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1. Introduction. Let R be an n-dimensional, orientable, infinitely differenti-
able Riemannian space such that the group G of isometric transformations S* of
R onto R constitutes a Lie group transitive on R. Consider a temporally homoge-
neous Markoff process in R, and let P (¢, x, /) be the transition probability that
the point x € R is, by this process, transferred into a Borel set £ C R after the
lapse of ¢ units of time, ¢t > 0. We assume that P (s, x, £) is, for fixed (¢, x),
countably additive for Borel sets £ and, for fixed (¢, £), Borel measurable in x.

Then we must have the probability condition
(1.1 Pt,x, ) >0, P(t, x, R) = 1,
and Smoluchowski’s equation

(1.2) Plt+s,x, F) = fR P (¢, x, dy) P(s,y, E) (¢, s >0).

We further assume that the process is spatially homogeneous:
(1.3) P(t, x, E) = P(t, S*x, S*E) for every S* € 6.
The purpose of the present note is to prove the following:

THEOREM 1. Let x, be any point of R and assume that the Lie subgroup
{S* € C; S*xy = x0} of G is compact™. Let us denote by d (x, y) the distance of
two points x, y € K. Then the continuity condition:

1
(1.4) lim — f P(t,x,dy) = 0 {for any €>0,
t—o+ t dix,y)>¢€

implies the condition of Lindeberg’s type:

LA first, this condition was overlooked. Mr. Seizo Ito kindly remarked that this
condition is necessary for the convergence of the integral (2.11) below.
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R 1 d(xy y)2
5 m = f —=L P, x,dy) <
(1.5) 1o i 4 1+ dix, y)? B e

I'rom this theorem we may deduce:

TuEOREM 2. The finite limits (x = (x', x%, ++v, x™))

1 ,
(1.6) al(x) = lim - j (yi = ') P (¢, x, dy),
t—oo0+ t dx,y)< €

. 1 . . . ,
(1.7) Y (x) = lim — j (yt = ") (y) = ) P(t, x, dy)
t—o+ ¢ d(x,y) <€
exist, independently of the sufficiently small € > 0. Moreover, if a real-valued
function f,(x) be such that fo(x), 9fy/dx’, 0%fy/0x'0x! are bounded and uni-

formly continuous on R, then

1 of bt
(1.8)  lim —t(‘ll;fo(y)P(t,x,dy)—fo(x))=a(x)j b (x) ———=

t—0+

E
ot ol

REMARK. In the literature [4; 2; 6], (1.8) is derived by assuming the con-
dition of Lindeberg’s type:

(1.5)°  lim (fR d(x, y)* P(z,x,dy)/jR dx, )2 P, x, dy)) =

t— 0+t

and some differentiability hypothesis concerning P (¢, x, £). Considering the
Brownian motion on the real line, Seizs Ito raised the question whether, under
the condition of the spatial homogeneity (1.3), “the (almost sure) continuity of
the sample motions of the temporally homogeneous Markoff process” which is
equivalent to the continuity condition (1.4), would be sufficient to derive Theo-
rem 2. And he proved Theorem 2 in the special case where R = G and G is a
maximally almost periodic Lie group. The present note gives an extension of his
result to general homogeneous space, without the hypothesis of the maximal
almost periodicity of the group G of motions of the space R. Thus we may define
the Brownian motions in a homogeneous Riemannian space R as temporally and
spatially homogeneous Markoff processes satisfying the condition (1.4) of conti-
nuity.

2. Preliminaries. Let us denote by C(R) the totality of real-valued bounded
functions f(x) on R which are uniformly continuous on R. The space C(R) is a

Banach space by the norm
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(2.1) IfI] = sup | fx)].
X

We define, for any f € CR),
(2.2) (T;f) %) = fR P, x, dy) f(y);
then we have, by (1.1),

(2.3) sup | (Tpf) (x)| < sup | f(2)].
X X

We have, by (1.3),
(2.3) (TI,f) §*x) = fR P, S*x, dy) f(y) = [ Plt, S*x, d(S*y)]1 {(S"y)
= [ P, dy) [5*y),
and hence the commutativity
(2.4) T,S =ST,,
where S is defined by
(2.5) (Sf) (x) = f(S*x), S*€E 6.
Thus, if S* € G be such that S*x = x*, we have

2.6)  (Lf) (x) = (Tyf) (x7) = (T4 f) (x) = (ST f) () = T (f = Sf) (x).

