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1. Introduction. In the class of abelian groups every element of which (except
the identity) has infinite order, the subgroups of the additive group of rational
numbers have the simplest structure. These rational groups are the groups of rank
one, or generalized cyclic groups, an abelian group G being said to have rank ore
if for any pair of elements, a #0,b# 0, in G, there exist integers m, n, such that
ma = nb # 0. Although many of the properties of these groups are known [1], it
seems worthwhile to give a simple characterization from which their properties
can easily be derived, This characterization is given in Theorems 1 and 2 of $2,
and the properties of the rational groups are obtained as corollaries of these
theorems in §3. In §4, all rings which have a rational group as additive group are
determined.

Let pyypas* ey pjs® be an enumeration of the primes in their natural
order; and associate with each pj an exponent kj, where kj is a nonnegative inte-
ger or the symbol ©. We consider sequences i; k,, k,,° <, kjyeeoy where i is
any positive integer such that (i,pj) =1 if kj >0, and define (5 by, kpy* v o,
kjyo e ) = (i kj) to be the set of all rational num?ers of the form ai/b, where a
is any integer and b is an integer such that b = Hpjp;-‘f with n; <k;. Then each
sequence determines a well-defined set of rational numbers. The symbol 11" desig-
nates a product over an arbitrary subset of the primes that satisfy whatever condi-
tions are put on them; Il designates a product over all primes that satisfy the

given conditions.

2. Characterization of the rational groups. We show that the nontrivial sub-

groups of R are exactly the subsets (i; k;) defined in the introduction.

THEOREM 1. The set (i ;kj)is a subgroup of R*, the additive group of rational
numbers. We have (i5 kj) = ('; k') if and only if i =i', kj = k'; for all j.
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Proof. 1f ai/b € (i; kj), ci/d € (i5k)), then b = nlgjp;ff, d = H;jp;"j,and
[b,d] = H};jp;f, where s; = max (nj, mj) < k;. Writing [b,d] = bb' =dd', we
have

at  ct b'ai d'ci (b'a—d'c)i

5 4 [bdl [6d]  [bdl] € Gisky)-

It is clear that different sequences determine different subgroups.
In the sequel we need the following properties of a subgroup G # 0 of R *.

(1) Every { € G has the form { = ai/b, (ai, b) = 1, where i is the least
positive integer in G.
For every { we have { = m/b, where (m, b) = 1; and if i is the least positive

integer in G, thenm =ai + rand m —ai € G imply r = 0.

(2) If ai/b € G, i € G, and (a, b) = 1, then i/b € G.
For there exist integers k, [ such that ta + [6 =1 and
i (ka+1b)i _kai
—=—=—+4+1i € G.
b b b
(3) If ai/b € G where { is the least positive integer in G, and (a, b) =1,
then (i, b) = 1.
By (2), i/b € G;and if (i, b) # 1, h/b' € G with h < i. Then b’ (2/b") =
B € G.
We assume in the proof of the remaining properties that the elements of G are

written in the canonical form ai/b with (ai, ) = 1 and i the least positive integer
in G.

4) If ai/bec € G, then i/b € G.
For cai/bc = ai/b € G and i/b € G by (2).

(5) If ai/b, ci/d. € G, and if (b, d) =1, then i/bd € G. For by (2) we have
For by (2) we have

i (kb+ Ud)i ki Li

—=—=—+— € G.

bd bd d b
TueoREM 2. If G # 0 is a subgroup of R*, then there exists a sequence

(5 kiskay oo, kjre o) such that G = (i5 kj).

Proaf. By (1), every { € G has the form { = ai/b, (ai, b) = 1, where ¢ is the
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least positive integer in G. We write all elements of G in this form. If, for every
l, there exist ai/b € G such that Pj Ib let kj = . If not, let kj= max k such
that pk !b for some ai/b € G. Since (az, b) = 1 we have (i, p,) 1 if £ > 0. By
the defmltlon of { and kj, G is contained in (i; & ) Now every element of (i kj)
has the form ai/(pt « + < p!'), where n; < k; and (a, pit++-p’") =1. By (4) and
the definition of %;, G contains every i/p;.'f with nj < k;, and by (5), G contains
ai/(pTt « « ~p;r). Hence G = (i; k)).

3. Properties of the rational groups. In this section, properties of the rational

groups are obtained as corollaries of the theorems of $1.

CoROLLARY 1. The group (i; kj) is a subgroup of (i'; k%) if and only if
ki < k} and { = mi'.

COROLLARY 2. The group (i; kj) is cyclic if and only if kj < @ for all j and
kj = O for almost all j.

