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1. Introduction. The space /JP is the collection of all single-valued complex

functions f which are regular on the interior of the unit circle inthe complex plane,

and for which

21 16 Pde < o,
OB, S f(ret®)]

In [6] it was shown that #P, 0 < p <1, is a linear topological space in which

the metric is Hf — g||P, where we define
/p
1 fom i6 )1
= — p
170 = s (o S set®)pas) .

It was moreover shown that (/iF)*, the conjugate of HP, has sufficiently many ele-
ments (linear functionals on #P) so as to distinguish elements in 4P, in the sense
that if f # 0 is in /P, then there is a ¥ € (HP)* such that y(f) # 0.

In the present paper it will be shown that if yis in (HP)*, 0 <p <1, then
there exists a unique function G which is regular in the open unit circle, contin-

uous on the closed circle,! and such that

1 . .
7(]() = lim — f0277 f(Pelg)G</‘;“e_L9)d9, r<p <1,

r=1 27

for every f in HP. It is further shown that the following is true of G:
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456 STANLEY S. WALTERS

(@ if 0 <p <1l/n,n = 2,3,++,then Ld" 1 G(2)] /dz"""! is continuous on
the closure of the unit circle;

(b if 0 < p<1/fRn,n=1,2,+++, then G(e®) has a continuous nth deriva-
tive with respect to t; and

(e) if 0 < p < 1/2, then the power series for G converges absolutely on the
boundary of the unit circle.

It is moreover shown that if G is regular on the open unit circle and is such
that

1 . .
lim — [37 f(pele)G(Le—‘a)d@, r<p<1,
r=1 27 P

exists for every f in HP, then the functional so defined is in (HP)*. Thus (HP)* is
equivalent to a subspace of the functions which are regular on the open unit circle
and continuous on the closed unit circle when 0 <p <1; and indeed, as p tends
toward zero, the spaces (HP)* are equivalent to subspaces of spaces whose mem-
bers have far stronger properties than merely the property of being continuous on
the closure of the unit circle.

A generalization of a theorem by Khintchine and Ostrowski [1, p.157], which
is a sort of generalization of Vitali’s theorem, will also be presented; namely, it
will be shown that @ bounded sequence in HP , 0 <p < ®,whose boundary values
converge on a set of positive measure, converges uniformly on all compact subsets
of the unit circle. Khintchine and Ostrowski proved this theorem in the case that

the sequence consists of uniformly bounded elements.

It is worth remarking that under the present “norm” , HP,0 <p <1, is
definitely not a normed linear space, this being due to the complete failure of
Minkowski’s inequality for index smaller than unity. As a result, it is conjectured
by the author that #P, 0 <p <1, is not a normed linear space at all (and hence
contains no bounded convex neighborhood). If this conjecture is true, then HP, 0 <
p < 1, offers an interesting example of a linear topological space which is not lo-
cally convex (since HP is clearly locally bounded) and whose conjugate space has

sufficiently many members so as to distinguish the elements in //P.

2. Representation of linear functionals on #P, 0 < p < 1. In this section we

shall suppose always that 0 < p < 1. We let A be the set of all z such that

z| <1, and ¥ the class of all single-valued complex functions which are regular
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on AA. We shall first make some definitions and prove several lemmasbefore proving
the representation theorem.

For many of the topological terms used in the ensuing, see [3]. By a complete
linear topological space, we shall mean a space in which f;, — f,, = 0 implies
lim, = f, exists in the space. Locally bounded linear topological space and
normed linear space will be abbreviated LBLTS and NLS respectively. By F*,
where F' is a linear topological space, we shall mean the conjugate of F, that is,
the space of linear functionals on F.

If Fis a LBLTS, it is easy to show that F'* is a complete NLS (Banach space)
in which

Iyl = sup ()],
feU

where -y € F*, and U is a fixed bounded neighborhood of the origin. Moreover, the
topology so introduced into F* is independent of U. With respect to /{P, we let U
be the unit sphere, so that

Il = sw |y -
I£4=2
It is then simple to prove the following theorem, merely by modeling the proof
exactly after that given in the theory of NLS’s.

