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CONVOLUTION TRANSFORMS WITH COMPLEX KERNELS

I. I. HIRSCHMAN, JR. AND D. V. WIDDER

1. Introduction* In the present paper we shall consider the inversion of a class

of convolution transforms with kernel G(t) of the form

(1.1)

(1.2)

(- co < t < oo) ,

*(•)= Π " " )es/bk

ak = bk + ic^ (A = 1,2, * * •) being a sequence of complex numbers such that

(1.3) Σ
k=ι

Σ (ck/bk)
2 <oo.

This class of kernels is more extensive than that treated previously by the authors,

see [4] , [ 5 ] , [6] , and [7] however the results obtained here are slightly less

precise than those which it was possible to obtain there. We shall show essentially

that if

(1.4) /(*)= / lG(*-t)c iα(t ) ,

and if xx and x2 are points of continuity of CC(t), then

(1.5) lim /
fli-oo * 1

*2 D
Π 1 - -

Here D is the operation of differentiation, and e that of translation through the
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distance l/α, so that, for example,

α2 / \ 6χ b2

bt b2

1
I rll

aχa2

If we replace equation (1.2) and inequalities (1.3) by the more special relations

" / sΛ
(1-6) E(s)= Π 1 - - 7 ,

00

(1.7) l im6fc/fc=Ω>0, Σ ( c * / ί > * ) 2 < 0 0 »

we have in addition the complex inversion formula,

(1.8) lim fχ*
2 dx fc f(λw + x)K(w) dw = α(* 2 ) ~ Ot(%i) ,

where

(1.9) K(w) = f™ E(s)e~sw ds

and Cχis a closed rectifiable curve encircling the segment [—ίΩ , iΩ] and lying

in the strip | &w \ < Ω/λ . The inner integral in formula (1.8) is to be taken in

the counterclockwise direction.

As one example we may take

v!
 x Γ(l/2 + v/2)

2

Γ(l/2 + v/2 - s/2) Γ(l/2 + v/2 + s/2) '

G ( 0 =
 Γ(l/2+,/2)

2
 '
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where Hv > — 1 . If

213

/(«)= Ci*1*
then

lim
R -α>

1 - = α ( χ 2 ) - α
-1/2+V/2 +fe

and if Hv > 0, then

lim — — / dx I . f{x + ιkw) |_cos w] dw

See [7] and [β] , and [9] . A second example is

E(s) =π2s ΊTV
cos I

2 2 2 2 2 2 2

G(t) = - cos e%(e*)
77 2

for - 1 < Rẑ  < 1. If

77

then

lim J
» 1

-1/2

D

- v/2 + k
1 -

~l/2 + v/2 +kj

See [ 2 ] .

2. Inversion of a class of convolution transforms. We assume as given through-

out this section a sequence, {α }̂J°, of complex numbers α^ = b^ + j'c^ subject
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to the restrictions

(2.1) Σ (l/bk)2

k=i

We define the entire functions

(2.2) EΛ,n(s) =

Σ (tk/bk)
2 <<».

k=i

= Π (I ~ s/ak)
k=m+l

= Π

The definition of Em(s) is significant because

00 / s \

π i--••

00

exp Σ
Λ + l -f- i

and because the series Σ ^ + 1 | a^ \ ~2 , Σ ^ + 1 c^/bj^b^ -f ί'c^) converge as a

consequence of (2.1) and Schwarz's inequality. Similarly, Fm(s) is well defined.

We define

(2.3)

We also set

(2.4) βχ (m)

THEOREM 2a.

1

(*=0, l , ) .

β2(m) = m in (bk,
6o

, m yjf ± , z,, ) ,
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then we have

A.

β.

