and 6° = 0 ® w),, -

If (IRR1) and (IRR2) are both false, X is an integral scheme and up to K-isomorphism
there is only one integral lift of p defining a point on X, namely Ind%/[ ().

Lemma 3.4.1. Assume that (IRR1) does not hold and (IRR2) holds. Then p is isomorphic to
Indf . \(n) for some character n : G,y — k* which satisfies 1 # n°.

Proof Let ¢ denote the restriction of 6 to Gpy(c,). Fix an element s € G ) — Guc,); the
value at g € Gy (¢,) of the conjugate §¢ of § with respect to the quadratic extension M ((p)/L(¢p)
can be computed as:

8°(g) = 8(s~"gs) = 6(9),
where 0¢ is the conjugate of 6 with respect to the extension M /L. By (IRR2), §°(g) equals
(0 ®w)(g) =0(9)XL(c,)/L(9) = (g), so that ¢ extends to a character ) of G¢,). Since 0)pr(¢,) =
na(c,) We have:
(1) IndM IndM( )(Q\M(C )) >~ IHdL( )Ind (( ))(n\M(Cp))
As 0)p1(¢,) extends to M we have
Indyy ) (Oar(¢,) = 0 OX\arcy)/m
Similarly:
L(Cp) ~ -
Indy ) (are)) = 1 NXLG)/M(G)-
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We conclude from (1)) that Ind%; (9) ®Ind%, (OXp(c,) /) =~ Indf(cp) (7])@Indf(cp)(n)ZL(Cp)/M(Cp)).
Since X|ar(¢,)/M = WG (IRR2) implies that the representation Indﬁ (0)’(| M(Cp) /M) is isomorphic
to Ind¥; () and:

Ind}; (0) @ Indf; () ~ Indf(gp) (n) @ Indf(gp)(nXL(gp)/M(cp))-

As the left hand side above has length two, it follows that p is isomorphic to Indf(cp) (n). A

By the above lemma, we can assume from now on that M = L((,), which implies w # 1
(i.e., a = 0) and 8 > 0. Recall the characters 7,1 introduced in [3.1] and recall that the symbol
~ denotes Teichmiiller lifting for some finite extension of Q, inside Q.

Proposition 3.4.2. Assume M = L((,) and set ¢ = aé\{/ﬁ. Then X has p° geometrically
irreducible components of type III, say Cy;; (0 <r <p’—1). Let Kg = K (Cys): there is a point
x € Cj;;(Kg) such that

Pz = Indf(gp)(e & ’Yr’l)

as Ok, -representation. The lifts of p associated to K -rational points on Ci; are all and only
K -isomorphic to p,.

Proof Let M be a quadratic extension of L inside Q; and let p = Ind]Lw1 (6) be a degree two
absolutely irreducible representation of G defined over some finite extension K’ of K. Assume
that p has determinant ¢ and has an integral model whose reduction equals p. This implies
Ind%;, () ~ Ind%@p)(ﬁ), so that ¢ is different from its G /Gy, -conjugate 6.

We claim that we can suppose M; = L({,). Assume M; # L({,) and set F' = M;((,). Since
Indﬁ1 (6) ~ Indf(cp)(ﬁ) we can assume |G, = 0|, which implies

dGp = 9|GF ®mn

for some character n : Gp — 1 + Mgs. Denote by ¢ a uniformizer of L(Cp), so that ¢ = /2

for a choice of uniformizer v of F. The norm map F* — L((p)* induces an isomorphism
Hps X v — fps X (—5)%, so that the character 1 can be extended to a character of G L)
Since the same is true by assumption for 0~|GF, we conclude that dg, extends to a character d;
of Gpc,)- It is easy to check that §; is different from its G/G(c,)-conjugate. We conclude that
p= Indﬁ1 (0) ~ Indf(cp)(él).

Assume now M; = L(¢y) and p = Indﬁ(gp)(é) asiabove; also suppose (o € K'. The
isomorphism Indﬁ(cp)(é) o~ Indf(gp)(ﬁ) implies 6 = 0 or 6 = 0°. We assume J = 6 as the other
case can be treated similarly and does not produce new irreducible components. We write
0 = 0 ® v where

ab,
71 G = G = iy X S = 1 My

(¢ is a uniformizer of L((p)) sends (,s to (s for some integer r € [0,p” — 1] and sends s to some

m € 1+ M. By the proof of Proposition and by Lemma (c), it follows that the
G/G(¢,)-conjngate 1° of 5 sends G,a to ¢7 and  to m.