LEMMA 1. If F is a complete LBLTS, and " is a subset of F* having the prop-
erty that, for each fixed f in F, y(f) is bounded as y varies over I, then [ is a
bounded set.

We remind ourselves that /P is locally bounded, and is moreover complete by

[6]. We make the following definitions, where f and g are any elements in U:

(i) Yal(f) = FAV )N 1, n=01 -,
(ii) Tuf i Tuwf(z) = flwz), wEC A, z€AN ,
(i1d) up ¢ un(z) = 2%, €N, n=0,1, ¢,
(1V) f gy Z )zn ’ ZCA

It is easily verified that
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1 pon ‘ .
B(f, g 2) = ;Tfo’ Fz1e) g(z5e7 %) db

where z, z, = z, and z, and z, are in A. The proof is made by expansion of the
integrand above ina Taylor series about the originand then term-by-term integration.

In particular,

1 7 . .
B(f e r) = — Jo7 £(pet?) 8<£e-19) b , r<p <1.
21 el

LemMMA 2. If fis in HP, then T, f is in HP, and moreover

©

Tuf = Z ’Yn(f)wn Up »

n=0

Proof. Let g = 22 ¥, (f)w" u, . We first show that this series converges.
Note that ” unH =1, and

pn + 1

0] < (B2) (on e )% )

pn
The last inequality appears in [6, Theorem 6] . Thus

P
m

< Z”')’n(f)wnunﬁp——)O as l,m— o,
n=1

z ')’n(f)wn uUn
n=1

whence Z7,_ v, (f) w" un converges, by the completeness of HP. Then, noting
[6, Theorem 8], which tells us that a convergent sequence in HP converges point-

wise to its limit, we have

©

g(z) = X %(f)v's,(z) =

n=0 n

Ms

Vn () (w2)"

It

0
But Tyf (2 ) = Z%_o¥n(f Jwz)". This completes the proof.

We note that it was obvious that T,,f was in /P in the first place, merely from
the definition of }KP; but the form for T,,f, which was obtained above,will be
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needed later.

THEOREM 1. If G € U such that lim,=y B(f, G; r) =y(f)(that is, we as-
sume that this limit exists) for all fin HP, then “y is in (Hp)*. Conversely, if ¥
is in (HP)*, then there exists a unique G in U such that Y(f) = lim .=, B(f, G;r)
for all {in HP.

Proof. To prove the first part of our theorem, let y{f) = B(f, G; r). Clearly
¥(f) is distributive in f. Suppose Hf“ = 1landr <p <1. Then

I GG T EAC] Cos (PR

Thus, ¥{f) is bounded in f for ||f| = 1, r being fixed. It is then clear that 7, is in
(#1P)y*. Since lim,_; ¥:{f) exists, it follows that (f) is continuous on 0 < r < 1
for each fixed f in HP. Thus {y,(f)} is bounded for 0 < r < 1. As a result of
Lemma 1, we may conclude that {||7,||} is bounded for 0 < r < 1; that is, there
exists an M such that ||| < M for0<r <1.Let |f| = 1. Then | %(f)| < M,
whence |y(f)| < M. Thus 7 is necessarily in (HP)* since it is bounded on the
unit sphere in /P,

We now prove the second part of Theorem 1. We note that if lim,_; B(f, G;r) =
¥(f) for some G and all f, then

}/(un) = lim1 B(un, G; r) = lim ’yn(G) = ’)’n(G) ;
r= r=1

that is, ¥,(G) = y(up) for all n, or merely G(z) = 27 _, ¥(uy) z™. We note that
250 Y(up) 2" converges, for |y(uy) | < |yl |lun] = [v|l. Let us now verify
that G, as defined, has the desired property. We see that

BE(f, G;r) = § Yo (f) Yup) "t = yl ) Vn(f)r"un} = YTrf).

