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1. Introduction. To a given series 2=y u, we consider the transform

n .
sin Vt
(1.1) A, = E Uy ——— where t, Y 0 as n— © ,
v=1 Vin

It was shown in a previous paper [5, Section 4, Theorem 3] that the transform
(1.1) is regular if and only if

(1.2) nt, =0(1), asn—®

We shall now consider the transform (1.1) in relation to Cesaro means. In a forth-
coming paper Cornelius Lanczos has found independently that the transform (1.1)
is very useful in summing Fourier series and derived series, and gave some very
interesting examples; he takes ¢, = 77/n. Of our results we quote here the follow-
ing theorem:

THEOREM 1. In order that the transform (1.1) includes (C,1) summability, it
is necessary and sufficient that

(1.3) nt, =pm+o,, no,=0(1), p a positive integer.

We also discuss other triangular transforms which may be generated by “trun-
cation” of well-known summation processes, such as Riemann summability. The

transform A, and the transform D, (Section 5) are special cases of the general
transform

n

Yn =Y uy, $(VPy) ,

v=0
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292 OTTO SZASZ

where @(P) is a function of the n-dimensional point Plxy, %, ***, %), and
B, — 0. This transform and many special cases of it were discussed by
W. Rogosinski [4]; in particular, the special case a, = 0 of our Theorem 4 is
included in his result on page 96. The general approach is essentially the same
as in the present paper.

2. Proof of Theorem 1. If we write

n 1 sin Vi, sin (v +1) tn
!
zuvzsny Sy = 8p, - =A‘Ur
v=1 v§1 Vip (v +1) ta
sin Vi, 2 sin (v +1) tn sin (v + 2) tq — A2
Vtn (V + ]-) th (V + 2) tn v
|
then
nl sin ntp
Ap = z sy + s ———
v=1 nin
n? ) A2 , , , sin ntp
= Z sy A% + Sp-1 An—l + (sn - Sn-l) )
v=1 nty
or
n-2 . .
sin (n—1) ¢t 2 sin nt
(2.1) An =Y sy + sp-y ( ) tn - L
v=1 (n - 1) tn ntn
sin nt
+ 54—,
ntp
Now (C. 1) summability of 2 V=1 un to s means that
(2.2) nlsh— s, asn — ©,

If s, =1, then 4, = sin tn/tn — L.

In order that (2.2) imply 4, — s, it is necessary and sufficient [in view of
(2.1)] that
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(2.3) _S_.lntﬂ_;o(l) , sin (n - 1) tn :O(l) ,
n-2

(2.4) > v =0(1), as n=—®,
v=1

The first condition of (2.3) [in view of (1.2)] is equivalent to

sin nt, = O(tn) = O(l/n) H
hence

ntp = pm+d,, n&, =0(1).
The second condition of (2.3) now reduces to

cos ntp sin t, = O(tn) ,

or

cos On sin t, =0(n7!),

which is satisfied. Finally

sin vt

t t
= f cos vx dx =R f e'”* dx ;
v () ()

hence

tn - _ th i .
25 M =R [ Ao g =R L (1= ot dr,
and

(2.6) th|0%] < j;t" 1 - el* |2 dx = 4 j(;t" (sin x/2)? dx

th 2 3
< j‘;"x dx < tp .

It follows that

n-2 n
T vMl<i2 $ v <nfid=oQ), S
v=1 v=1
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This proves Theorem 1.

We can show by an example that the transform A, may be more powerful than
(C,1). In 1.3) let p = 1, na, = —7/2; the series 29=, (=1)""!n (that is,
= (—~1)"n) is not summable (C, 1), but summable (C, 2) to 1/4. Now

n
n= 2 (=1)""! sin vt,

_ sin tp — (=1)* [sin nt, +sin (n + 1) t,]
11 -i-eitl2

’
where nt, = 77—77/2n. Hence, as n — ®,

An ~1/4 +0(1) .

An even more striking example is u, = (=1)"7! n2.

3. Summation by harmonic polynomials. We get a more powerful method if we
introduce the harmonic polynomial

n .
6.1) ha(o,t) = 3wy p? T
v=1 v
and the corresponding transform
d , sin Vty,
(3.2) anzuvp‘nm, Pn—1, th {0,
=1 th
or
Bp = t;lhn(pm tn) .
Let

n
ﬁ = Z Svyn-v s

where
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p_ (kt1) e (ktn) nk

n

n! Tk +1)
we also write
k .
o= 3 1 (]) wer
r=1
and
ok — Sk
ok

Now (C, k) summability of the sequence {s,} tos is defined by

lim O',f =s,
n-©

We quote the following elementary theorem [cf. 6, Theorem 1], which is included
in a more general result of Mazur [1, Theorem X] :

LEMMA 1. Let k be a given positive integer, and let
n
Tn=z an,vsv: n=0,1,2, .
y=En

