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1. Introduction. A transformation of the form

_a7'+b
cT +d

(1.1)

where a, b, c, d are rational integers satisfying

ab
cd

(1.2)

=ad—cb=1,

is called a modular transformation. Without loss of generality we may assume
¢ > 0. A function f(7), analytic in the upper halfplane d(7) > 0, and satisfying

the functional equation

T+b
L) $0) = (er s 5(T),
cT +d
is called a modular form of dimension k. An example of a modular form is the
discriminant
(1.4) A1) = exp{2mit} H (1 — exp{2minT})*,

which is of dimension —12; that is, it satisfies the equation*
(1.5) AT') = (e + d)P2A(T) .

An important role in the theory of modular functions is played by the function

T e8]
i ]H (1 —exp §2minT})

(1.6) (r) = exp [

Received June 12, 1950.
*Cf. Hurwitz [6] ; however, he gives this formula only in homogeneous coordinates.
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which is the 24th root of A (7). The transformation formula for this function may

be obtained from (1.5) and is conveniently written as:

aT + b
cT +d

(1.7) n(T") =77< )=€\/—i(c7’+d) n(r) .

Since we have assumed ¢ > 0 and d(7) > 0, the radicand has a nonnegative real
part, By the square root we always mean the principal branch; that is, R (vV7) > 0.
The € appearing in (1.7) is a 24th root of unity. The purpose of the present paper
is to determine this € completely.

Investigations concerning this root of unity were carried out first by Dedekind
[2] and later by Tannery and Molk [10] and Rademacher [8; 9]. However, they
use the theory of log 7)(7), which requires much more than is needed for this
purpose. Hurwitz discusses only [A(7)]*/'? and remarks that the transformation
formula of 7(7) can be obtained by means of O-functions. The investigations of
Hermite [5] are likewise not sufficient for our purpose, because he discusses
only 13(7), and therefore a third root of unity remains still undetermined.

In the following, we shall approach the determination of ¢ directly by investi-
gations of the function 77(7), which, by a well-known formula due to Euler, can

be written as the following sum:

(1.8) 7(7) = exp [szr]

12 > (“1))‘ exp{mi TA(3A — 1)}

N
= )\gw (> expl3 LT ()\ —5)2‘ .

Our starting point is formula (1.8); our principal tools are a Poisson transfor-

mation formula and Gaussian sums.

2. Application of a Poisson formula, We introduce a new variable z with
R (z) > 0 by the substitution*

(2.1) TN =+, c>0; (g,¢)=1,

* This requires ¢ # 0, but the case ¢ = 0 is trivial.
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and obtain, from (1.8)

22 77(2 +*ii> - 3 exp{ SALRYO iz)(}\ _lﬂ

c c c 6

2 exp7Ti|j + %(j—%fl

J mod 2¢
e 37z 1\?
X 2 exp\— <2cq+j—g)].
c

Il

q=-(l')

To the inner sum,

12¢

Lg=m®

we apply Poisson’s formula (cf. [11]),

+o 1 t® 77m2
Z exp{*‘w(m +01)2t§=F Z exp 277im0t—'—t— , R () >0,

m==0 i m==
and obtain
ko (2) 1 § o 6j —1 mq?
= T — — .
T g Ber e T 12 122
Putting this in (2.2), we get:
2.3) (a N iz) 1 %‘S —1mq? I ()
. —+—] = e c),
K c c N g=- *P 12¢z | ¢
where
. 1 1 3af. 1V 6 — 1
L) == X expmiij +—'<J —g) ta—
2 j mod 2¢ ¢ ¢
1 -2
= — expTi [a q] [1 +expmif8ac + ¢ —a + qi]
2 12¢

X z exp[’;—i Baj? +j(c —a + q)]}.

But, ¢ and ¢ being coprime, and thus
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3ac+c—a=1 (mod 2),

only the Ty with odd subscripts actually appear so that we have

(24) Tyreq(c) = expwi[z—————zl f: [——i [3aj? + j(c—a+1 +2r)]].

In order to have a complete square in the exponent we multiply each term of
the sum by

ad — 1

exp'ﬂi[j (c—1 +2r)] = expri {jb(c + 1)} .

