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POSITIVITY, COMPLEX FIOS, AND TOEPLITZ OPERATORS

LEWIS A. COBURN, MICHAEL HITRIK AND JOHANNES SJOSTRAND

We establish a characterization of complex linear canonical transformations that are positive with respect to
a pair of strictly plurisubharmonic quadratic weights. As an application, we show that the boundedness of
a class of Toeplitz operators on the Bargmann space is implied by the boundedness of their Weyl symbols.

1. Introduction and statement of results

The notion of a positive complex Lagrangian manifold, introduced in [Hormander 1971], has long played
an important role in microlocal analysis and spectral theory. Restricting the attention to the linear case,
relevant for this work, let us recall that a complex Lagrangian plane A C C2” is said to be positive if we have

1
70(/9,6(/))) >0, peA. (1-1)

Here o is the complex symplectic form on C?” and C : C?>" — C?" is the antilinear map of complex
conjugation. Let us mention here several familiar problems, where considerations of positive Lagrangian
manifolds are essential. These include the spectral analysis and resolvent estimates for elliptic quadratic
differential operators [Sjostrand 1974; Hitrik et al. 2013], the study of spectral instability and pseudospectra
for semiclassical nonnormal operators [Hérmander 1960; Dencker et al. 2004], as well as the construction
of Gaussian beam quasimodes for semiclassical self-adjoint operators of principal type, associated with
closed elliptic trajectories [Ralston 1976; Babich and Buldyrev 1991].

In [Sjostrand 1982], one of us introduced and developed the notion of positivity of a complex Lagrangian
space relative to a strictly plurisubharmonic quadratic weight, which is the starting point for the present
work. To recall this notion, we let ®( be a real-valued strictly plurisubharmonic quadratic form on C”
and let us introduce the real linear subspace

Aoy = {(xﬁ@(x)) :xe@"} com. (12)
i Ox

We can view Ag, as the image of the real phase space R2" C C2" under a suitable complex linear
canonical transformation on C2”, and in particular we notice that A, is maximally totally real. In
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analogy with the discussion above, we say that a complex linear Lagrangian space A C C?" is positive
relative to A, provided that the natural analog of (1-1) holds,

1
ITU(/@ LCI:'()(/O)) > O, pE A. (1'3)

Here the map of complex conjugation C has been replaced by the unique antilinear involution tg,, :
C?" — C2" such that Ly | Aoy = 1. A result of [Sjostrand 1982] establishes a complete characterization
of complex Lagrangians that are positive relative to A ¢, — see also Theorem 2.1 below.

In this work, we shall be mainly concerned with positive complex canonical transformations. Indeed,
the main goal of the present work is to provide a characterization of positive complex linear canonical
transformations relative to plurisubharmonic weights, and to consider Fourier integral operators (FIOs) in
the complex domain associated to positive canonical transformations, establishing a link between such
operators and Toeplitz operators. In particular, it seems that the point of view of complex FIOs allows us
to shed some new light on some basic questions in the theory of Toeplitz operators. We would like to
emphasize here that the original motivation for attempting to establish a link between FIOs in the complex
domain and Toeplitz operators came from a talk delivered by Coburn at the conference “Complex and
functional analysis and their interactions with harmonic analysis™ at the Mathematical Research and
Conference Center, Bedlewo, June 2017.

We shall now proceed to define the notion of a complex linear canonical transformation which is
positive relative to a strictly plurisubharmonic quadratic weight, and to state our main results. In fact,
proceeding in the spirit of the discussion above, it will be more transparent to introduce the notion of
positivity relative to a pair of strictly plurisubharmonic quadratic forms rather than relative to a single
one. Thus, let &, ®, be two strictly plurisubharmonic quadratic forms on C" with the corresponding
antilinear involutions (g, , te,. Let k : C2" — C2" be a complex linear canonical transformation, k*o = 0.
We say that k is positive relative to (Ag,, Ag,) provided that

1
lT(O'(K(,O),lcle(,O))—O'(,O,LQZ(,O))) >0, pe q:zn' (1-4)

The positivity of  relative to (Ag,, Ae,) is said to be strict provided that the inequality in (1-4) is strict
for all 0 # p € C". Let us remark that in the case when the positivity is taken relative to the real phase
space R2" see (1-1), such canonical transformations were studied in [Hormander 1983, 1995]; see also
the recent works [Pravda-Starov et al. 2018; Aleman and Viola 2018].

We can now state the first main result of this work.

Theorem 1.1. Let k : C** — C2>"* be a complex linear canonical transformation and let &1, ®, be
strictly plurisubharmonic quadratic forms on C". The canonical transformation K is positive relative to
(Ae,, Ao,) precisely when we have

K(Ao,) = Ao, (1-5)

where ® is a strictly plurisubharmonic quadratic form such that ® < ®;.
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Remark. The definition (1-4) of a positive canonical transformation is a direct adaptation of the corre-
sponding notion of positivity due to Hormander [1983; 1995] to the weighted setting. One advantage of
the consideration of the general case of a pair of weights ®, ®, is that we can let ¥ be the identity in
(1-4) and get an invariant notion of the positivity of one plurisubharmonic weight compared to another, in
view of Theorem 1.1.

Our second main result is concerned with applications of Theorem 1.1 to the study of Toeplitz operators
in the Bargmann space
Hg, (C") = L*(C",e~2%° L(dx)) N Hol(C"),

where @ is a strictly plurisubharmonic quadratic form on C” and L(dx) is the Lebesgue measure
on C". See also (A-1). Specifically, we shall be concerned with the continuity properties of (in general
unbounded) Toeplitz operators of the form

Top(e??) = Mg, 0e?? o Mg, : Hey(C") — He, (C"), (1-6)
where ¢ is a complex-valued quadratic form on C” and
Mo, : L*(C", e *®0 L(dx)) — Hg,(C")
is the orthogonal projection. Sufficient conditions for the boundedness of Top(e29) are provided in the
following result.

Theorem 1.2. Let ® be a strictly plurisubharmonic quadratic form on C"* and let q be a quadratic form
on C" such that

2Req(x) < Phem(x) 1= 3(Po(x) + Po(ix)).  x #0, (1-7)
0x93(Po —¢) # 0. (1-8)

Let a € C*°(Ag,) be the Weyl symbol of the Toeplitz operator Top(e29). Assume that a € L>®(Ag,).
Then the Toeplitz operator
Top(e*?) : Hg,(C") — Hg,(C")

is bounded.

Remark. Let us remark that Theorem 1.2 is closely related to the conjecture of [Berger and Coburn
1994; Coburn 2019] stating that a Toeplitz operator is bounded on Hg,(C") precisely when its Weyl
symbol is bounded on A g,. Theorem 1.2 can therefore be regarded as establishing the sufficiency part
of the conjecture in the special case when the Toeplitz symbol is of the form exp(2g), where ¢ is a
complex-valued quadratic form on C”, satisfying (1-7), (1-8).

Remark. As we shall see in Section 4, the strict inequality in condition (1-7) guarantees that the operator
Top(ezq ) is densely defined, and it seems difficult to weaken. Notice also that the Hermitian form ®peppy
in (1-7) is positive definite on C”, thanks to the strict plurisubharmonicity of ®.