C

D.

f_m \Gm(t)\e-σt dt <

P«(fl)G0(t)=G«(t);

(d/dt)kGm(t)=O(e^t), *-»+«

= 0,l, ) ,

Conclusion A is an immediate consequence of Hamburger's theorem; see

[4, pp. 141-144]. We define g(u) = e*" 1 for -co < u < l , and ^(w) = 0 for

1 < u < °° , and we set

=α^ sgn bk\exp[ick(t ~ bϊ1

It is immediately verifiable that

for —oo < Rs < bjς if bjς > 0, and for b^ < fts < oo if b^ < 0. Let

g i * g 2 ( O = Xoo gi (ί "" u)g2 (u) si" ,

and so on; then by the convolution theorem for the bilateral Laplace transform

we have

£ ^ g»+i * g«+2 * •'• *gn(t)e-stdt = [ £ . , „ ( « ) ] " *

for βι(m) < Rs < β2(m). From the complex inversion formula for the bilateral

Laplace transform we obtain

*g«+2 * ••• * g » ( t ) =
,2πi
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Since

= 0

for —oo < t < oo , it follows that

* ••• *gn(t) =Gn(t) (-oo< ί <oo).
n-oo

See [4; pp. 139-145]. It is easily seen that

SZ kk(t)\e~stdt = [(1 - 8/bkyfo\bk/ak\Tι ,

for -oo < Hs < bk if bk > 0, or for bk < Hs < oo if bk < 0. By Fatou's

lemma we have

f_l K(t)\e-σt dt < lim inf j Γ | g l l + ι * * gn(t) \e~σt dt ,

< lim inf X " |g B + 1 | * ••• * | g π ( ί ) | e " σ t d t

so tnat conclusion B is established.

Conclusion C follows from the identity

P»(D)est = e s t f [ ( 1 -

Conclusion D may be established by shifting the line of integration in the integral

defining Gm(t) to Rs = yx and Hs = γ2 . See [4; pp. 152-154] .

In what follows we shall write G(t) for G0{t).

THEOREM 2b. //

(a) G(t) is defined as in Theorem 2a,

(b) βx(o) < c < /32(o), c + n > A(o), c + γ2 < 02(o),
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(c) α(ί) is of bounded variation on every finite interval, d(t) — 0(e7i ) as

t —•> - <» , α(ί) = 0(e7^) as t —> + oo $

(d) flnΦ) is defined as in equation (2.3),

(e) / ω = / ω G ( * - ί ) β

c l d α ω ,

(f) ^i and %2 are points of continuity of 0C(ί),

then

lim = a(xa) - α (

From assumption (c) and from conclusion D of Theorem 2a we may show, using

integration by parts, that each of the integrals

converges uniformly for x in any finite interval. Since Pm(D)G(t) = Gm(t) by con-

clusion C of Theorem 2a, it follows (see [4; pp. 167-170]) that

(2-5) P. &>)/(*)= f_lGΛ(χ-t)ectda(t)

Multiplying by e~cx and integrating by parts, we have

(— 00 < x < OO) ,

α(t)dt

a(t)dt.

Since this integral converges uniformly for Λ; in any finite interval, we obtain

e-c*PΛφ)f(x)dx

Γ2 dx f
oo I 3

oo I ->„ *>] α ( t ) Λ
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»i α(t )Λ

We thus need only show that if x is a point of continuity of α(ί) we have

(2.6) lim fW Gm(x - t)β-
e<*-*> α ( t ) dt = α(x) .

We shall first show that for any 6 > 0 we have

(2.7) lim G«(t)e- C t α (x - t) dt = 0 .

Using assumptions (a) and (b) we see that it is enough to prove that for any

δ with βiiO) < δ < /32(0), we have

0 so small that ^ ( 0 ) < 8 - 2η < 8
re

(2.8)

Choose rj >

\t\ > 6 we have

"" (sinh

so that it is enough to prove that

lim /°° \Gn(t)\e~$t [sinh ηt]2dt = 0

)S2(0). For

Using conclusions A and B of Theorem 2a we see that

C \G.W\e-* l,iihηtl'dt

F . ( 8 - 2 τ > ) Em(B)

and equation (2.8) follows from this. We assert that

(2.9) lim £ Gm(t)e'ct dt = 1
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(2.10) lim^sup f_l \Ga(t)\e-ctdt =

These results are immediate consequences of conclusions A and B of Theorem 2a.