But || T,f = f| — 0; see [5] for this result; note that

“Trf‘flf=( B 15(ret®) = gt )!Pdﬁ)vp,
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where f(eie)' is the boundary function for f(z). Thus y(T,f) — y(f), or B(f,G; r)
—  y(f). Our proof is thus complete.

THEOREM 2. The function G in Theorem 1 is continuous on the closure of A.
Proof. We first verify that f(z) = (1 — ze'’)"! is in HP for every real ¢. It
suffices to show that f; is in //P. We see that
|1 - reie|-2 = [(1 - reie)(l - re'ie)]ﬂ: (1 —2r cos 0 + r2)71,

whence

[1 — reial_p = (1 = 2r cos 6 + rz)'p/2 .
From the character of (1 — 2r cos 8 + r?), we see that it suffices to show that
fo (1 — 2r cos 7+ r?)~P/2 46 is bounded in r, where § is any positive number.

We note that the following is true for 0 < 8 < & (where & is some sufficiently
small positive number) and for all r such that 1/2 < r <1:

2 94
1"‘2rcos€+r221-‘2r<l—?+—>+ r?

92
- 2r+r%) + 92(1—~)
(1 r+r?) +r 12

Thus, (1 — 2r cos 8 + r2)YP/2 < 42 @GP, Since O7P is integrable on [0, 8],
our statement is proved.

We remind ourselves that we are trying to show that G is continuous on the as-
sumption that

1 - . ro_.
’}’(f)=lri_m“2;.l;2 f(Pele)G(;elg)dﬁ, r<p<i,

exists for each f in HP. Let , be defined as in the proof of Theorem 1. Then
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= do
277 0 1—,0 i(t-6
G (_r" 619)1 et@
2 P ye
Jr 46
Eeie_ reit
ye
= G(rett), r<p<l.

The last equality is true by virtue of Cauchy’s integral formula. We then have

shown that ((re’t) = vlf). Consequently, since lim,_, ¥(f;) exists by hypothe-

sis, lim;_, G(rett) exists for all ¢, and in fact
AWfe) = 6let?),

where we define G(e?!) to be the boundary function lim,_; G(rett).

We now show thatlim;= toft = f, in the topology of #P. Now, for any g in HP,
letting g( e‘e)be its boundary functlon we know that

sup  [o7 1g(ret®)[Pdo = [27 | g(e*?) [Pt .

ogr<1

It is easily verified that (see, for example, [4, Theorem 7, p.29])

Lin [ [g(e'90) = (@) P g = o,

Clearly f(e'?) = (1 = ¢™7*))"Y, whence fi(e™) = fo(e!"*). Thus lim = f¢ =
fty» in the topology of /P,
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Now, by Theorem 1, 7y is continuous, whence lim t=t0’)’(ft) = ’y(f,o); hence
limt=t0 G(e*) = G(e'0). We have now shown that G(e®®) is continuous.

We remember that, in the course of proving Theorem 1, we showed that {98 is
bounded in r as a subset of (HP)*. Obviously {f:} is a bounded subset of HP, all
of the elements having the same norm. Thus 7,(f;) is bounded in both r and :.
In other words, G(ret) is bounded in r and t, or equivalently G is uniformly bound-
ed on A. We then know that

G(rett) =§1— f G(e*t) P.(6—t)db,

where B (8) is the Poisson kernel. But, since G(e!)is continuous, the right side
above is necessarily a continuous function on the closed unit circle. Our proof is
now complete.

It will now be shown that even more can be said of G when 0 <p <1/2.

THEOREM 3. If0 <p < 1/2, then G(e®) satisfies the Lipschitz condition
of order one.