The plan of the paper is as follows. In Section 2, we establish the necessity part of Theorem 1.1,
by means of direct geometric arguments, relying on some general results of [Sjostrand 1982]; see also
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[Caliceti et al. 2012; Hitrik and Sjostrand 2018]. The proof of Theorem 1.1 is completed in Section 3,
where we have found it convenient to introduce explicitly a Fourier integral operator in the complex domain
quantizing the canonical transformation « satisfying (1-5), when verifying the positivity of «. Applications
to Toeplitz operators are given in Section 4, where Theorem 1.2 is established. Appendix A is devoted
to some elementary remarks concerning integral representations for linear continuous maps between
weighted spaces of holomorphic functions, which can be regarded as a version of the Schwartz kernel
theorem in this setting. These representations are to be applied in the main text when deriving a Bergman-
type representation for our complex FIOs. Finally, Appendix B, for use in Section 4, characterizes
iF(x

boundedness properties of operators given as Weyl quantizations of symbols of the form e £) where

F is a holomorphic quadratic form on C?”.
2. Positive Lagrangian planes and positive canonical transformations in the H g -setting

Let @y be a strictly plurisubharmonic quadratic form on C”". Associated to ® is the I-Lagrangian
R-symplectic linear manifold A ¢, given by

200
Ao, = {(x,f—o(x)) :xeC”} cc”, 2-1)
i ox
The linear manifold A ¢, is maximally totally real, and we let tp,, be the unique antilinear involution
lg, : C*" — C*" (2-2)

such that the restriction of 1, to Ag, is the identity. For future reference, we may recall the explicit
description of the involution (g, given in [Hitrik and Sjostrand 2018],

2 - 2 _
(y’ 7(q>g,xxy + q)g,xfcx)) = (x’ IT((D/(;,xxx + q)g,xfcy))' (2-3)
We also have
2" 2 -
(1. 20, 00(x, ) = (v, Z0xWo(x. ). (2-4)
where Wy (x, p) is the polarization of @y, i.e., the unique holomorphic quadratic form on C% x C such
that Wo(x, x) = ®g(x).

Let A C C?" be a C-Lagrangian space, i.e., a complex linear subspace such that dim¢ A = n and
o|a = 0. Here o is the standard symplectic form on C?”. Let us consider the Hermitian form

1
b(l), ,LL) = ?G(V’ Ll (/’L))’ v, L E CZn‘ (2'5)

We say that A is positive relative to A g, if the Hermitian form (2-5) is positive semidefinite when
restricted to A,

b(u,pu) >0, peA. (2-6)

The positivity is said to be strict if the form b in (2-5) is positive definite along A. As remarked in the
introduction, this notion is a direct adaptation of the corresponding notion of positivity due to Hérmander
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[1971], where in place of (Ag,.te,) We have (R?",C), with C being the antilinear map of complex
conjugation.

Remark. It is easy to see and is established in [Caliceti et al. 2012; Hitrik and Sjostrand 2018] that the
Hermitian form b is nondegenerate along A precisely when A and A ¢, are transversal.

Our starting point is the following well-known result; see [Sjostrand 1982; Caliceti et al. 2012; Hitrik
and Sjostrand 2018].

Theorem 2.1. A C-Lagrangian space A is positive relative to Ag,, if and only if A = Ay, where ¥ is a
pluriharmonic quadratic form such that ¥ < ®.

The proof of Theorem 2.1 given in [Sjostrand 1982; Caliceti et al. 2012; Hitrik and Sjostrand 2018]
discusses the case of strictly positive Lagrangian planes only and depends on the general fact that the set
of all C-Lagrangian spaces which are strictly positive relative to Ag,, is a connected component in the set
of all C-Lagrangian spaces that are transversal to A ¢,. Here we shall give a more direct proof, using the
explicit description of the involution tg,,, given in (2-3), (2-4). Let A C C2" be C-Lagrangian, positive
relative to A g,,. It follows from (2-3), as explained in [Sjostrand 1982; Hitrik and Sjostrand 2018], that
the fiber {(0,£); & € C"} is strictly negative relative to Ag,, in the sense that the Hermitian form b in
(2-5) is negative definite along the fiber, and therefore A is necessarily of the form & = d¢(x), where ¢
is a holomorphic quadratic form on C”. It follows that

A=Ay, (2-7)
where ¥ = —Im ¢ is pluriharmonic quadratic. We shall now see that ¥ < @, and to this end, let us
consider the decomposition
D¢ = Pherm + Ppin, (2-8)
where
cI)herm(x) = q)g,)‘cxx X (2-9)
is positive definite Hermitian and
Dpin(x) = Re(Cbg’xxx -X) (2-10)

is pluriharmonic. Let
2 2
and let us consider the complex linear “vertical” canonical transformation
ka(y.m) = (y.n+ Ay). (2-11)
We have
KA(A ) = Ny (2-12)

and letting 1, be the antilinear involution associated to Ag,_ ., it is then clear that

—1
Lq)herm = KA o Lq)() OK4. (2-13)
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It follows that A is positive relative to A g, precisely when
K1 (A) = Ay_a,,

is positive relative to Ag, ., and when proving Theorem 2.1 we may assume therefore that the plurihar-
monic part of @y vanishes. In this discussion, we are also allowed to perform complex linear changes of
variables in C", which correspond to canonical transformations of the form k¢ : (y,n) = (C~ 'y, C'p),
where C is an invertible complex n x n matrix. We have kc(Ag,) = Ap,, P1(x) = P¢(Cx), and it
follows therefore that when establishing Theorem 2.1 it suffices to consider the model case when

Do (x) = S|x|*. (2-14)

An application of (2-3) shows that the involution tg, is then given by

1.1
y.,n) = (lfﬁ, 17)7)’ (2-15)

and therefore .
b(p, 1) = ~0 (s 1y () = X2 = 7, pp=(x,6) € C*". (2-16)

When € A = Ay, we write £ = (2/i)0x¥(x) = dx@(x), ¥(x) = —Im g, where ¢ is a quadratic
holomorphic form, and therefore if A is positive relative to A g, then (2-16) shows that

o = lxl,  xeC" = loiil =1 (2-17)
We get
Y(x) =—Ime(x) < %l(p;éxx-x| < %|x|2 = ®y(x), xeC" (2-18)

Conversely, let A be C-Lagrangian of the form A = Ay, where W is pluriharmonic quadratic such that
W < @ . Let us write ¥ = — Im ¢, where ¢ is a holomorphic quadratic form. We shall now see that Ay
is positive relative to Ag,, and it follows from the remarks above that it suffices to verify the positivity in
the model case when @ is given by (2-14), so that we have

W(x) = —Imp(x) < Do(x) = 3|x|*. (2-19)
Writing
—Im gy, x-x < |x|%, (2-20)

replacing x by ¢y and varying 6 € R, we get

ll x-x| <|x|?, xeC" (2-21)
Next, writing
" _ 1 1 "
PexX Y = g(Pkc (X + 1) (x + 1) =g (x = ) - (x = ),
we get, using (2-21),

@ex -yl < g (x + yI2 4 e =P = 3 (x> + y]?). (2-22)
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1/2

Replacing x — AY2x, y > A"12y A >0, we get

1 1
WQWMEEQMV+ﬂﬂﬁ, (2-23)
and choosing A = |y|/|x|, assuming for simplicity that x # 0, y 7 0, we obtain

@ -y < x| |yl.

Hence, [|¢, || < 1 and the positivity of Ay relative to A g, follows from (2-16), (2-17). The proof of
Theorem 2.1 is complete.

Remark. Closely related to the proof of Theorem 2.1 given above is the normal form for strictly plurisub-
harmonic quadratic forms, given in Lemma 5.1 of [Hormander 1997]; see also [Harvey and Wells 1973].