Since the determinant of the representation Indf(cp)(é) is assumed to be equal to v, we
obtain that for g € G, which is sent to ¢ by the reciprocity map we have

36°(g) = 0v0°y(g) = 66°(9).
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This implies m? = 1 and hence m = 1 since 149 is a pro-p group. We conclude that v = Yr1
and: .
p=pri= Indﬁ(gp)(H ® Yr1)-

Observe that p, is an Of,-integral representation whose reduction modulo My, is irre-
ducible and equals Indf(gp)(Q), as ¥r1 = 1. Furthermore, if p, ~g ps we must have 5%,1 = éfys,l
or 5%,1 =6y s.1: the first option implies 7 = s(mod p”), while the second option cannot occur
as reducing modulo My, it would imply 6 = 6°.

To conclude the proof, in view of Proposition [3.1.1} it is then enough that we show det p, =
Y. If g € G ¢,) we have det pr(g) = 07,10°7—r1(g) = 00°(g9) = ¥(g). Assume g € G — G,
we need to check that 7, 1(g?) = 1 (notice that g? is an element of Gre,))

Assume g = 1@ " with « € I and n € 7 — ZZ, so that

Yr1(6%) = Y1 ()71 (@70 ®@™) Yy 1 (272) = 401 (1) 71 (DT D™).

Let CZ@ be the image of ¢ under the projection sz(’c(f)) — pps. By Kummer theory and the

definition of ~, 1 we obtain:
_ —nf
Y (@7P™) = ¢

so that 7,1 (¢)yr1 (27" P™) = g“z()}flinf)ar =1,as 1/ = —1(modp?) and n ¢ 2Z. A

4. COUNTING THE IRREDUCIBLE COMPONENTS

For convenience of the reader we recall our notation. Let [ be an odd prime and fix a finite
extension L of Q; whose residue field has cardinality /. Let G be the absolute Galois group of
L. Fix an odd prime p # [ and let K be a finite extension of @, having residue field k. Denote
by x be the p-adic cyclotomic character of G and by w its reduction modulo p. Set

a=ord,(IY —1), B=ord,(lY +1).

We denote by ~ the operation of taking Teichmiiller liftings of elements in the residue field of
@p. For any non-negative integer m we denote by K, the extension of K in Qp generated by
the p™th roots of unity.

Fix a continuous representation p : G — GLa(k) and let ¢ : G — Oj be a lifting of the

determinant character of p. Denote by R?’d’ the complete local noetherian Og-algebra repre-

senting the functor Dg’w and let X denotes the generic fiber Spec REWJTI’} of the corresponding

deformation K-scheme. In view of what remarked at the beginning of [2 in what follows we can
replace k with a finite extension, we can change p by a twist, and we are allowed to fix a specific
value for .

If C is a geometrically irreducible component of X, we say that it is of type I, II, III or IV
according to the classification given in Theorem For 7 in the set {I,II,II1,1V}, we let
c? be the number of geometrically irreducible components of type 7 contained in X. We will
denote by K- a finite extension of K inside @p over which every component of type ? has a
rational point. We set:

c = (cr,cr1,¢111,€1v)
K = (K1, K11, K111, K1v')

and let ¢ = cr+ceir+cerrr + ey and Kc = K[K]]K[[[K]V.
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We now summarize some of the results of the previous sections. We distinguish three cases
depending on whether (A) [L((p) : L] = 1, (B) [L((p) : L] = 2 or (C) [L((p) : L] > 2. These
three cases also correspond to, respectively: @« > 0 and 8 =0; a=0and 8 > 0; aa = = 0.
Notice that since p is odd it cannot happen that o > 0 and 8 > 0.

Theorem 4.0.3 (A). Assume [L((p): L] =1 (i.e., w=1).

Al. Let p =9 ® 1 where ¥ : G — k™ is a character, and set ¢ = V.
All. If9 =1, then c = <1, 1,0, %) and K = (K, K, —, K,). In particular ¢ = #
and K. = K.
A1.2. If 9 # 1 is unramified, then ¢ = (0,1,0,p* — 1) and K = (—, K, —, K,,). In partic-
ular ¢ = p® and K. = K.
A1.3. If ¢ is ramified, then ¢ = (0,0,0,p%) and K = (—,—, —, K,). In particular ¢ = p*
and K, = K,.
A2. Let p be a non-trivial extension of the trivial character by itself, and set 1 = x.
A2.1. If p is unramified, then ¢ = (1, 1,0, 1%) and K = (K, K, —, Koy1). In particular
c= @ and K. = Kqo41.-
A2.2. If p is ramified, then ¢ = <1,0,0,L2_1) and K = (K,—,—,K,). In particular
c= paTH and K. = K,.
A3. Let p be absolutely irreducible and set i = ge;c/ﬁ. Then ¢ = (0,0,1,0) and K =
(=, —, K,—). In particular c =1 and K. = K.