Now x being fixed and 77 > 0 being given, let us choose e > 0 so small that

I (X(t) — a(x) I <_ 77 for I ί — x I < € . We have

j Γ G Λ s - O ^ ^ α ί O d t - <*(*) =ίi +12 +I3 ,

where

h =

[a(x~-t)-a(χ)]dt

[a.(x-t)-a(x)]dt

We have limm-oo/i = 0 by equation (2.9), limm-»co/2 ~ 0 by equation (2.7), and

lim supm-»oo|/3 j <. 77 by equation (2.10). Since 771s arbitrary our demonstration is

complete.

3. Complex inversion formulas* In this section we restrict our attention to a

much more special class of kernels. We suppose that

(3.1)

We define

(3.2)

(3.3)

bk>0, bk~
Ωfc

77 IB—

H(λ,s) =

E(s) = Π

λ2 + (1-λ 2 ) \ak\bk

bl - s2 (0 < λ < 1)
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The product (3.3) is defined for s f^ h^ {k — 1,2, •) since it can be rewritten

Π
H{λ,s) =

i-^-+(i-λ2)
\<*k\ ~ bk

π

and assumption (a) implies that ΣJ° [ | α& | — i^] ^^""ι i s convergent. We define

(3.4) β = m i n 6fe .

THEOREM 3a. //

1 ri«> β^£(λs)

2τri E(s)
ds

then

A. G(λ,w) is analytic for \&w\ < Ω(l - λ)

(d/dw)kG(\,w) = 0(e 7iu) (u

(0 < λ< 1) ,

= 0 , 1 , . . . ) ,

where yι > —β, γ2 < β, uniformly for \v\ < Ω ( l — λ ) "~" 6 , e > 0.{Here

w — u + iv.)

• ' - o o
<//(λ,σ), - β<σ< β.

We shall write G(ί) for G(0, ί) .

We assert that
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(3.5) log \E(σ + i r ) I ~ Ω | τ I (r —> ± oo)

uniformly for σ in any finite interval. We define

00

We have

from which it follows that

E(s) » 4
(3.6) lim — = Π Hr

uniformly for 0 < 6 < | arg s\ <π — € . From [ l , pp. 267-279] we have that

log |£* (cr + ir) ~ Ω | τ | as r —> ±°°, uniformly for α in any finite interval.

Relation (3*5) now follows.

Conclusion A follows immediately from (3.5) and the definition of G( h,w).

Conclusion B is a consequence of (3.5) and Hamburger's Theorem. The two con-

clusions C are obtained by shifting the line of integration in the integral defining

G(λ,ί) to Rs = 7i , and to Hs = γ2 , respectively. See [6, pp.688-691]. To

establish conclusion D we introduce the functions

Π i-^H
γ.

Π - i
k=i \ akl

It is immediate that

lim G π (λ,ί) = G(λ,t) ( - oo < t < oo) .
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where j(t) = 0 for -co < t < 0; ;(0) = 1/2; j(t) = 1 for 0 < t < oo.

It is easily verified that for ~~&£ < cr < b^ we have

- λV/α?

Just as in §2 we may show that

G n ( λ , ί ) = lim — [/ii(λ,t) * •••* hn(λ,t) * h π + i ( 0 f t ) * •••* h«(θ f t ) ] .
w-̂ oo at

Here h1*h2(t) ~ X°^ Aι(ί ^u)dhι(u). Note that this differs from the convention

employed in §2. By Fatou's lemma,

< lim inf f™ e'σt \dhι(\,t) * *hn(λ,t) *hn+1(O,t) * •• *Λm(θ,t)

< lim inf Π 'C

<Π Π

By Fatou's lemma, again,

<π

< Π λ2 + ( 1 - λ 2 )
\ak\bk
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This completes the proof of the theorem.

We define

(3.7) K(w) = f* E{s)e'sw ds .

It follows from relations (3.1) that given € > 0, for all sufficiently large r we
have log | £ * (reiθ) | < (e + | sin θ\ )Ωr. See [l, pp.267-279] . Fromequation

(3.6) it follows that

log \E{reiθ)\ < (e + |sin 0 | ) Ω r

for r sufficiently large. Using this inequality and rotating the line of integration

in the integral defining K{w) we can show that K(w) is analytic and single valued

in the w -plane except on the segment [— iΩ , iΩ] . It may also be shown, see

[l, pp.295-311] , that if C is a closed rectifiable curve encircling [~iΩ , iΩ]

then

(3.8)

the integration proceeding in the counterclockwise direction.