Let @, ®, be two strictly plurisubharmonic quadratic forms on C” and let k : C2” — C2" be a complex
linear canonical transformation which is positive relative to (A¢,, A, ), in the sense of (1-4). In the
remainder of this section, we shall establish the necessity part of Theorem 1.1, while the sufficiency is
discussed in Section 3. To this end, let us observe first that the linear I-Lagrangian R-symplectic manifold
k(A ®,) is transversal to the fiber {(0,&) : £ € C"}. Indeed, we have in view of (1-4),

1
?G(p7 Lo, (IO)) >0, pE K(Asz)’ (2-24)

while, as recalled above, we know from [Sjostrand 1982; Hitrik and Sjostrand 2018] that the fiber is
strictly negative relative to A g, . It follows that k (Ag,) = A, where @ is a real quadratic form such that
the Levi form 99 ® is nondegenerate. When verifying that ® is (necessarily strictly) plurisubharmonic,
we claim that it suffices to do so when the pluriharmonic part of ®, vanishes. Indeed, introducing
the decomposition (2-8), with the quadratic form &, in place of @y and considering the canonical
transformation k4 given in (2-11), we see, using also (2-13), that « is positive relative to (Ag,, As,)
precisely when I(Zl ok ok 4 is positive relative to (A(I)l_q)Z,plh’ Ao, ) Here @3 oy and @ pery are the
pluriharmonic and the Hermitian parts of ®,, respectively. Here it is also helpful to notice that

—1
L —@y p =Ky ©lo OKyg.
To summarize, if we know that the generating function of the linear I-Lagrangian R-symplectic manifold
-1
KA oKk o KA (A qDZ,herm)

is plurisubharmonic, then the same property is also enjoyed by the generating function of k(A ¢,). In
what follows we shall assume therefore that

cDZ,xx = q>2,)'cy'c = 0. (2-25)

As above, in this discussion, we are also allowed to perform complex linear changes of variables in C",
which correspond to canonical transformations of the form (y, ) — (C~'y, C'n), where C is an invertible
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complex n X n matrix. Such canonical transformations preserve the plurisubharmonicity of the generating
functions, and similarly to the proof of Theorem 2.1, it suffices therefore to consider the case when

@ (x) = 5|x|%. (2-26)

Theorem 2.1 then shows that the C-Lagrangian plane given by {(x, £) € C?" : £ = 0} is strictly positive
relative to Ag,, and therefore x ({(x, §) € C2" : £ = 0}) is strictly positive relative to Ag,,in view of the
positivity of k. Another application of Theorem 2.1 gives that

k({(x.£) €C*" 1 £ =0}) = Ay, (2-27)

where the quadratic form W is pluriharmonic, with W < @;.

Let ¢ (x, y, 0) be a holomorphic quadratic form on C} x CJ x (Cév , which is a nondegenerate phase
function in the sense of Hormander, generating the graph of «. It follows from (2-27), as explained in
[Caliceti et al. 2012], that the quadratic form

C"xCN 5 (y,0) > —Img¢(0, y,0) (2-28)

is nondegenerate, and since it is pluriharmonic, the signature is necessarily (n + N,n + N). Recalling
that
K(Ao,) = Ao, (2-29)

we see, using [Caliceti et al. 2012], that the quadratic form

(y,0) > —Im¢(0, y,0) + ©2(y) (2-30)

is nondegenerate as well. We would like to conclude that the signature of the quadratic form in (2-30) is
also (n+ N,n—+ N), and to that end, we follow [Sjostrand 1982] and consider the continuous deformation

[0,1]3¢t+— —Im¢(0,y,0) + Dy (p). (2-31)
Using (2-16) we see that

1
s0(,te,(1) =0, pnehp,, 0=<1=<1. (2-32)
i

It follows as before that the I-Lagrangian manifold « (A ;g,) is transversal to the fiber, 0 <7 <1, and
therefore we conclude that the nondegeneracy of the quadratic forms in (2-31) is maintained along the
deformation 0 < ¢ < 1. Recalling that the set of nondegenerate quadratic forms of a fixed given signature
is a connected component in the set of all nondegenerate quadratic forms, we conclude that the signature
of the quadratic form in (2-30) is (n + N, n+ N ). Now, as explained in [Caliceti et al. 2012], the quadratic
form @ in (2-29) is given by

(I)(X) = ch,e(_ IIII¢(X, s 9) + q)Z(y))’ (2'33)

where vc), ¢ stands for the critical value with respect to y, 6, and we conclude by the fundamental
lemma of [Sjostrand 1982], see also [Hitrik and Sjostrand 2018], that @ is plurisubharmonic. (As already
observed, the plurisubharmonicity of ® is necessarily strict.)
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We shall next see that ® < ®;, and when doing so it will be convenient to discuss the following
auxiliary result first, which may be of some independent interest.

Proposition 2.2. Let k : C*" — C?" be a complex linear canonical transformation which is positive
relative to (A, Na,). If ® is strictly convex then k has a generating function ¢(x,n) which is a
holomorphic quadratic form such that

K2 (@ (e, m), M) B (o, g (x, ). (2-34)

Proof. 1t suffices to show that the map
7 < graph(k) 3 (x,&; y, 1) — (x,n) € C*"

is bijective, i.e., injective. Let (0,&; y,0) € Ker(sr) so that « : (,0) — (0,&). Let us consider the
Hermitian forms

1 .
bj(v, ) = lfo(v,tcpj (W), j=12.

The strict convexity of ®, together with Theorem 2.1 implies

b2 ((,0), (»,0)) < [y]*, yecC" (2-35)

and the strict negativity of the fiber with respect to A, gives

b1((0,8),(0,8)) < —[§*, geC.

Hence by the positivity of x, we get

0=<51((0,8), (0,£) = b2((y, 0), (»,0)) < (&> + [¥I*).

It follows that (y, &) = 0 and we conclude that 7 is injective. O

Remark. Suppose that the assumptions of Proposition 2.2 hold. The holomorphic quadratic form
@(x,0) — y -0 is then a nondegenerate phase function generating the graph of «.

Let us now turn to the proof of the fact that
P < P;. (2-36)

It follows from the remarks above that it suffices to verify (2-36) when the pluriharmonic part of ®,
vanishes, and since we are again allowed to perform complex linear changes of variables in C", as before,
we conclude that it suffices to consider the case when @, is given by (2-26). Proposition 2.2 applies and
there exists therefore a holomorphic quadratic form ¢(x, 8) such that

K: ((pé(x, 0),0) — (x, ¢, (x,0)). (2-37)

We shall now express the positivity of « relative to (A¢,, A,) in terms of the generating function ¢. To
this end, we shall first obtain an explicit expression for the Hermitian form

1
?G((y? n)ﬂtfbl(y’ 77))’ (J’»’?)ECM,
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where we write

A:®N

l,xx*

®y(x) = JLX-x +Re(4dx-x), L =29

1,xx°

(2-38)

Here L is Hermitian positive definite and performing a unitary transformation, we may assume, for
simplicity, that L is diagonal, with real positive diagonal elements. A simple computation using (2-3)

shows that
%G((y, Mo (y,m) =Ly-y+QAy—in)-x, (2-39)
where
Lx =in—2A4y,
and therefore we get
ll.o((y, st (.m) =Ly-y—L7"Q2idy +1n)-2idy +1). (2-40)

Using also (2-37), we conclude that « is positive relative to (Ag,, Ag,) precisely when
LY@l +2iAx) - (¢l +2i Ax) + |pp(x,0)|* < Lx-x +0]%, (x,0) € C*". (2-41)

It is now easy to conclude the proof of the necessity part of Theorem 1.1, using (2-41). It follows from
(2-33) that we can write

P(x) = vey 6 (—Im(p(x, 0) — y - 0) + P2(y)). (2-42)

At the unique critical point (y(x), 6(x)), we have

Y =gy(x,0), (2-43)
%%(ﬁ:@ = 9=;y. (2-44)

Injecting (2-44) into (2-42), we get
®(x) =—Ime(x,0)—110]%, 0=10(x), (2-45)

and in view of (2-38), it suffices therefore to establish the inequality
—2Ime(x,0) < LX-x +|0]*> +2Re(4dx-x), (x,0) e C>". (2-46)
When verifying (2-46), we write, using the Euler homogeneity relation,

2¢(x,0) = ¢;(x,9)~x+g0é(x,9)-9, (2-47)
and therefore,
—2Im@(x,0) = —Im((@ (x. 0) + 2i Ax) - x + @y(x, 0) - 6) + 2Re(Ax - x). (2-48)

An application of the Cauchy—Schwarz inequality with respect to the positive definite Hermitian forms
(x,y) = L7 1x -3, (x,y) ~ x - j together with the inequality ab < %az + %bz allows us to conclude
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that the first term in the right-hand side of (2-48) does not exceed
LNl +2i4x) - (¢ + 2iAx) + LE - x + |gp(x, 0) 1> +160]%).