As we do not wish to change T,,4, by this multiplication, we have to assume

that, for ¢ even, b also is even. Using the abbreviation

(2.5) B=cd+d—1,

we obtain from (2.4):

—4r—2
(2.6) Tor+1(c) = exp 7i [a—r—} > exp[———— [36j 2+ 12j(cd +d — 1+2rd)]]
12 ) /5 12
— 2__2
=expTi :‘IB—‘— — (ad?r +adfS+1)
12¢ 3c

X E exp[ o0

(6j +,8+2rd)2]

In the sum appearing here, j can be taken as running over any full residue
system mod ¢, because 5 = ¢ (mod 2) and therefore the sum remains unchanged
if j is replaced by j + c. Consequently, 5 can be chosen arbitrarily, mod 6, and
T3r+1(c) can be simplified by the substitution r =3x + v. We note that

expﬂl[; (ad*r +adf8 + 1)}
c

=ewai[1L (3ud +3ubed +2dv +befS + cd + d)
c

v
"'3— (dv + bedv+ be B + cd +d)];
c
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and considering
exp{—mip GB+d +3ubd)} = expi{—min (bed—b+d)} = expimiu},
we obtain

a—af?—2

Z [bd rd+b B+ +1)]
o d
12¢ 3 c

Toptavi1(c) = expri I
~E3ud +d(1 +2v) + c]l Hec (B +2vd)
(5

with the abbreviation

Tia
@D He@)= T ew| (6 +67, £=cmod?).
J mod e 12¢
Looking back to (2.3), we see that the result we have obtained so far may be
written as:
‘ 1 —a 22
(2.8) 7}(9— + Z) = expﬂi[i—ié“——‘]
c c 3cz 12¢
2 ~TT iV d )
x ¥ expl [bdv+d +68+—~ (v +1)”UV(Z)HG,C(B+2dv),
v=0 ¢
with
® 3d d 377 2v +1)\?
Uy(z) = 3 explwi[p———/f———,u(27/+l)]———(,u+ - )]
p—w c c cz 6

These expressions are easy to sum, since, according to (1.8), we have

boe) = 3 exp[m[ﬂ—?}(m +&)] _3m (u +l)zl

=00 3 cz 6

_ {z_d} (ﬁ+i)
explzc 7 c czl’

and, replacing pu by —p—1, we see that
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U1(Z) =-U,(z), or Ui(z) =0,

Uz(z) =—exp{77i z:i] Uo(z) .

Now, by the meaning of z in (2.1), we get

d i__—d7'+b

]
c cz cT —a

:’r’

. R2N +
(2.9) n(v')=iexp7’i[a(l 512) : d]
C

—27

X [Ha, . (B) - exp[ (d +2bd +b B)]

X Hq o (B +4d)] V=ilcT +d) n(7).

Comparing this with (1.7), we see that we have obtained so far:

[a(l—ﬁz)—2 +d]

1
2.91) ¢ =— exp7i

3¢ 12¢
k[Ha,c(ﬁ) = exp[~2ﬂi (d +2bd +b,8)] Ha,c(,8+4d)]
1 | bd(1—c?)—cd N (1—d)(b +ad)
T e TR 12 6

—2mt

x[Ha,c(/s) - eXp[ (d+2bd +b5)Jua,c(ﬁ+4d)]

and it remains to be shown that this is a root of unity.

3. Reduction to Gaussian sums. The sums H, . (8) which appear in (2.91) are
defined in (2.7) only for 8 = ¢ (mod 2). In this section, however, it will be more

convenient to consider the more general sums*

*We have used the letters % and k instead of a and ¢ in order to indicate that the
investigations of this section are independent from our previous results.
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1 mih
@.1) Hpp(v) == 2 eXp[ (6j + 7)2] ,
. 12k
j mod 2k

with no restriction on 7. These sums can be expressed in terms of Gaussian sums

271 1h
(3.2) k)= 3 exp[ : j2].
Jj mod k k

Comparing the definitions (3.1) and (3.2) one finds immediately that:

1
Hu g (0) + Hp g (1) +Hpp (2) +Hop (3) +Hpp (4) +Hup (5) = " G(h, 24k) ,
1
Hhk (0) +Hpp (2) +Hop (4) = 3 G(h,6k) ,
1
Hy p (0) +Hpyg (3) = G(3h,8k) .
If we consider that
Hpp (=) =Hhp (¥) =Hpp (y +6n),

we get the following relations:

1
(3.31) Hpp (0) = 5 G(3h, 2k) ,

1 1
(3.32) Hhe (3) = " G(3h, 8k) — 3 G(3h, 2k) ,

1 1
(3.33) Hyp (2) = N G(h, 6k) — n G(3h, 2k) ,

: 1 1 1 1

(3.34) Hpp (1) = . G(h, 24k) — Py G(3h, 8k) — n G(h, 6k) + " G(3h, 2k) .

In order to obtain the sums /iy i () explicitly, the following rules concerning

Gaussian sums may be useful.*

* For the formulas (3.41)—(3.47) see [1] or [3]; (3.46) may also be found in (7].
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As elementary consequences of the definition (3.2) we have:

(3.41)  G(mh,mk) = mG(h, k) n>0
(3.42)  G(h, kiks) = G(hky, k2) G(hka, ky) (ky,ka) =1
(3.43)  G(m2h,k) = G(h,k) (m k) =1
B.44)  G(h,m2k) = nG(h, k) (mh)=1; m>0 and odd.

The following results, due to Gauss [4], are a little deeper:

h
(3.45)  G(hyhy, k) =(k—‘) G(hy, k) (hiha, k) =1, k odd

(3.46) G(L k) = vk 1Lk-0/2) k odd

hodd, a=1

0
3.47 i(h,2%) = at1
R L(“”)/z (%) eI/ hodd, a>2.

The symbol (%) is the Jacobi symbol.

The following discussion may be restricted to the case ¥ = k (mod 2), which
will be sufficient for our purpose. Furthermore, we put* throughout & = 27\101
(% ; being odd), and have then to distinguish whether 3 does or does not divide
ky.

Assume first 3 | ky. Then we find, using (3.41) and (3.44), that
(3.51) Hp (1) =0, Hpp (2) =0

and, applying (3.41), (3.42), (3.44), (3.45), and (3.47), we obtain:

2\* 3
(3.52) Hy ¢ (0) = gh/2 (;> exp [Z With}G(Zh, 3ky) ,
_ 3
(3.53) Hyp 1 (3) = exP[Z mhk] G(2h,3k) .

*We do this in order to avoid the reciprocity law for Gaussian sums which would
require additional distinctions concerning the sign of k.
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As a consequence of (3.46) we have:

—7ik

G(1,3k) =3k expr‘%i‘ (3k — 1)2] =—3 eXp[ ] G(L,k),

and therefore, according to (3.45),

2h 2h ik
G(2h,3k) = (—) G(1,3k) =—(——) V3 exp[—l—“] G(2h, k) .
3k 3 2
This formula enables us to express (3.52) and (3.53) in the single formula:

h ki(h—1) hk; _h?-—1
3.6) Hpp (k) =3 272 (5) expﬂil—1(2—)+—2—l—+/\ 5 ]G(2h,le1).

In case 3/k, by useof (3.42) and (3.43) we can express the more complicated
sums Hp 1(1) and Hp 1(2) by Hp 1(3) and Hy j (0), respectively:

4
(3.71) Hrp (1) = exp[g mhk] Hpp (3),

(3.72) Hpp (2) = eXPE Wihk] Hpk (0) .

More generally, the following recursion formula holds:

(3.73) Hpp(y + 2n) = exp[%i‘ (y +n) ”hk} Hpk () -

In order to compute Hp ;(0) and Hp, 4(3), we apply (3.42), (3.43), (3.45), and
(3.47) to obtain:

| k k=1 3hk) _
ing (3) = g)expm | eemk),

k 2\ M k; =1 3hk,
Hip (0) = (= 2M<—) w'[ L ]GZh,k X
i (0) (3) % B i 3 | G2 k)

Applying this on (3.71) and (3.72), and considering

'[4 hk+3th ‘[hk+3h(k k)}
Ty — - = mi1— + — - ,
exp7i 3 1 1 exp7i 12 4 1
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we can combine (3.71) and (3.72) into:

k
(3.8) Hp i (k) = 2>\/2(§)

hk 3 ki—1 _h?2—1
Xexpﬂilﬁ+zh(k1-‘k)+ : +A . lG(Zh,kl).