Proof. If (i; kj) is cyclic, it is generated by ai/b with (ai, b) = 1. Smce every
element of (i; k) has the form naz/b we have a = 1 and b =1IIj;5 p]J Con-
versely (i; k;) contains i/ l-]k >0 P; ki, and this element generates (i ; k i

CoROLLARY 3. We have (i;kj) = (i'; k') if and only if both kj = kj for
almost all j, and, whenever k; # k';, both are finite. Every isomorphism between
(05 kj) and ("5 k) is given by

where

’ . Lt
N (T e
) J f J
ky=kj=© kj>k;
kj finite

' U
n= H p}?h H p}:h kp
kp=kp=o kh>kp
k), finite
Proof. If (i5 kj) = (i'; k'}), then i —> mi'/n with mi',n)=1.1fn — i

then mn — mi’' and ni — mi’, sothat mn = ni, or 7 = ni/m.
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Hence ni/m — i'. We write
m=pileseplr, @ >0, n=pplottph, by >0

then for n; < k; we have

i pO‘:ll ...p&rr i’
n;i - ny b b

nj nj pB1 « e b
P; Pj7Pgy ~ Pg

while for n’; <k'; we have

by wew bs -1
TN ‘
n:} Q1 eoe n0r - pn} ‘
p] pal po('r J

We have the following alternatives with consequences which follow from (3):

I j=uy i nj —kj <ap Skj T

I1. J.=/Bm : n}”kjf_bmf_klj“n]‘

111 l#”}: nj

IN

U I
kj, ny S kj

It follows that k; = © implies £} = © and conversely. With both k; and £

finite we may choose nj = kjand n'; = k’; and we have:

L J =y : al=kj"'k'j

Il j = PBn : b,,:k}""’kj

1L JEG oy
]7é/8m 1 Y

We have k; = k; if and only if j # 0y, j # Bm. In particular, we have kj=k';
for almost all j. If k; > k', then j = oy and ay = k; — k'j. If k' > kj, then j = S,
and by, = k' — kj.

Now { — mi'/n implies ai/b — ami'/bn, so that the only isomorphisms
between (i; %;) and (i'; k') are those described in the corollary. Incidentally, we
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have derived necessary conditions for the relation (i ; k,-) =G5 k).

With the necessary conditions satisfied, we check that the given correspond-
ence actually is an isomorphism. These conditions imply that the correspondence
is single-valued with a single-valued inverse from (i; k;) onto (i'; £')). It is clear
that addition is preserved.

COROLLARY 4. The group (i; kj)admits only the identity automorphism if and
only if kj is finite for all j.

Proof. If k;j is finite for all j, we have by Corollary 3, with k; = k'; for all j,
that m = n = 1. Conversely, if any k; = ®, then the correspondence of Corollary 3
gives us nontrivial automorphisms.

The multiplicative group of the field of rational numbers, R%, is a direct pro-
duct of the infinite cyclic subgroups of R generated by the prime numbers p, for
all k. Such a subgroup consists of the elements p, , pi, e, 1, l/pk , 1/pi, cee,

COoROLLARY 5. The group of automorphisms of (i; kj) is isomorphic to the
direct product of all of the infinite cyclic subgroups of R* generated by those
primes p . for which k; = ®.

Proof. By Corollary 3, there is a (1—1) correspondence between the automor-
phisms of (i; kj) and the rational numbers M/N with (M, N) = 1, where ¥ and N
are arbitrary products of those primes for which k; = ®. This correspondence
clearly preserves multiplication and the set of all rationals M/N has the stated

structure as a group with respect to multiplication.

COROLLARY 6. For any two subgroups (i; kj) and (i'; k') of R*, the set T
consisting of all ordinary products of an element of (i; kj) with an element of

(i'; k'}) is again a subgroup of R*.
Proof. We have T = (I; K]-), where

.
1l
I= -, Kj=kj+k'j“s]'
Hpjp]‘.gl

with s; = min(aj, £';) + min(&’;, k;), where «; is the highest power of p; that
divides i, and O('- the highest power of p; that divides {’.

COROLLARY7 If G kj) > (i k}) and Pj Liis the maximum power of pj such
that p; Li divides i'/i , then the dszerence group (5 k) — (i'; k'}) isadirect sum
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of the groups G; where
(i) Gj is the cyclic group,

i!
1 ' b o—
l(’- ) k]) p]k]-'.lj ]’
if kj is finite;
(ii) G; is the group of type p°,
«© -4 1 il ) { + il ce s
PGS k) + o GhED Y g
pj p;
if kj is infinite and k'; is finite;
(iii) G]' = {0} ifkj = k'j = 0,

4. Rings which have a rational group as additive group. The distributive laws
in any ring S with (i; kj) as additive group are used to determine all possible
definitions of multiplication in S.