The inequality (2-46) follows, in view of (2-41). The proof of the necessity part of Theorem 1.1 is
complete.

Remark. In the context of Theorem 1.1, assume that ®; = &, =: O and let us write

Pp(x) = suﬂg (—Img(x, y)), (2-49)
yeRr”

where ¢(x, ) is a holomorphic quadratic form on C% x C¥ such that det (p;y # 0 and Im <p)’,’y > (. In the
special case when ® is given by (2-26), we can take

o(x.y) =i(3x7+V2x -y + 1)7).
The complex canonical transformation
ko 1 C*" 3 (1, —¢)(x, ) > (x, @ (x, y)) € C" (2-50)

maps R?” bijectively onto A g, see [Hitrik and Sjostrand 2018], and it exchanges the complex conjugation

map C and the involution tg,. Setting
K=k, okoky, (2-51)

we see that the complex linear canonical transformation £ is positive in the sense of [Hormander 1995],

Ho((0). CR (o) ~0 (0. Cp) 20, pe T 2-52)

An application of Proposition 5.10 of [Hormander 1995] allows us to conclude therefore that the map i
enjoys the factorization
/?=/2101220/Z3, (2-53)

where k| and k3 are real linear canonical maps and the map &5 is of the form
iy = exp(—i Hy), (2-54)

where § is a quadratic form with Re § > 0 on R?” — see also the discussion in the proof of Proposition 5.12
of [Hormander 1995]. We obtain the factorization

K =K1 0K 0K3, (2-55)
where we have
Kj: Aoy —> Aoy, =13, (2-56)
and
ko = exp(—iHy), (2-57)

where ¢ is a holomorphic quadratic form on C2” such that Re ¢ > 0 along A ,. The representation (2-55)
can be used to give an alternative proof of the basic inequality ® < &, in Theorem 1.1, in this special case.
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3. Positivity and Fourier integral operators

The purpose of this section is to establish the sufficiency part of Theorem 1.1. To this end, let &1, ®, be
two strictly plurisubharmonic quadratic forms on C” and let  : C2” — C?" be a complex linear canonical
transformation. Assume that

k(Ae,) = Ao, (3-1)
where @ is a strictly plurisubharmonic quadratic form such that
O <. (3-2)

We shall establish the positivity of « relative to (A¢,, Ag,) by making a judicious choice of a nonde-
generate phase function generating the graph of «, and to this end, it will be convenient to consider a
metaplectic Fourier integral operator associated to k. Let therefore ¢(x, y, #) be a holomorphic quadratic
form on C% x C§ x Cg’ , which is a nondegenerate phase function in the sense of Hormander, generating
the graph of «. It follows from [Caliceti et al. 2012] that the plurisubharmonic quadratic form

C"xCN s (y,0) > —Img(0, y,0) + Dr(y) (3-3)

is nondegenerate of signature (n + N,n + N). We conclude, following [Sjostrand 1982; Caliceti et al.
2012] that the Fourier integral operator

Au(x) = // e Dau(y)dy do, aecC, (3-4)
quantizing k, can be realized by means of a good contour and we obtain a bounded linear map,

A:Hgp, (C") — Hg(CM). (3-5)
Here

Hg,(C") = Hol(C") N L2(C", e~ 22 L(dx)),

with Hg (C") having an analogous definition.

We shall now discuss a Bergman-type representation of the bounded operator in (3-5); see also [Melin
and Sjostrand 2003] for a related discussion. To this end, let us recall from Theorem A.1 that we can
write

Au(x) = / Ka(x. Pu(y) e 20 L(dy) =: Au(x). (3-6)
Here the kernel K 4(x, z) is holomorphic on C} x C7, with
y K(x,y) € Hp,(C"),

uniquely determined by (3-6). If u € Léz (C") = L?(C", e~2®2 L(dx)) is orthogonal to Hg,(C"), we
see from (3-6) that Au = 0. Hence the operator Ain (3-6) is a well-defined linear continuous map

A: Ly (C") — Hg,(C").
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Furthermore, A extends to a map: &' (C") — Hol(C") and we have
Ka(x, 7)e %200 = (48,) (v), (3-7)

where §, € £'(C") is the delta function at y. Let next IT; : Léz (C") — Hg,(C) be the orthogonal
projection and let us recall from [Hitrik and Sjostrand 2018] that the operator I1, is given by

Mau(x) = a; / 2V N =020)y(3) L(dy), ay > 0. (3-8)

Here W, is the polarization of ®,, i.e., a holomorphic quadratic form on C)zc”’y such that W, (x, X) = $,(x).
We get Aay = /IHZSy = AIl,06,, and it follows from (3-7) that

K4(x.7) = Aa2*20 ) (x). (3-9)
From [Hitrik and Sjostrand 2018], let us recall the basic property
2Re Wy (x, 7) = Do (x) = P2(») ~ ~|x = y|?
on C} x CY, and in particular we have

2Re V¥, (x,p) < Dyr(x) + Do (p). (3-10)
It follows that
—Img(0, y,0) +2Re W5 (7,0) < —Im¢(0, 7, 0) + P2(7). (3-11)

Here, as observed in (3-3), the right-hand side is a nondegenerate plurisubharmonic quadratic form of
signature (n + N,n + N), and since the left-hand side is pluriharmonic, we conclude that it is also
nondegenerate of signature (n + N,n + N). Writing

—Ime(0, y,0) +2Re ¥, (3,0) =Re(ip(0, y,0) + 2¥,(7,0)),
we conclude that the holomorphic quadratic form
C"xCN 5 (7,0) — ip(0, 7,0) 4+ 2W, (7, 0)
is nondegenerate. It follows that the holomorphic function
C"xCN 5 (7,0)—ig(x, 7,0)+2Us(7, 2)

has a unique critical point which is nondegenerate for each (x, z) € C"* x C". An application of exact
(quadratic) stationary phase allows us therefore to conclude that

K4(x,7) =ae*¥™P  GeC. (3-12)
Here W(x, z) is a holomorphic quadratic form on C2” given by

2U(x,z) = veyg(ip(x, 7,0) +2W, (7, 2)). (3-13)

Let us now make the following basic observation.
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Proposition 3.1. The holomorphic quadratic form V(x, z) given in (3-13) satisfies

2Re W(x, ) < ®(x) + P2(y), (x,y) € Ch xCy. (3-14)
Proof. 1t will be more convenient to verify that

2Re W(x, ) < ®(x) 4+ D3(»). (x.y) €CyxC}, (3-15)

where ®7(y) = ®,(7). A direct calculation shows that

2 2 _
;3y<1>§(y) =—7(0yP) ().
or equivalently,
2 o = 2
Z0,(93)(F) = == 0y 22)(»).
It follows that the antilinear involution
L:C" 5 (y.) = (7, 7)) € C*" (3-16)
maps A g, bijectively onto Aq;;. We conclude in view of (3-1) that
kol Agr — Mg, (3-17)

and let us consider the graph of the map in (3-17), Graph(xk o I') N (A g X Aq;.;). Here Ag % Aq>; =
A¢(x)+¢§ (») 18 I-Lagrangian and R-symplectic for the standard symplectic form

dé Ndx +dnAdy (3-18)

on Ci”é X (DJZ,:’,] and we claim that Graph(k o ") N (A X Aq);) is Lagrangian for the symplectic form in
(3-18), restricted to A g X Aq;ik. This can be seen by a direct computation: when (¢, s) € A(I)Z‘ X A¢;< we
have, writing o for the standard symplectic form on C2”,

o(k(T(1)), k(T (s))) +a(t,s) =o(L(t),[(s) +a(t,s) =—0o(t,s) +o(t,s) =0,
since o (¢, s) is real. Here we have also used that, by a straightforward computation,
o(T't,Ts)=—o(t,s). (3-19)
It is then well known that 7y (Graph(koI') N (A X Aq>>2k )), the projection of Graph(xoI") N (A x Aq);)

in (D)Zc’fy, is maximally totally real; see [Melin and Sjostrand 2003].