In order that lim T, exist, whenever the sequence {splis (C, k) summable to s,
it is necessary and sufficient that:

n
(3.3) > vk IAkan,V | =0(1), any =0 for v >n;
v=0
(3.4) lim ')/llf Dap,y = Oy exists, v=0,12 °--;
n—m
n
(3.5) },.].J; > an,y =B exists.

v=0

We then have lim 7, = Bs + 22=, d,(c¥ —s). Since then the transform T
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is convergence preserving we must have (3.5) and:

lim ap exists, v=0,1,2 ¢+ ;
n-®

hence (3.4) and (3.5) hold, so that the conditions of Lemma 1 reduce to (3.3). In
the case of the transform B, , we have

sin ntp
,n = Pn . ’
nip
sin Vitp 4 sin (v +1) t, :
an,u=P.: ——‘——-pzl , v=12 .n—1;
Vi (v +1) t,

hence
anpy — 0, as n—>®,

To satisfy (3.3) we must have

i t
(3.6) nkop 20 = 0(1)
ntp

sin (n "'Jl) th

(3.7) k ppm1 =0(1),
n /On (n _ 1) tn ( )
L n-p S1N (n—k) tn _
=0(1),
n /On (n __k) tn ( )
and
nk-1 k k+ sin th
(3.8) RIaR oy ——— 2 =0(1) .
v=1 n

Assume first that £ = 0; then our conditions become:

sin ntp

(3.9) pn ——2=0(1),
ntp
and
n-1 .' .
sin Vi, sin (v + l) tn
(3.10) | — = 0(1).
E; S T t) o
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We now prove the lemma:

LEmMaA 2. [f

1 —pn

(3.11) eR=0(1),
1 —pn

tn =0(1), as t, V0, pop—1,

then By, is a regular transform.

Clearly (3.9) holds, and we need only to show that (3.10) also holds.
If p, > 1, then pj, < pF, v=10,1,**+,n —1; if on the other hand P, < 1,
then p; < 1. Hence, in either case,

max pp =0(1), as n— ®,
ogv<n
We have
" sin Vi sin (v +1)t n sinvt sin (v +1)t
2z P —p <Y o -
ve1 v v+1 b1 v v+1
" olsin (v+1)t
+(1-— — | p”;
(1=p) El 1

the second term is O(¢), and

sith_sin v+1)t
1% v+1

= j;t [cos vx —cos (v + 1)x] dx =0(¢t?),
so that

sin ¥t  sin (v+1) ¢
v v+1

n
2 o
V=1l

Thus (3.10) is satisfied and LLemma 2 holds.

Note that the condition p; = O(1) is equivalent to n(p, —1) <c, a positive
constant (see [5,p. 73]); furthermore, if nt, = O(1), then clearly the second con-
dition of (3.11) holds.

Next let £ = 1; we shall prove the theorem:
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TaeoreM 2. If (3.11) kolds, and if
(3.12) o sin nt, =0(t,) , n— ©,
then B, includes (C,1).
The conditions (3.6)—(3.8) now become :
pr sin nt, =0(t,),
pr sin (n = 1) t, =0(tn),

and

1 t
20 = 0(t,) , as n—> ®,

n-2
(3.13) S v |AZpy
v=1

Clearly, we need only to show that (3.13) is satisfied. Now

sin vVt

A? o¥ y =A2p”j0't cos vx dx = RA? jo't Ve tV* dx

Hence

sin ¥t

A2 <p¥ [F L= pet | dx <p¥t{(1 = p)? +pt};

it follows from (3.11) that

n

< g(l—/on2 +/Ontn E 20(1)-

2y S1nViy
n

n
> v
V=1

vt,
This proves (3.13) and Theorem 2.

4, Comparison of B, and (C, %), &k > 2. We wish to prove the following theo-

rem:
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THEOREM 3. Suppose that (3.11) holds and that

(4.1) nk-lpﬁ sin nt, =0(t,),
(4.2) n¥ 1ol cos nt, = 0(1) on — 1, ty VO,
then B, includes (C, k) summability.

Now (3.6) holds because of (4.1), and then (3.7) follows from (4.2). It remains
to prove (3.8). We have

sin vVt .
Ak+1,0y :Akﬂpv ‘/(;t cos vz dx =Ak+1R Jo‘t pyezvx dx
— Rfotpveivx(l __peix)kﬂ dx ;
hence
(4.3) 'Akﬂpy sin vVt < fot |1 _peixlkﬂ dx
v

<O =) et

= (" el(1— p)** + £41Y).
It follows that

Akﬂpy sin Vi
n

Vitn

(Z VR {(1 = pa)* Tt + tﬁ”i)

:O((l__pnkui ) (k+1zv )

Here the first term is O(1) by Lemma 2 of [6]; finally

v=1

ot n n k+1
th*1 ¥ vhot =0 (1, T pﬁ) =0(1).
v=1
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This proves Theorem 3,

An interesting special case is t; = 7/n; the conditions now reduce to the

single condition
nk"1p% =0(1).