LEMMA. If S is a ring with additive group (i; kj), then multiplication in S is
defined by

at ¢t ac
—X—=— (i Xi).
b d bd

Proof. We prove this by showing that

at cL
bd(—X—d‘)= ac (i X 7).

b

We have

ac(i X i) =ai Xci (by the distributive laws in S)

[+ ()] < [«2)]

b summands d summands
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whence ac (i X i)

[ﬂ X -C—l] + s 00 + id X il (by the distributive laws in S)
b b d

I

bd summands

]

at ci
bd)]— X —}| .
e x5

THEOREM 3. If there is an infinite number of k; such that 0 < kj <, then
the only ring S with (i; kj) as additive group is the null ring. If 0 <kj < for
only a finite number of kj, then S is a ring with additive group (i; k;) if and only
if multiplication in S is defined by

acA'( I1 p;f)i
ai ci

0<k; <@
_ X — =

bd I p}
kj=°°
where A' and nj are arbitrary.

Proof. If S is a ring with additive group (; kj), then { X i = Ai/B € (i;kj),
where (4i,B)=1,B = H'pj"i, nj < kj. By the lemma, we have

at ci acAi

- bdB

If 0 < k, <, this yields in particular

11 i Ai

“kr  2kp "
pir " pfr pMB

Therefore (p,, B) = 1, for otherwise we would have 2%, + n, < k;, which is im-

possible. Hence, B = H’p " is a product of primes for which kj = o, anditis

necessary that pf"A. If there is an infinite number of primes p; with 0 <k; <,

then A = 0 and (ai/b) X (ci/d) = 0. This proves the first statement in the theorem.
If 0 <kj < for only a finite number of primes p;, then

a=4 1 p]li’f.

0<kj<®
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Together with what has been proved above, this gives

] k: .
<)
acA H Pt
ai ci 0<kj <@
—_— X — =

bd II" pp
kj-*-oo

where 4’ and nj > 0 are arbitrary integers.
Conversely, this definition of multiplication always makes (i;%4;) a ring. Closure
with respect to X is insured by providing p;‘f in the numerator when 0 <k; <@,

and the associative and distributive laws are readily verified.

CorOLLARY 1. The set (i;kj) is a subring of R if and only if there is no
kj such that 0 < k; <.

Proof. Let (i; kj) be a subring of R and assume that for at least one ki we
have 0 < k; <. If 0 < %; < for infinitely many &}, then (i; %) is not a subring
of R, since by Theorem 3 it is the null ring. If 0 < k]- < @ for a finite number of
kj, then multiplication in any ring with (i; k]') as additive group is given by the
formula of the theorem. Hence this must reduce to ordinary multiplication for some
choice of 4' and njs that is,

' ki
J

A 0 p@o £ ’
< .

L N { R
H p]’.‘j 0<kj<o kj=o
ki=w
J

By hypothesis, at least one p; with £; > 0 appears in the left member of the above
equality. Since no prime appears in both products, we have pj‘i. This contradicts
(, pj) =1 forkj > 0.

Conversely, let every k; be either 0 or ®. By the theorem, we have

1 -
ci acAd' 1

at
e ’
I
bd H pJnJ
k)=

and we may select 4' =, H'k}:m p;lf =1, yielding ordinary multiplication.

COROLLARY 2. If (i5 k)) is a subring of R, then (i; kj) is a ring under the
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multiplication
at ci ac |ei
—_ X — = — | —
d bd ( f)
for arbitrary ei/f € (@ kj).

Proof. By Corollary 1, we have k; = 0 or k; = @, so that every element of
(i k]-) has the form

Ali
’ !
nj
lzj—-m
and by the theorem these are just the multipliers which are used to define multi-
plication.

CorROLLARY 3. If S is a ring with additive group (i; kj), then either S is a
null ring or S is isomorphic to a subring of R.

Proof. If S is not null, the correspondence

at ad at ct acAi
— -, where — X — = ,

b bB b d bdB

is (1~1) from S on a subset of R, and

ai  ci (da + be)i (da + bc)A aA  cA
+ — = Y = — —_—

—_— + ,
bd bdB bB dB
at ct acA1i acA? aA cA
—_— X — = —_> = — —,
bdB bdB®>  bB dB

CoroLLARY 4. All rings with additive group R* are isomorphic to R.

Proof. The correspondence of Corollary 3 clearly exhausts R.
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