We now come to check (3-15). To this end, we observe that (3-13) gives

20,V (x,y) =idxp(x, 7,0), (3-20)
28ylp(x» J’) :28y‘p2()7, y)1 (3-21)

where 5
Dop(x. 7.6) = 0. 359(x.5.6) + Z05%2(5. ) = 0. (3-22)
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We shall consider (3-20), (3-21) at the points (x, ) € 7y, y(Graph(koI') N A g x Aq,;), which corresponds
to y = y in (3-22). Using (3-22) together with the fact that

95W(7, §) = 35 P2(7),

and (3-21) together with the fact that

(8};‘1/2)()7, y) = ayq);(J’)’
we conclude that at the points

(x,») € mx,y(Graph(k o T) N Ao X Aq);),
the following equalities hold:

BxW(x,y) = 8x®(x). ,W(x.y) =8y ®5(»). (3-23)
In other words,
dx (P(x) —2Re W(x, y)) = 0,(P3(y) —2Re ¥(x, »)) =0,

along 7,y (Graph(k o I') N Ag x Aq>;<), and thus the gradient of the real-valued function
F(x,y) = ®(x) + @3(y) —2Re ¥(x, y) (3-24)

vanishes on 7y (Graph(koT') N Ag x Aq>;<). It follows that the strictly plurisubharmonic quadratic form
F(x, y) vanishes to the second order along

7x,y(Graph(k oI') N Ag X Aq_);), (3-25)
and since the latter is maximally totally real, we get F > 0, thus implying (3-15). O

Remark. The strictly plurisubharmonic quadratic form F(x, y) in (3-24) vanishes to the second order
along the maximally totally real subspace (3-25), and therefore the conclusion that /' > 0 can be
strengthened to

F(x,y) = dist((x, V), tx,y(Graph(k oI') N Ag x A@;))Z.

Let us now return to the Bergman-type representation of the Fourier integral operator 4 in (3-4)
quantizing k. Combining (3-6) and (3-12), we get

Au(x) = // ae2 (Y N=2200) () dy d j (3-26)
for some & € C. This can be viewed as a Fourier integral operator
Au(x) = // a2 (W 0—¥2(3.00) (1) 1y 4, (3-27)

where we take the integration contour 6 = y in (3-27).
Since d,,09 W2 (y, 0) is nondegenerate, the phase function

Bx. 3. 6) = 2 (U(x. 6) = Ws(1,6) (3-28)
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is nondegenerate in the sense of Hormander, and the canonical transformation « takes the form
e (v l%ay\pz(y, 0) > (x. l%ax\p(x, 0)). with 30 (x.0) = dgWs(y. 0). (3-29)
We may also notice here that if we define
2 2
Ky : (9, —1739‘11()7, 9)) = (y, lfay"p(y, 9))

1 .
2

The discussion so far shows that the canonical transformation « enjoying the mapping properties (3-1),
(3-2), admits a nondegenerate phase function of the form (3-28), where the quadratic form W satisfies

and ry, similarly, then k = kg o Ky,

2ReV¥(x,y) < Di(x)+ D2(y), (x,y)eCﬁxC;. (3-30)
The positivity of k relative to (Ag,, Ae,) is then implied by the following general result.

Proposition 3.2. Let k be a canonical transformation satisfying (3-1) and let us consider a metaplectic
Fourier integral operator of the form (3-26), or equivalently (3-27), associated to k. Then the following
conditions are equivalent:

(i) « is positive relative to (A, , Aa,) in the sense of (1-4):
%O’(Il,Lq:.lll) — %a(tz, Lo,12) >0, whenevert; = k(ty), ty € C*", (3-31)
(i1) AzRrew(x,j) is positive relative t0 A, (x)+d,(y)-
(ii)) 2Re W(x, y) — @1 (x) — P2(y) = 0 on C x CT.

Proof. The equivalence (ii)<>(iii) follows from Theorem 2.1, so it suffices to show the equivalence
(1)< ().
Clearly, (iii) is equivalent to

2Re W(x, ) — Py (x) - P5(») <0 onC, (3-32)

where ®7(y) = @,(7)(= ®2(7)), and by Theorem 2.1(ii) is equivalent to

ArRew(x,y) 18 positive relative to Aq;l(x)+q>; O)- (3-33)
We have
Aorew = {(x, 20x2Re W(x, ); y, 70,2Re W (x, 1)
2 2
= { (. F0xWr 2222, S0, WCx ) (334
and (3-33) means that
%O'(ll , tqgltl) + %O’(lz, Ld)ZZZ) >0 forall (#1,2,) € Arrew.- (3-35)

Here, we shall relate the involutions Lo and tg,. From (2-4) let us recall that (g, is given by

Lo, : (y, 12,3y\112(x,)7)) > (x, %8x\112(x,)7)). (3-36)
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We also know that the antilinear involution I', given in (3-16), maps A ¢, bijectively onto Aquk, and since
L, Loy are the unique antilinear maps equal to the identity on A ¢, and Aq,;s respectively, it follows that

Loy = Ie,TI'. (3-37)
From (3-19), let us recall that

%o(Ft,Fs) = %O'(Z,S),

so using (3-37), we find that the second term in (3-35) is equal to

%O-(ZZ’ rtq)zrtZ) = %O(rt27 LCDZFZZ) = %O-(FZZ’ L¢2Ft2) = _%O-(LQZFZb? FZZ)a
where we also used the fact that (1/i)o (7, t,?) is real. Hence (3-33) is equivalent, via (3-35), to

lla(zl,tq,lzl) — lla(tq,zrzz, T1,) >0 forall (t1.65) € Aspew. (3-38)
From (3-36), we get
- 2 2 —
0,7 : (7. =20, W02, ) > (v, S0 W, 9)):
ie.,
2 2
Lo, T (9, 2090 (. 9)) > (y, 20,9, 9)), (3-39)

where we changed the notation slightly for convenience.
Write

2 2
Aarew 3 (11, 12) = (¥, 02 W(x, 0):0, T3 W (x, 0).
and put 73 = 19,172, so that by (3-39)
2
t3 = (y’ lTayLDZ(ya 9))v

where
(6.200(x. ) = (6. 209 ¥:(».0)).
Comparing with (3-29), we see that t; = «(¢3). Since I't; = Lézl"lz = Lg,!3, we see that (3-38) is
equivalent to
%O’(ll,chlll) — %U(Q, lp,t3) >0, whent; =«(t3), (3-40)
which is precisely (3-31) up to a change of notation. This completes the proof of the equivalence (i)<(ii)

and of the proposition. O

Combining Propositions 3.1 and 3.2, we see that the proof of the sufficiency part of Theorem 1.1 is
now complete.