Proof. It suffices to show that

[feen = fell = Ifn = fol < 1 — eth
for some fixed constant 4 . We have
1 o 1 1 P Ve
I fn = foll =<2_7‘Tf07- L= Gi(Bth) ] ,if dg)
1/p,
Il—'elhl 27r ; (6+h) O\ |-
Lol -em) =

The proof will then be complete after we have shown that

J7 (1= et Om) (1= ¢19) [ a
is bounded for all sufficiently small 2. It is evident that

[(1=e?)(1 = e®M))[2 = 4(1 = cos 8)[1 = cos (6 + R)],
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and hence
(1= e*®)(1— e (O*W) [P = 472 (1 — cos )P (1 = cos (6 +h))P?.

We now must show that
1;217 (1 = cos 6)7P/2 (1 — cos (6 +h))P/2 4

is bounded in % for all sufficiently small A. We note that the following is true for
all sufficiently small fand 4:

62 G2 62
1 - 9>~(1——)>-,
oS ¥ =y 12/ = 4
o+ h)?
l“cos(9+h)_>_'(‘“z——.

Thus we have

(1= cos 6)7P2[1 — cos (8 +h)]P2 < 4PEO7P (G + h)7P

for all sufficiently small &and 4 .Since 8-2P is integrable on the interval [0,27],

it is then rather easy to show that

j;zw (1= cos {7)-})/2 [1 = cos(6 + h)]-P/z dé

is bounded in & for all sufficiently small 4.

We now have the rather interesting result:

CorOLLARY. If0 <p <1/2, then 27, | vp(G)| < .

— !
=01

Proof. Since G(e'') is of bounded variation, it follows that G(z) is a power
series of bounded variation according to (7, §7.5]. llence the conclusion is

obtained by '7, (i) p. 158].
%e shall now show that even more may be said of G when 0 <p <1/2.

TrroreM4. Jf0 <p < 1/2, then (d/dz)G(2) is continuous on the clusure of
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A, and moreover (d/dt)G(eit) is continuous on [0,27].

Proof. By Cauchy’s integral formulas (where (d/dz) G(z) = G '(2)):

G(—~ Le) 216 G(L om0\ L 6
: 1 27 p 1 2 1% r
G'(re't) = — d6 =— : de
(re) 2-,1‘,; (,. ” it)z 97 Yo (1_pet(6+t))2
- e - re
P

1 . . .
= — [T (pei®) - pei®] G(f-e“‘?)de, r<p<l.
2mr P

Thus G'(re’*) = (1/r)¥+(f? u;). We note that since 0 < p < 1/2, we have

? € HP, whence f7 *+ u; € HP, since u, is bounded. Thus we show exactly as
in Theorem 2 that

Y(ffur) = G'(eit),
G' (e*) is continuous in ¢,

G'(z)is uniformly boundedon A ,
' ity — 1 2T~y i6
G' (re't)= — G'(e* )P, (6—t)db,
2m Yo

where we define G '(e%?) to be the boundary value of G '(z). Let us now consider

. 1 . _ip d .
F(re't) = o f; l:— ie”t0 o G(et? ):\ P (6—1t)db.

We note that G(e’?) is absolutely continuous by virtue of Theorem 2, whence
(d/dB) G(et?) is integrable. We also note that

©
G( f277 16 9 — t) dé = Z C, rn eint ,
n=0
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Where
Cn = — JP7G(ef) emind 4o
27 Yo :

Moreover, it is not at all difficult to verify that the real and imaginary parts of

—ie!(d/d6) ;(e'?)are conjugate, whence
. «©
F(relt) — Z dnrnelnt ,
n=0
where

o _ Lo -io & oy -ino
dp = o fo {:—Le 5 G(e') e do .

Integration by parts readily yields

that is,
[eo]
N ; - t
F(re'') = % (n+1) Gy ret™t,
=0
and hence /'(z) = G (z), Thus, we necessarily have

) - . d
G' 619 T - Gler?
( ) ie 7 (e )

almost everywhere. Since G '(e'") is continuous, it follows that G(ele) neces-

sarily has a continuous derivative, and in fact

d , 4 ‘
G(et? = ;.10 G'(, 10
) = w0,

This completes the proof of the theorem.
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We sum up by presenting the following theorem, which is readily proved by in-
duction, the proof being modeled after that given for Theorem 4.