LEMMA 3b. If C\ is a closed rectifiable curve encircling [—ίΩ , iΩ]and

contained in the strip \v\ < Ω/λ , then

fc^G(\w+x-t)K(w)dw=G(\,x-t),

the integration proceeding in the counterclockwise direction.

We have

1

2 771
- / G(\w+χ-t)K(w)du
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E(λs)

2771 E(s)
ds

THEOREM 3 C //

(a) G(t) is defined as in Theorem 3a

(b) -β < c < β, -β < c + yι , c + γ2 < β

(c) α(ί) is of bounded variation on every finite interval and

α ( t ) = (βn*) ( t_»+oo), α ( t ) = (ey2<) (t_»-oo)

(d) f(w) = Jl0^ G(«; - ί)e c ί r fα(ί)

(e) Jζ(ιt ) is defined as in equation (3.7)

(f) C\ is defined as in Lemma 3b

(g) %ι and x2 are points of continuity of CX(ί), then

lim f*2 e~cx dx - i - Γ /(λ. + ^ W ώ ^ α f c l - α f e ) .
λ - l - x l 277 I ^ λ

It follows from assumption (c) and from conclusion C of Theorem 3a that the

integral defining f(w) converges uniformly for w in any compact set contained in

the strip I AM; I < Ω . Hence

x)K(w)dw
2πi

by Lemma 3b. The proof may now be completed exactly in the manner of Theo-

rem 2b.

4. Remark. If it is assumed that the roots of E(s) occur in conjugate pairs,

then equation (1.5) can be established under conditions less restrictive than (1.3).

A discussion of this case is given in the Master's thesis of Mr. A. 0 . Garder [3],

written under the direction of one of us.



CONVOLUTION TRANSFORMS WITH COMPLEX KERNELS 2 2 5

R E F E R E N C E S

1. V. Bernstein, Lemons sur ίes progres recents de la theorie des series de Dirichlet,
Paris, 1933.

2. R. P. Boas, Jr., Inversion of a generalized Laplace integral, Proc. Nat. Acad. Sci.
U. S. A. 28 (1942), 21-24.

3. A. O. Garder, The inversion of a special class of convolution transforms, Master's
Thesis, Washington University, 1950.

4. I. I. Hirschman, Jr. and D. V. Widder, The inversion of a general class of convo-
lution transforms, Trans. Amer. Math. Soc. 66 (1949), 135-201.

5. , A representation theory for a general class of convolution transforms,
Trans. Amer. Math. Soc. 67 (1949), 69-97.

6. , Generalized inversion formulas for convolution transforms, Duke Math.
J. 15 (1948), 659-696.

7. , Generalized inversion formulas for convolution transforms, II, Duke
Math. J. 17 (1950), 391-402.

8. H. Pollard, Studies on the Stieltjes .transform, Dissertation, Harvard; Abstract
48-3-117, Bull. Amer. Math. Soc. 48 (1942), 214.

9. D. B. Sumner, An inversion formula for the generalized Stieltjes transform, Bull.
Amer. Math. Soc. 55 (1949), 174-183.

10. D. V. Widder, The Laplace transform, Princeton University Press, Princeton, 1941.

WASHINGTON UNIVERSITY

HARVARD UNIVERSITY





PACIFIC JOURNAL OF MATHEMATICS

EDITORS

HERBERT BUSEMANN R. M. ROBINSON
University of Southern California University of California
Los Angeles 7, California Berkeley 4, California