I, in particular, n¥ o = O(1) for all k, then B, includes all (C, k).
Observe that by Lemma 1 of [6] the condition n* p? = O(1) is equivalent to

lim sup {n(op — 1) + k log n} < 4+,
Note also that (4.1) and (4.2) imply:
nk 1o = 0(1) .

5. Truncated Riemann summability. The series 2 3=, u, is called (R,k)

summable to s if the series

k
(6.1 up + z (sm nt) up =Ry (t)

n=1

converges in some interval 0 <t < t,, and if *
Rp(t)— s, as t—0.

For £k = 1 it is sometimes called Lebesgue summability. The method (R, k) is
regular for ¥ > 2 and, in fact, it is more powerful than (C,k — 2); for k = 2, it
was employed by Riemann in the theory of trigonometric series. We generate from
it by truncation the triangular series to sequence transform (v, = 0):

n sin v, |k sin v, \F sin nty |t
Dn'—‘zuu(—'_1 ZSV — + sn —|

Vip V=1 Vip ntp

k is a positive integer. We assume k& > 2; it is then easy to show that D, is a
regular transformation,
From Lemma 1 we find for (C, k) to be included in D, the conditions:

(5.2) tk(sin n —vt, ) =0(1), for v=0,1, +**, k;
n=k=1 . k

(5.3) z vk | ARt (M ___0(1) , n—/oo ,
v=1 Yin
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It follows from (5.2) (see Section 2) that we must have
(5.4) nt, =pm+o,, no,=0(1), p a positive integer ;
now (5.2) reduces to

tp sin (op —vt,) =0(1), v=20,1 ¢, k,

and this is satisfied in view of (5.4).

To show that now (5.3) also holds, we employ a lemma, due to Obreschkoff
[2,p. 443]:

LEMMA 3. We have

. k m—k
AR sth) <Mt,; ,
vt v
where M is independent of t and v.
It now follows that

i k k+ sin Vin k

Zl'l/ JALRRS —Vt—_ =O(ntn)=0(l), n—®

V= | n

This yields the following theorem:

THEOREM 4. If nt, = pm + o,, p a positive integer, ntp, = O(1), then the
trans form

n sin Vi, \F
Z uy ~ o= D,
v=1

includes (C, k) summability (k a positive integer).
6. A converse theorem, We shall establish the following result.

THEOREM 5. If

sin nt, k

(6.1) lim inf =A>1/2,

nt,

then the transform Dy is equivalent to convergence.
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It follows from (6.1) that lim sup nt, < 2% ; hence (see Sections 1 and 5) the
transform D, is regular. We now wish to show that D, — s implies s, — s;
we follow a device used by R. Rado [3].

Assume first that s = 0, and that s; = 0(1); then

0 < lim sup [sp| =8 <@,
n—o

and we shall show that § = 0. To a given € > 0 choose n = n(e) so that s, | <
§ + € for v > n. Next choose m > n and such that |s,| > & — €. We have

mt

. k n=1
sin mty
Sm( ) =Dm—zstv,
v=1

where

Vig (v+1) tp

(sin Vt,,,)k (sin v +1) t,,)k
Ay = - H

hence, as mt, < T, we have

. k
t
sin mty < IDmI + +

|Sml

n=1
Z SuAv
v=1

. . k
<o(1) + (5 +¢) {(S‘:t”t“)k ~(S“;t””"') l :

§—€<|sp| <o)+ (6§ +€) {I/A—1+0(1)}.

mn=1
z suhy
v=n

It follows that

But1/\ < 2, and € is arbitrarily small; hence 8 = 0.

We next assume s = 0 and lim sup|s,| = ®; choose € > 0 and w large.

Denote by m = m(«) the least m for which |s,| > w; then
©< |sa] <o(1) +wll/A=1 +o(1)}.

But this is impossible for A > 1/2, small €, and large m. This proves our theorem
for s = 0. Finally, applying this result to the sequence {s; — s} and its transform

completes the proof of Theorem 5.

7. Application to Fourier series. Suppose that f(x) is a Lebesgue integrable
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function of period 277, and let

@

(7.1) f(x) ~ao/2 + Y, (an cosnx + b, sinnx) = Zu,(x);

n=1

we may assume here a; = 0. Now (cf. [7,p. 27])

F(x) = ‘/(;z f(t)dt =C+ Y (an sinnx — by, cosnx)i-,

n=1

where

bn .

S |-

[o0]
c=Y
n=1

It is known [7,p. 55] that at every point x where F'(x) exists and is finite, the
series (6.1) is summable (C,r), r > 1, to the value F'(x).
It now follows from Theorem 3 for k = 2 and ¢, = 77/n that if npj = O(1), then

sin v77/n

i uy (x) o3 — F ()

v7I/n
Furthermore, Theorem 4 yields, for & = 2, that if

nt, = pm +dpn, no, = 0(1),
then

n sin Vtp

v=1 Vin

uy(x)( )2—>F'(x).

An analogous theorem holds for higher derivatives (cf. [7,p. 257]).
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