THEOREMS. If0 <p <1/n,n = 2,3, **, then (d™Ydz""1) G(z) is contin-
uous on the closure of A. Moreover, if 0 < p < 1/2n,n = 1,2, **, then G(e)

has a continuous nth derivative with respect to t.

3. Generalization of Vitali’s Theorem. In this section we assume merely that

p is any positive real number. We here need the following:

LEMMA 3. If {f,} is a bounded sequence in HP, and if lim ;= fn(2) exists on
a set having at least one limit point in A\, then lim = o fn(2) exists uniformly on
all compact subsets of A.

Proof. The proof is a simple consequence of the following inequalities:

[f(z)] < G%’ , when 0 < p <1,

and

I}
1— |z| when 1 < p< @ |

1#(2)] <
The first of the above inequalities appears in [6, Theorem 2] .The second is easi-
ly obtained as follows. By Cauchy’s integral formula,

L floe'?) pet?
2r floe ") pe’”

&) = — P

and hence, by Hélder’s inequality,

P 1 pron i
@ < =g 5, b7 11(pei) e

P 1 - . V
Sm(;,foz |f(pe“9)l”d9> :

whence

1
1— |z]

[7(z)| <
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Let

It is then clear that |f,(z)| < N(r) * M when |z| < r <1, where {f,|| < ¥
for all n.We choose r so large that the set |z| < r includes a set having
a limit point in [z| < r and such that lim ;= fn{z) exists on this set. Then, by
Vitali’s theorem,lim , = f,(z) existsuniformly on all compact subsets of | z| < r,

and hence on all compact subsets of A, This completes the proof.

THEORENM 6. Suppose {fu} is a bounded sequence in IP. Further, suppose
lim, =0 f,l(ele) exists on a set of positive measure in the interval [0,27) . Then

lim p = fn(2) exists uniformly on all compact subsets of .

Proof. It suffices, by the preceding lemma, to show that lim ;=0 f(z) exists
on some neighborhood of the origin. Thus, we shall show that this is the case
whenever {z| < 1/9. Let|z,| <1/9, and suppose lim ,,= f,(z,) does not exist.
Then we may find a positive number o and subsequences §fnk§ and {fmkf of §fn}
which have the nroperty that \fnk(zo) - fmk(zo)i > o for all k. We then define
T, = f”k - fmk. [t is clear that ﬁqki is a bounded sequence in /. We then write
9; = 8k * hi, by virtue of I. Riesz’s decomposition theorem [s], where gj and
hy are such that

(i) g € 1P and gilz) # 0 forall z in A,
(ii) [he(z)] < 1 onA and | Ay et?) | = lalmost everywhere,
(iii) lerl = layi

We note that [;(z) = Lgk(zﬂp/z is in /72, and in fact ilki is a bounded sequence
in /7. Since lim j = [fnk(eie) - fmk(eie)] = ( on a set of positive measure, it
follows that lim ;= [;(e??) = Oon a set £ of measure > 0. We next shall show
that lim k=o [3(zo) = 0, which will in turn imply that limg=0 gilzo) = 0, and
hence imply lim = q(zo) = 0, a contradiction to |qi(zo)| > o for all k.



468 STANLEY S. WALTERS
Let A > 0, and define

A/p on E
A/(pu— 2m) onCE ,

A6) =

where CE is the set [0,277] — E. There is no loss in supposing that u < .
Define

uo(ret?) = ;—7}:’27’ H(t) Pr(6 — t)dt,

where P.(0) is the Poisson kernel. Then u, is harmonic in A and lim =, uo(rem) =
¢(6) a.e., by virtue of Fatou’s theorem; see [7, § 3.442] . Let

u(re®®) = uo(re*?) = uo(zo) .
We note that
i ao s
up(ret?) = 5 + Y r"(a, cos n0+ b, sin nf),
n=1

where {@n, by} are the Fourier coefficients of @(O). Since uy(0) = 0, this being

dueto the fact that fozwqb(t) dt = 0 and Py(6 —t) = 1, we then have ao equal to
zero, or

©

uo(reie) = > r*(a, cosnf + b, sinnb).

n=1

We note that | a, | < 24/m as well as |b,| < 24/7, whence

. 44 2 4A A
luo(rei®) | < 22 3 T . —
T oy 7 1—r 2 T 2(2m =)

provided 0 < r <1/9.