Remark. Let k : C2” — C2" be a complex linear canonical transformation such that (3-1) holds, where
®,, O are strictly plurisubharmonic. It follows from (3-23) that the holomorphic quadratic form W(x, y)
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depends only on « and on the weights ®,, ®, but not on the choice of a nondegenerate phase function
p(x,»,0), (x,y,0) € Cy x CY x Cév such that

[
A, = Graph(k),
where
Ay ={(x, 05 (x, ,0); p, =0, (x, ¥, 0)) s gy (x, p,0) = 0}.
It follows that if ¥ (x, y, w), (x,y,w) € C} x CJ x Cg ', is a second nondegenerate phase function such

that
A, = AQ/I = Graph(k),

then both ¢ and ¢ give rise to the same Fourier integral operators, realized as bounded linear maps:
Hg,(C") — He(C").

We shall finish this section by making some remarks concerning metaplectic Fourier integral operators
in the complex domain, associated to canonical transformations that are strictly positive relative to
(Aq;.l , Aq;z). Let

Kk :C*" — C*" (3-41)

be a complex linear canonical transformation which is strictly positive relative to (Ae,, Ag,). According
to Theorem 1.1, we then have
k(Ao,) = Ao, (3-42)

where @ is a strictly plurisubharmonic quadratic form on C” such that

®(x)—D(x) =< |x|>, xeC™ (3-43)
Let
Tu(x) = // %Y gy (y)dy do, aeC,

be a Fourier integral operator associated to x. As discussed above, it follows from [Caliceti et al. 2012;
Sjostrand 1982] that the operator 7" can be realized by means of a suitable good contour and we then
obtain a bounded operator

T : Hg,(C") — He(C"). (3-44)

It follows from (3-43) that the inclusion map Hg(C") — Hg,(C) is compact, and the operator 7 :
Hg,(C") — Hg, (C") is therefore compact. The following sharpening is essentially well known; see
[Aleman and Viola 2018].

Proposition 3.3. The operator
T Hcpz (Cn) — Hcpl ((Dn)

is of trace class, with the singular values s; (T') satisfying

5;(T) = O(j ™). (3-45)
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Proof. Let ¢ be a holomorphic quadratic form on C2” such that its restriction to A g, is real positive definite.
Let us introduce the Weyl quantization of ¢, the operator Q = g% (x, D). The quadratic differential
operator Q is self-adjoint on Hg, (C") with discrete spectrum, and let us consider the metaplectic Fourier
integral operator /@, 0 <t <ty < 1, acting on the space Hg(C"). Using some well-known arguments,
explained in detail in [Hérau et al. 2005; Hitrik and Pravda-Starov 2009; Hitrik et al. 2018], we see that,
for ¢ € [0, #o] with zo > 0 small enough, the operator ¢?< is bounded,

¢'?: Hy(C") — He, (C"), (3-46)

where ®; is a strictly plurisubharmonic quadratic form on C”, depending smoothly on # > 0 small enough,
such that

D, (x) = D(x) + O@)|x|%. (3-47)
Combining this observation with (3-43) we conclude that there exists § > 0 small enough such that the
operator
e’CT : He,(C") — Hey, (C") (3-48)
is bounded. Writing
T =e%C0T, (3-49)

and applying the Ky Fan inequalities, we get

si(T) < 55 (e CT || (b, Ha,) = OU~).

Here we have also used the fact that the singular values of the compact positive self-adjoint operator
e 32 on Hg, (C") satisfy
5709 =0 ™).

It follows that T is of trace class and the proof of the proposition is complete. O

4. Applications to Toeplitz operators

The purpose of this section is to apply the point of view of Fourier integral operators in the complex
domain, developed in the previous sections, to the study of Toeplitz operators in the Bargmann space,
establishing Theorem 1.2.

Let ®( be a strictly plurisubharmonic quadratic form on C” and let p : C" — C be measurable.
Associated to p is the Toeplitz operator

TOP(P) = H‘Po opo Hq)o : H‘P()(G:n) - H‘P()(Cn) (4'1)
Here
Mg, : L*(C", e 2®0L(dx)) — Hg,(C")

is the orthogonal projection. We shall always assume that when equipped with the natural domain
D(Top(p)) = {u € Hoy(C") : pu € L*(C", e 720 L(dx))}. (4-2)

the operator Top(p) becomes densely defined.
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For future reference, let us recall the link between the Toeplitz and Weyl quantizations on C”. Let
p € L°°(C"), say. Then we have

TOP(P) = aw(x’ DX)’ (4'3)
where a € C*°(Ag,) is given by
200 _
(5.2 50 0) = (3@ 005 0) )0, x e (@4-4)

See [Guillemin 1984; Sjostrand 1996]. Here —(CDg . )-C)_1 0 - 0z is a constant coefficient second-order

differential operator on C” whose symbol is the positive definite quadratic form

1(@F ,z) EE>0, 0#£EeC ~RM,

0,xXx

and therefore the operator in (4-4) can be regarded as the forward heat flow acting on p.
In this section we shall be concerned with the question of when an operator of the form Top(p) is
bounded,

Top(p) € L(Ha,(C"), He, (C")),

and following [Berger and Coburn 1994], in doing so we shall only consider Toeplitz symbols of the
form
p=e?, 4-5)

where ¢ is a complex-valued quadratic form on C". Let us first proceed to give an explicit criterion,
guaranteeing that when equipped with the domain (4-2), the operator Top(e??) is densely defined.
Recalling the decomposition (2-8) and considering the unitary map

He,(C") 3 u>ue™ € Hp, (C"), f(x)=®)  x-x,

0,xx

we may observe that the space e/ P(C") = {e/ p : p € P(C")} is dense in Hg,(C"). Here P(C") is the
space of holomorphic polynomials on C”. It follows that

e/ P(C") C D(Top(e??)),

so that Top(e??) is densely defined, provided that

2Re g (x) < Pherm(X), (4-6)
in the sense of quadratic forms on C”.
Recalling (3-8), we may write
Top(e®?)u(x) = C[ e2(Wo e N=Po) 2007y (1) dy d 7, u € D(Top(e9)). 4-7)

Here C > 0 and W is the polarization of ®¢. Similarly to (3-27), we get

Top(eX)u(x) = C / [ 2 O—To O+ (1) dy . (4-8)
T
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where I is the contour in C2”, given by # = j. Here the holomorphic quadratic form

F(x,y.0) = lg.(‘lfo(xﬁ)—‘lfo(y,@)+(1(y’9)) (4-9)

is a nondegenerate phase function in the sense of Hormander, in view of the fact that det \Ifg w0 70,
and therefore the operator Top(e29) in (4-8) can be viewed as a metaplectic Fourier integral operator
associated to a suitable canonical relation C C2” x C2". We have the formal factorization

Top(e??) = AB,
where

Av(x) = / e2Vo&0y(9)d,  Bu(h) = / e 2%000(3) dy, (4-10)

and where we have written ¥, (y,0) =¥o(y,0)—q(y,0). Here the operator 4, formally, is an elliptic
Fourier integral operator associated to the canonical transformation

(9,—1339\1;0(x, o) (x. l%ax\po(x, ).

It follows that the canonical relation associated to Top(e29) is the graph of a canonical transformation if
and only if this is the case for the Fourier integral operator B. We conclude that the operator Top(e?9) in
(4-8) is associated to a canonical transformation precisely when

3y dgWo # 0. (4-11)

The condition (4-11) is equivalent to the assumption (1-8) in Theorem 1.2. The canonical transformation
is then given by

K:(y,—0yF(x,y,0))— (x,0xF(x,y,0)), 0gF(x,y,0)=0. (4-12)

Example. In the following discussion, we shall revisit the family of examples discussed in Section 6 of
[Berger and Coburn 1994] and show how the point of view of Fourier integral operators in the complex
domain, developed above, allows one to recover the main findings of Section 6 of that paper, obtained
there by means of a direct computation.