E. F. BECKENBACH, Managing Editor
University of California
Los Angeles 24, California

ASSOCIATE EDITORS

R. P. DILWORTH

HERBERT FEDERER

MARSHALL HALL

P. R. HALMOS

HEINZ HOPF

R. D. JAMES

B0RGE JESSEN

PAUL LEVY

GEORGE POLYA

J. J. STOKER

E. G.STRAUS

KOSAKU YOSIDA

SPONSORS

UNIVERSITY OF BRITISH COLUMBIA

CALIFORNIA INSTITUTE OF TECHNOLOGY

UNIVERSITY OF CALIFORNIA, BERKELEY

UNIVERSITY OF CALIFORNIA, DAVIS

UNIVERSITY OF CALIFORNIA, LOS ANGELES

UNIVERSITY OF CALIFORNIA, SANTA BARBARA

OREGON STATE COLLEGE

UNIVERSITY OF OREGON

UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY

WASHINGTON STATE COLLEGE

UNIVERSITY OF WASHINGTON
• • •

AMERICAN MATHEMATICAL SOCIETY

NATIONAL BUREAU OF STANDARDS,

INSTITUTE FOR NUMERICAL ANALYSIS

Mathematical papers intended for publication in the Pacific Journal of Mathematics
should be typewritten (double spaced), and the author should keep a complete copy. Manu-
scripts may be sent to any of the editors. All other communications to the editors should

"be addressed to the managing editor, E. F. Beckenbach, at the address given above.
Authors are entitled to receive 100 free reprints of their published papers and may ob-

tain additional copies at cost.

The Pacific Journal of Mathematics is published quarterly, in March, June, September,
and December. The price per volume (4 numbers) is $8.00; single issues, $2.50. Special
price to individual faculty members of supporting institutions and to members of the
American Mathematical Society: $4.00 per volume; single issues, $1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to the
publishers, University of California Press, Berkeley 4, California.

UNIVERSITY OF CALIFORNIA PRESS BERKELEY AND LOS ANGELES

COPYRIGHT 1951 BY PACIFIC JOURNAL OF MATHEMATICS



Pacific Journal of Mathematics
Vol. 1, No. 2 December, 1951

Tom M. (Mike) Apostol, On the Lerch zeta function . . . . . . . . . . . . . . . . . . . . . . 161
Ross A. Beaumont and Herbert S. Zuckerman, A characterization of the

subgroups of the additive rationals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
Richard Bellman and Theodore Edward Harris, Recurrence times for the

Ehrenfest model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
Stephen P.L. Diliberto and Ernst Gabor Straus, On the approximation of a

function of several variables by the sum of functions of fewer
variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

Isidore Isaac Hirschman, Jr. and D. V. Widder, Convolution transforms with
complex kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 211

Irving Kaplansky, A theorem on rings of operators . . . . . . . . . . . . . . . . . . . . . . . 227
W. Karush, An iterative method for finding characteristic vectors of a

symmetric matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
Henry B. Mann, On the number of integers in the sum of two sets of positive

integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249
William H. Mills, A theorem on the representation theory of Jordan

algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
Tibor Radó, An approach to singular homology theory . . . . . . . . . . . . . . . . . . . . 265
Otto Szász, On some trigonometric transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . 291
James G. Wendel, On isometric isomorphism of group algebras . . . . . . . . . . . 305
George Milton Wing, On the L p theory of Hankel transforms . . . . . . . . . . . . . 313

Pacific
JournalofM

athem
atics

1951
Vol.1,N

o.2

http://dx.doi.org/10.2140/pjm.1951.1.161
http://dx.doi.org/10.2140/pjm.1951.1.169
http://dx.doi.org/10.2140/pjm.1951.1.169
http://dx.doi.org/10.2140/pjm.1951.1.179
http://dx.doi.org/10.2140/pjm.1951.1.179
http://dx.doi.org/10.2140/pjm.1951.1.195
http://dx.doi.org/10.2140/pjm.1951.1.195
http://dx.doi.org/10.2140/pjm.1951.1.195
http://dx.doi.org/10.2140/pjm.1951.1.227
http://dx.doi.org/10.2140/pjm.1951.1.233
http://dx.doi.org/10.2140/pjm.1951.1.233
http://dx.doi.org/10.2140/pjm.1951.1.249
http://dx.doi.org/10.2140/pjm.1951.1.249
http://dx.doi.org/10.2140/pjm.1951.1.255
http://dx.doi.org/10.2140/pjm.1951.1.255
http://dx.doi.org/10.2140/pjm.1951.1.265
http://dx.doi.org/10.2140/pjm.1951.1.291
http://dx.doi.org/10.2140/pjm.1951.1.305
http://dx.doi.org/10.2140/pjm.1951.1.313

	
	
	