2

4. Determination of the root of unity. Now we go back to our result (2.9) and

consider the following expression:

1 T
@D o=t epl™ -
o= o] (L= d)(6 + ad)

3¢

— 271

X [Ha,c B) - exp[ (d + 2bd +b/5)] Ha,c(/i+4d)] .
According to the results of the preceding section, we have to distinguish whether ¢
is divisible by 3 or not and to keep in mind that ¢ = 2%eq, ¢y odd.

Let us assume first 3 | ¢; according to (3.51) we know that:

]

Ha,c (/8) =Hg,c (dc +d — 1) =0 if d
Ha,c (IB +4d) :Ha,c (dc +5d — 1) =0 if d

-1 (mod 3),
+1 (mod 3).

Therefore we have:

6D = (g) J% expwil-é‘ (1~d) (6 +ad) +§ (d—1)(1+b)] Haye (c)

- (.‘33) % exp{%i (@=1)( +ad)} Hoe (c) .

Considering that

eXpr;—i [(d—1)(b +ad +¢) + (a—1)(c; — c)]J =1,

and therefore that
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eXpm[-;— (d—1)(b +ad) +§ (a—1) 01]

= expr—;i [(d—'l) (b +ad +c) + (a-l)(el —c) - c(d—a)]}

= exp[w—é c(d—-a)] ,

we get from (4.2) and (3.6):
1 a cd -1
(4.3) =— L1 — —c) +— + *—+)\—“_" G(2 .
1% \/;T expTrll4 (01 c) 6 12 8 ( a, cl)

In case 3/ c,we can apply (3.73), which gives us

Ho e (B+ 4d) = exp 2 (,6 +2d) acd} Hq,c (B)
3

271

)} Hae 5,

= exp[

and obtain from (4.1):

o[ T (1= )b + aa)] 1= ['2:” || #o.c ®

N
SV T

(%) expi {-6]£ (1—d) (b + ad)—%+23 }Ha e .

%

Now we apply (3.37) once more, putting

Hose (8) = Hae (e + 6= ) = exp| = (o P 0 e e (o)

= e[ (8 = ¢ ac Hae (o).
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Using (3.8) and considering

12

exP[ T (52—c?) ac]

= exp {% lac(c® —1)(d* —1) +2ac(d—1) (cd +d)]]

I

exp [7% (d=1)(bc+c+b +c2)]

= exp i [% (d=1) (b +ad) —é (@=1) (1) +5 (d—l)] ,

7
o[ [a=1) (1) = @1 (-1} =1,
we see that the expression for o becomes again (4.3), Therefore, we have in all
cases:

17— C 0.2—1

1
(44) € =exp7i [TQ_ [bd(1—c?) +c(a+d)] +a < i + A 5

1
X ——=G(20,¢1) ,
c1

with the only restriction that, for even ¢, b also has to be even.
In order to show that our formula (4.4) holds even if this condition is not

satisfied, we put

+b
7! =aT+d , ¢ even, b odd,
cT
T*___(a +C)T+(b+d):7_, i1,

cT +d

Then, for 7*, formula (4.4) holds; considering

-7

T+1)=
7( ) eXP[ .

] n(r) ,

which is an immediate consequence of (1.6), we find:
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n(T*) = e*n(7) = eXpr;;i] n(r') = eXp[—;;i] en(r)
(4.5) € = exp [717—;] e*,

Now, if we compute €* by means of (4.4), and then €, using (4.5), the result will
be exactly the same as we get computing € directly by means of (4.4).
Finally, we can omit the Gaussian sums in (4.3) and, using (3.45) and (3.46),

obtain:

a
46 - (Z)
1—¢y c—cy a?—1

1
X exp7i{— [bd(1—c?) +cla +d)] + + + A
expllz[(c)c(a )] . e, -

This formula agrees with the one given by Tannery and Molk[10, p. 112] .
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