Let v(z) be the harmonic conjugate of u(z) which vanishes at z,, and define
glz) = PLACOALLICON P g € %, and g(z,) = 1. Moreover, since |g(z)| =
e®?) | we have lim,=, |gtet®)| = e®(9)u0(20) By Cauchy’s integral formula
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we have

_ 1 - " 0 peié’
lzo) = - 7 lee®) 6(ee™®) gm0, |zl < o<1
This is true since [;(z,)

= I1(z4) g(zo). We note that u(z) is bounded in A, and
hence so is g(z). Since

Lin S I leee®) = ()P dd = 0,

and since g(z) is bounded on A, it is then evident that

tin [ 1 (pe®®) g(pei®) a0 =S | 14(e?) g(et®) | .

Hence

1 1 .
l <— = [27 0 @(0)~uglzg)
i k(zo)l_277 1_1201,/; llk(e )[e 0/ dg .,

Consequently

S 1e(et?)

E

1
l < A//L‘uo(lo) .._< )
| k ZO)I € 97 \1 — IZOI

1
A/ (p=2m) =ug(zg) { — V) [— > 16
+ e 0 (27r)(1—— o] ) f{lk(e Y do .

Since

1 . 1 : 1 pon . vz
— Slw(e?) | < — f¥ | 1(e*?) ] a0 < (~ A !lk(ele)Pd@)
2T CE 2m v 0 277

and since {lj} is a bounded subset of /2, we see that

1 .
= [ |k(%)| d6
277 L!E
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is bounded with respect to k& . Moreover

A A A 44 |z
~ uolzo) < Flulea)| € —2 42| Il
u— 27 S =27 w21 1= |zo]

A A A

+ =
p= 27 2027 — ) 2(u— 27)

By virtue of Schwarz’s inequality, where & is an arbitrary measurable subset of
[0,27], we have

[lue)la < T ([1ue)e)”

Hence, by a convergence theorem of Lebesque (see (2,p.190], we have

;lm J11:(e%9) d6 = o,

since limj = lk(eie)

that

= 0 on E. Now, for arbitrary € > 0, we choose 4 so large

oA/ 20 ~2m] (21 )(I—_IIZ_T) fllk(eie)ldé < €/2 .

and hence we obtain, from the foregoing,

1 .
eA/lp=-27] - uo(zo)( )(1—> fllk(ele)ldﬁ <€/2.
1- | CE

laving so chosen 4, choose K so large that £ > K implies

eA/#-.HO(ZO)(E’_T];f)(i_:——ll_OI-) S 11(ef) [ do < e/2.

Hence, & > K implies|l;(z,)| < €/2 + €/2 = €. This completes the proof of
the theorem.



REMARKS ON THE SPACE HP 471

REFERENCES

1. L. Bieberbach, Lehrbuch der Funktionentheorie, vol. 1I, Leipzig, 1931.

2. L. M. Graves, Theory of functions of real variables, New York, 1946.

3. D. H. Hyers, Linear topological spaces, Bull. Amer. Math. Soc. 51 (1945), 1-24.
4. J. E. Littlewood, Theory of functions, Cambridge, England, 1944.