Let ®g(x) = %|x|2 and ¢ = %k|y|2, A €CwithReA < % Here the restriction on Re A implies that
(4-6) holds, so that the operator Top(e?9) is densely defined in Hg,(C"). We have

‘IJO(X,J’):%X')’:

and the phase function F in (4-9) is given by

F(x,y,@):l%(%x-@—(%)y-e). (4-13)

In particular, the condition (4-11) is satisfied and we may then compute the canonical transformation «
associated to the corresponding Fourier integral operator Top(e29) in (4-8).
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The critical set Cg of the phase F is given by dg F = 0 <= x = (1 — A)y, and the corresponding
canonical transformation « is of the form

k:(y,—0yF(x,,0))— (x,0xF(x,p,0)), (x,y,0)eCF. (4-14)

It follows that « is given by
e (=0, 75), (*-15)

We shall now determine when the canonical transformation « is positive relative to A ¢,,, which can be
done by a direct computation: it follows from (2-4) that the involution (g, is given by

1_1_
L‘I)() : (y7 77) = (1_77, l_y)v (4_16)

and therefore, we may compute,

Fottrmsogetrom = so((a =y 15 ). (G725 70 -Dr )

i A 1—A
= -appP - @17)
Similarly, we have
%0((% n)s ey (v, M) = |y =0l (4-18)
Combining (4-17), (4-18) we see that the « is positive relative to A g, if and only if
[1—A] > 1. (4-19)

This condition occurs in [Berger and Coburn 1994, pp. 581-582] (with the inessential difference that in
the discussion in that paper one considers ®¢(x) = %|x |2), where it is verified that the operator Top(e29)
is in L(Hg,(C"), Hp,(C")) precisely when (4-19) holds.

In the case when the strict inequality holds in (4-19), the canonical transformation « in (4-15) is strictly
positive relative to A, and it follows from Proposition 3.3 that the Toeplitz operator Top(e?9) is of trace
class on Hg,(C").

We shall now proceed to discuss the “boundary” case when

I1—A|=1. (4-20)

In this case, using (4-15) we immediately see that k (Ag,) = Ag,, and therefore we conclude, in view of
[Caliceti et al. 2012; Sjostrand 1982], that the operator

Top(e?9) : Hp,(C") — He, (C") (4-21)

is bounded, with a bounded two-sided inverse.
We claim next that the operator in (4-21) is in fact unitary when (4-20) holds, and when verifying the
unitarity, it will be convenient to pass to the Weyl quantization, computing the Weyl symbol of Top(e29).
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It follows from (4-4) that

a(x %m&(x)) = (exp(é)ezq) (x) = (3)’![ eI AP [ (ay). (4-22)
i ox 8 T n

Here A is the Laplacian on C” ~ R?”. Computing the Gaussian integral in (4-22) by the exact version of
stationary phase, we get, see also [Berger and Coburn 1994],

(v 250w) = (525 ) en(52517) @23

() =0

when (4-20) holds, reflecting the fact that the associated canonical transformation in (4-15) is “real” in

Here we may notice that

this case. We conclude that the Weyl symbol of the Toeplitz operator Top(e?9) is given by

a(v.8) = (525 epF(x.8).  F(x.8) = 525 x -k, (4-24)
so that
Top(e?9) = ( ) (exp(iF))™. (4-25)

We have (Im F)|p v, =0 and an application of Proposition 5.11 of [Hormander 1995] together with the
metaplectic invariance of the Weyl quantization allows us to conclude that the operator

Vdet(I —F/2)(exp(i F))" : Hp,(C") - Hg,(C") (4-26)

is unitary. Here F is the Hamilton map of F, i.e., the matrix of the (linear) Hamilton field HF, and it
remains therefore to check that

Jdt(I —F/2) = (ﬁ)"e”, R, (4-27)

To this end, we compute using (4-24),

A 1 0 2 1-A 0
f/z_ﬂ(O—l)’ I—f/z—ﬂ( 0 1)’

and (4-27) follows, thanks to (4-20). We conclude therefore that the Toeplitz operator Top(e29) is unitary
on Hg,(C"), when Re A < % and (4-20) holds. The unitarity property has also been observed in [Berger
and Coburn 1994].

Remark. In the case when ReA < 1, |1 —A| > 1, we observed that the operator Top(e??) is of trace
class on Hg,(C"), and we get, using (4 24) and the metaplectic invariance of the Weyl quantization,

(2n)" //M (OIAn—d))

tr Top(e29) =

where «a is given in (4-24).
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We are now ready to discuss the proof of Theorem 1.2. It follows from Theorem 1.1 and the discussion
in this section that it suffices to check that the canonical transformation (4-12) associated to the operator
Top(e?9) is positive relative to Ag,. To this end, let us consider the Weyl symbol of Top(e27), given by
(4-4),

a(x.&) = (exp(F(PF ,5) ' x-95)e*)(x).  (x.€) € Ag,. (4-28)

A simple computation of the inverse Fourier transform of a real Gaussian shows that

a(x,£) = Co, / exp(—4Pperm(x — ))e290) L(dy), Co, #0. (4-29)
Cn

Here the convergence of the integral in (4-29) is guaranteed by (4-6). In view of the exact version of
stationary phase, it is therefore clear that

a(x,é)zCexp(iF(x,S)), (X’E)EA‘I)(V (4'30)

for some constant C # 0, where F is a holomorphic quadratic form on C?”. Proposition B.1 shows that
the positivity of « in (4-12) relative to Ag,, is equivalent to the fact that the Weyl symbol in (4-30) is
such that Im F|A<1>o >0 <<= exp(iF) € L°°(As,). The proof of Theorem 1.2 is complete.

Appendix A: Schwartz kernel theorem in the Hg -setting

In this appendix we shall make some elementary remarks concerning integral representations for linear
continuous maps between weighted spaces of holomorphic functions. Such observations are essentially
well known; see for instance [Peetre 1990].

Let Q; C C" be open, j = 1,2, and let ®; € C(2;; R). We introduce the weighted spaces

He, (2j) = Hol(Q)) N L*(R;,e % L(dy;)), j=1.2, (A-1)
where L(dyj) is the Lebesgue measure on C"/. When viewed as closed subspaces of L2(;, e 2% (dy i),
the spaces Heg, (€2;) are separable complex Hilbert spaces and the natural embeddings Hg, (2;) —

Hol(£2;) are continuous. Here the space Hol(£2;) is equipped with its natural Fréchet space topology of
locally uniform convergence. Let

T:Hgp, (1) — He,(27) (A-2)
be a linear continuous map. Let us also write Q = {z € C"! : 2 € Q).

Theorem A.l. There exists a unique function K(x,z) € Hol(Q, x Q) such that

Qi 3ym K(x,y) € Hp, (21) (A-3)
for each x € Q,, and
170) = [ K000 L), f € Hoy (@) (A-4)
We also have !
Qy3x— K(x,z) € Hp,(22) (A-5)

for each z € Q.
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When proving Theorem A.1, we observe that it follows from the remarks above that for each x € €2,,
the linear form

Ho (1) 3 f = (T/)(x)eC (A-6)

is continuous, and there exists therefore a unique element k € Hg, (£21) such that for all /' € Hg, (21)
we have

Tf(.X) = (f" kX)@]? X € QZ' (A-7)

Here and in what follows (-, -)g; stands for the scalar product in the space Heg, (€2;), j = 1,2.
Letting (ej) be an orthonormal basis for Hg, (£21), we may write with convergence in He, (£21), for
each x € Q, fixed,

o0 o0
kx = Z(kx,ej)(plej = Z Tej(x)e;j. (A-8)
j=1 j=1
By Parseval’s formula we get
e}
lexlly, =D ITej(0)*,  x€Qs. (A-9)
j=1
Here we know that
lkxlle, = sup [Tf(x)], (A-10)
Ifle, =1

and it follows that the function 2, > x > ||k« ||, is locally bounded. Let us now make the following
elementary observation: Let 2 C C” be open and let f;, € Hol(£2) be such that the series

PGS (A-11)
n=1

converges for each z € 2, with the sum being locally integrable in €2. Then the series converges locally
uniformly in 2. Indeed, let us write

D 1@ = F(z) € L ().