Proof The result follows from the propositions proved in sections and
B4 =

Theorem 4.0.4 (B). Assume [L((,): L] =2 (i.e., w=w"1 £1).
Bl. Let p =9 @1 where ¥ : G — k> is a character.
Bl.l. If 9 =w sety =x. Thenc= (27 1, pﬂT_l,O) and K = (K, K, Kg,—). In particular

c= pBT”LE’ and K. = Kg.
B1.2. If ¥ # w is unramified set ¢p = V. Then ¢ = (0,1,0,0) and K = (—, K,—,—). In
particular c =1 and K, = K.
B1.3. If 9 # w is ramified set ¢ = 9. Then ¢ = (0,0,0,1) and K = (—,—,—, K). In
particular c =1 and K. = K.
B2. Let p be a non-trivial extension of the trivial character by a character 9.
B2.1. If 9 =1 set py = 1. Then c =(0,1,0,0) and K = (—, K, —,—). In particular ¢ = 1
and K. = K.
B2.2. If 9 =w set ¢ =x. Thenc = (1,07 pﬁT_l,O) and K = (K, —, Kg,—). In particular
C:pﬁg—ﬂ(deczKﬁ. -
B3. Let p be absolutely irreducible and set ¢ = det p.
B3.1. If p cannot be induced from a character of Gr,), then ¢ = (0,0,1,0) and K =
(—,—, K,—). In particular c=1 and K. = K.
B3.2. If p can be induced from a character of Gp,), then ¢ = (0,0,pﬁ,O) and K =
(=, — Kg,—). In particular ¢ = p? and K, = Kp.
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Proof The result follows from the propositions proved in sections [2.2.8] [2.3.1] [2.3.4]
B3land 34 W

Theorem 4.0.5 (C). Assume [L(¢,) : L] > 2 (i.e., w # w™!).

Cl. Let p=9 & 1 where ¥ : G — k™ is a character.
CL.1. If 9 = w*! set oy = xT'. Then c = (1,1,0,0) and K = (K, K, —,—). In particular
c=2and K. = K. }
C1.2. If ¥ # wt! is unramified set ) = 9. Then ¢ = (0,1,0,0) and K = (-, K, —, —). In
particular c =1 and K. = K.
C1.3. If ¥ # w*! is ramified set » = 9. Then ¢ = (0,0,0,1) and K = (—,—, —, K). In
particular c =1 and K, = K.
C2. Let p be a non-trivial extension of the trivial character by a character 9.
C2.1. If 9 =1 setyp =1. Then c = (0,1,0,0) and K = (—, K,—,—). In particular ¢ = 1

and K. = K.
C2.2. If 9 =w set p = x. Then c=(1,0,0,0) and K = (K, —,—, —). In particular ¢ = 1
and K, = K.

C3. If p is absolutely irreducible, set 1) = (:T(;c/ﬁ. Then ¢ = (0,0,1,0) and K = (—, —, K, —).
In particular c=1 and K. = K.

Proof The result follows from the propositions proved in sections [2.2.8] [2.3.1] [2.3.4]
B3land 34 W

If I # 2 and f are fixed and we let p grow, we eventually end up in the case « = # = 0, so that:

Corollary 4.0.6. Fix an odd prime | and assume that p is a prime big enough with respect to
l and f (for evample, p > 17). Then X is geometrically irreducible, unless p is twist-equivalent
to wt @ 1, in which case X has two geometrically irreducible components.

Notice that the above corollary can be proved easily without making use the Theorems
[4.0.4] or L.0.5}

Corollary 4.0.7. Each absolutely irreducible component of X has a point rational over K,4g,
unless a > 0, f = 0 and p is non-semisimple and twist-unramified, in which case every absolutely
irreductble component of X has a point rational over Kqy1.

Proof This follows from the determination of K. in Theorems [4.0.3] [4.0.4] and [£.0.5] The
special case corresponds to case A2.1. of Theorem [

Remark 4.0.8. The results proved in sections [2| and [3] give additional information on the
components: in the mentioned sections, for any geometrically irreducible component C of X,
the list of K[G]-isomorphism classes of lifts of p corresponding to K-points of C is determined.
Furthermore, some rational points on C are explicitly computed. We did not summarize in this
section these results.
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