5. F. Riesz, Uber die Randwerte einer analytischen Funktion, Math. Zeit. 18 (1923),
87-95.

6. S. S, Walters, The space HPwith 0 <p < 1, Proc. Amer. Math. Soc. 1 (1950), 800-805.

7. A. Zygmund, Trigonometrical series, Warsaw, 1935.

UNIVERSITY OF CALIFORNIA, LOS ANGELES






PACIFIC JOURNAL OF MATHEMATICS

EDITORS

HERBERT BUSEMANN
University of Southern California
Los Angeles 7, California

R. M. RoBINsoN
University of California
Berkeley 4, California
E. F. BECKENBACH, Managing Editor

University of California

Los Angeles 24, California

ASSOCIATE EDITORS

R. P. DILWORTH P. R. HALMOS

B@RGE JESSEN

J. J. STOKER

HERBERT FEDERER  HEINZ HOPF PAUL LEVY E. G. STRAUS
MARSHALL HALL R. D. JAMES GEORGE POLYA KOSAKU YOSIDA
SPONSORS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA, BERKELEY
UNIVERSITY OF CALIFORNIA, DAVIS
UNIVERSITY OF CALIFORNIA, LOS ANGELES
UNIVERSITY OF CALIFORNIA, SANTA BARBARA
OREGON STATE COLLEGE

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
WASHINGTON STATE COLLEGE
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
NATIONAL BUREAU OF STANDARDS,

UNIVERSITY OF OREGON INSTITUTE FOR NUMERICAL ANALYSIS

Mathematical papers intended for publication in the Pacific Journal of Mathematics
should be typewritten (double spaced), and the author should keep a complete copy. Manu-
scripts may be sent to any of the editors. All other communications to the editors should
be addressed to the managing editor, E. F. Beckenbach, at the address given above.

Authors are entitled to receive 100 free reprints of their published papers and may ob-
tain additional copies at cost.

The Pacific Journal of Mathematics is published quarterly, in March, June, September,
and December. The price per volume (4 numbers) is $8.00; single issues, $2.50. Special
price to individual faculty members of supporting institutions and to members of the
American Mathematical Society: $4.00 per volume; single issues, $1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to the
publishers, University of California Press, Berkeley 4, California.

UNIVERSITY OF CALIFORNIA PRESS * BERKELEY AND LOS ANGELES

COPYRIGHT 1951 BY PACIFIC JOURNAL OF MATHEMATICS



Pacific Journal of Mathematics

Vol. 1, No. 3 BadMonth, 1951
R. P. Boas, Completeness of sets of translated cosines .................... 321
J. L. Brenner, Matrices of QUAtEINiONS ... ............cceuiiieennieennn. 329

Edmond Darrell Cashwell, The asymptotic solutions of an ordinary
differential equation in which the coefficient of the parameter is

SINGUIAT . . . . 337
James Dugundji, An extension of Tietze’s theorem . ....................... 353
John G. Herriot, The polarization of alens .............. ... ..., 369
J. D. Hill, The Borel property of summability methods .................... 399
G. G. Lorentz, On the theory of spaces A .............ccccoiieiiiiiiin... 411
J. H. Roberts and W. R. Mann, On a certain nonlinear integral equation of

the VOIterra type . ... ... e 431
W. R. Utz, A note on unrestricted regular transformations ................ 447
Stanley Simon Walters, Remarks on the space HP ....................... 455

Hsien Chung Wang, Two theorems on metric Spaces...................... 473



http://dx.doi.org/10.2140/pjm.1951.1.321
http://dx.doi.org/10.2140/pjm.1951.1.329
http://dx.doi.org/10.2140/pjm.1951.1.337
http://dx.doi.org/10.2140/pjm.1951.1.337
http://dx.doi.org/10.2140/pjm.1951.1.337
http://dx.doi.org/10.2140/pjm.1951.1.353
http://dx.doi.org/10.2140/pjm.1951.1.369
http://dx.doi.org/10.2140/pjm.1951.1.399
http://dx.doi.org/10.2140/pjm.1951.1.411
http://dx.doi.org/10.2140/pjm.1951.1.431
http://dx.doi.org/10.2140/pjm.1951.1.431
http://dx.doi.org/10.2140/pjm.1951.1.447
http://dx.doi.org/10.2140/pjm.1951.1.473

	
	
	