=1
Let K C €2 be compact and let @ be an open neighborhood of K such that K C w € 2. Then by Cauchy’s
integral formula and the Cauchy—Schwarz inequality we have

We get therefore the uniform bound

N
> supl ful* <Ok Flpiy. N=1.2....,

n=1

implying the locally uniform convergence of (A-11).
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It follows that (A-9) holds with locally uniform convergence in x € €25, and in particular the function
Qr 3 x> ||kx ||fI>l is continuous plurisubharmonic. We may therefore conclude that the series in (A-8)
converges locally uniformly in €2 x €2,. Letting

K(x,2):=kx(3) = )_ Tej(x)e; (3), (A-12)
j=1

we conclude that K € Hol(£2, x §_21) is such that (A-3) and (A-4) hold, and these properties characterize
the kernel K uniquely.

When verifying (A-5), we let kye€ Hg,(£2,) be the reproducing kernel for He, (£2,). We may then
write, when f € Hg, (21), x € Q2,

Tf(x) = (Tf.kx)a, = (. T*kx)a,. (A-13)
and therefore,
kx = T*kx. (A-14)
Here

T* : H@z(QZ) — HCI’[ (Ql)

is the adjoint of 7. Letting (fj) be an orthonormal basis for He, (£27) and recalling that

ky= i i) fi (A-15)
we get "
kx(y) = i i GT* f;(»), (A-16)
Therefore, "

K. 7) =Y i)T* f;(3).

j=1

and we see that (A-5) follows. We also get

IKC. )%, =D _IT* (I (A-17)

j=1
Remark. It follows from (A-9) that T € L(He, (£21), Ho,(£22)) is of Hilbert—-Schmidt class precisely
when

[/ |K(x, 7)|2e”2@10)+®20) [ (dy) L(dx) < .
Q] XQZ

Remark. An alternative proof of Theorem A.1 can be obtained by applying the Schwartz kernel theorem
directly to the linear continuous map

Mo, TTg, : L2(Q,e *®1 L(dy))) — L2(Q,, e P2 L(dy,)).
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Here
Mo, : L*(Qy,e % L(dyj)) — Ho, ()

is the orthogonal projection. Writing the Schwartz kernel of I1¢,7 1, in the form K(x, 7)e 2% ),
we see that K should satisfy dz K(x, y) = 0. Now the distribution kernel of the adjoint I1g, 7* I,
is given by K(y, X)e~2%2(")_ and it follows that 35 (K(y,¥)) = 0. We get dx(K(y,X)) = 0, so that
(05 K)(y,x) =0 <<= 05 K(x, y) = 0. We conclude that K(x, y) is holomorphic in (x, y).

Appendix B. Positivity and Weyl quantization

The purpose of this appendix is to characterize the boundedness of the Weyl quantization of a symbol
of the form exp(i F(x, £)), where F a complex quadratic form, in the Hg-setting. See also [Hormander
1995] for a related discussion in the context of L2-boundedness.

Let F = F(x, £) be a complex-valued holomorphic quadratic form on C2” and let us consider formally
the Weyl quantization of ¢F*-€),

Au(x) = 0p” (e"Mu(x) =

// (= O+ F (920 (1) dy d6. (B-1)
2m)"

The holomorphic quadratic form (x — y)-6 + F (%(x + ), 9) is a nondegenerate phase function in the
sense of Hormander and generates a canonical relation

K: (y’ 77) = (xv é)’ (B_z)
given by
xX+y 4 X+y 1 X+y
X=T—§F§( ) ,9), §=9+§F;€( ) ,9),
(B-3)
X+y X+y X+y
y=—"+ FE( ,9), n:e—%F;(T,e).

The graph is parametrized by p = ((x + »).6) € C*" and (B-2), (B-3) take the form

k:p+3HE(p) = p— 3 HF(p), (B-4)

where Hp(p) = (Fé(p), —F/.(p)) is the Hamilton field of F at p.
We shall now give a criterion for when « in (B-4) is a canonical transformation. Recall that Hr(p) = Fp,

ro foo I
// 1/
—Fll, —F,

is the fundamental matrix of F' (usually appearing as the linearization of a Hamilton vector field, which

where

in our case is already linear). We have

0 1 F// F//
F=JF' J= (_1 O), F' = (F,/ ISl



354 LEWIS A. COBURN, MICHAEL HITRIK AND JOHANNES SJOSTRAND

and we notice that J2 = —1, JT = —J. Then (B-4) is the relation
1+F/2)p—A=F/2)p. (B-5)

Now F is antisymmetric with respect to the bilinear form o (v, ) = Jv - u; hence 1 — F/2 is bijective if
and only if its transpose 1 + F/2 with respect to o is bijective. We conclude that the following three
statements are equivalent:

(1) k is a canonical transformation.
(i) 1—F/2 is bijective.
(iii) 14 F/2 is bijective.
In what follows, we shall assume that (i)—(iii) hold.
Let @ be a strictly plurisubharmonic quadratic form on C" and let (g, : C?" — C2" be the corresponding

antilinear involution, i.e., the unique antilinear map which is equal to the identity on A g,. We shall now
proceed to characterize the positivity of the canonical transformation « in (B-4) relative to Ag,. Let

[, v] = 1b(u,v), (B-6)

where b(j4, v) has been defined in (2-5). It is a Hermitian form and « is positive relative to A ¢, precisely
when

[v,v]=[u, ] forall v, u with v =rx(u). (B-7)
By (B-4) this is equivalent to

[o—3HF(p).p— 3 HF (p)] = [p+ 3 HF (p). p+ 5 HF (p)].  peC?",

or equivalently,
Re[HF(p),p] <0, peC*. (B-8)

To simplify the following discussion, we shall make use of the invariance (exact Egorov theorem) under
conjugation of 4 in (B-1) with a unitary metaplectic Fourier integral operator U : L?(R") — Hg,(C")
with the associated canonical transformation kg7, mapping R2” onto Ag,. The operator B = U —l4U
is the Weyl quantization of ¢!C where G = F o ky. Also tg, = KUCKal, where C is the involution
associated to R?”, which is just the map of ordinary complex conjugation. By abuse of notation we write
F also for the pull back F o xy and we continue the discussion in the case when A g, has been replaced
with R?” and Lo, With C, C(p) = p. In this setting, (B-8) becomes

Imo(Fé(,o), —FlL(p):%,6) <0 forall p=(x,£) e C*";
ie.,
Im(F(x.8)- % + F(x.6)-H 20, (x.§)eC.
or even more simply,
Im(F;)/pp-[)) = 0.
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Writing p = j1 +iv, i, v € R?", we see that the last inequality is equivalent to

ImF'p-p+ImF’v-v>0;
ie.,
Im F” > 0;

ie.,
ImF >0 onR?*”".

By the metaplectic invariance it follows that the positivity condition (B-7) is equivalent to
ImF>0 onAg,, (B-9)
now with the original F.

Remark. The condition (B-9) is quite natural since we know that for ordinary symbols instead of e'F
the natural contour of integration in (B-1) should be

- g_axcp(x”);
i 2

see [Sjostrand 1996; Hitrik and Sjostrand 2018].

We summarize the discussion in this section in the following result.

Proposition B.1. Let F be a holomorphic quadratic form on C*"* such that the fundamental matrix of
F does not have the eigenvalues £2. Let ®q be a strictly plurisubharmonic quadratic form on C". The
canonical transformation associated to the Fourier integral operator Op” (e'F) is positive relative to Ao,
precisely when

Im F|Aq>0 > 0. (B-10)

In particular, if (B-10) holds, then the operator
Op”(e'") : He, (C") — Hap, (C")

is bounded.
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