By the uniform continuity of f(x), and by (2.3) and (2.6), we see that (T;f)(x) is
bounded and uniformly continuous in x. Hence T; defines a bounded linear trans-

formation on C (R) into C (R) such that

2. - - 1.
2.7) || T MS{;I};IHTJH 1

We have, from (1.2),

(2.8) Tyos = Ty T, t, s > 0).
We have also, from (1.1),

(Tf) (2) = f(x) = [ P&, %, dy) [f) - f(x)]

= [ Plyxdy[fly)-f(D] + S P, dy) [f(&) - f(2)].

Ay <e d(x,y)> €
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Thus, in view of conditions (1.4) and (1.1), and the uniform continuity of f(x),

we have

(2.9) lim (T, f) (x) = f(x) boundedly in x.

t—0+

Hence T, is weakly continuous in ¢, and therefore, by (2.8) and N. Dunford’s
theorem {1}, T; is strongly continuous in ¢t and

(2.9)° strong lim T,f = f; that is, lim || T, f~f]] = 0.
t—0+ t—0+
Therefore we may apply the theory [3; 5] of one-parameter semigroups of
bounded linear operators to the semigroup {7, }. In particular, we have the result:

(2.10) strong %im(H (T, f=f)/t = Af exists, for those f which constitute a
linear subset D(4) of C(R) which is dense in C(R). Moreover, 4 is a
closed linear operator defined on D (4) ¢ C(R) with values in C (R).

LEMMA. Let g(x) € C(R) vanish outside a compact set. Then the convolu-
tion

(2.11) (f®8) (x) = [ f(S52) g(S5x,)dy

belongs to D{A) if f belongs 1o D{A). Here S} is a general element of G, dy is
a right invariant Haar measure of G, and x is any fixed point of R.

Proof. The integral may be approximated by the Riemann sum

(2.12) > [y, 2)e

i1=1

uniformly in x. This we see by the uniform continuity of f(x) and the fact that
g (x) vanishes outside a compact set. We know, from (2.4),that 4 is commutative

with every Syt

(2.13) f € D(4) implies Syf € D(4) and Sy Af = AS,f.

Hence (2.12) belongs to D (4), and we have

2.14) 4A(CY [y, x)e) = ACY Sy, N (Dei) = 3 Sy, h) (x)eq
i=1 =1 i=1

where £ = Af. Therefore, since & € C(R), we see that (2.14) converges, when
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m—>®, to a function € C (R) uniformly in x. Since 4 is a closed operator, we
must have (f ® g) (x) € D(4).

CoROLLARY 1. The convolution (f ® g) (x) is infinitely differentiable if
g (x) is infinitely differentiable.

Proof. 1t is possible, for sufficiently small d(x, x4), to choose S*(x) €C
such that

(2.15)  S*(x)x = x, and S*(x)x, depends analytically on x1, ++o, x? .

This we see from the fact that the set {S; € G; S;x = x,} forms an analytic
submanifold of G; it is one of the cosets of G with respect to the Lie subgroup
{S; € G; S;xo = x,}. Hence, by the right invariance of dy, we have

(2.16) (g (x) = [ [S35 (x)x) (g(S5* W)xo) dy
= [ FSyx0) 8(87 5™ @)xo) dy .
The right side is infinitely differentiable in the vicinity of x4, and

T T (1 ) ()

ax)t oL g(amn

(2.17)

q, t +
! Tn g (S5S* (x)x,)

= [ 1(Syx) dy

qn
a(xl)ql ces 9(xn)
belongs to C(R).

COROLLARY 2. (i) There exist infinitely differentiable functions F'(x),
F2(x), o+, F"(x) € D(A) such that the Jacobian

I(F (), +++, F7 (%))

(2.18) does not vanish at x = x .
a(xl’ e 1xn)

(ii) There exists an infinitely differentiable function Fy (x) € D (A) such that

. . . . 2 F i . .
(2.19) (% = xg) (& —«h) 6— > Y (' -xg)?.

axf) ax{) i=1

Proof. In (2.16), f belongs to D (4), which is dense in C (R); and g(x) € C(R)
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is arbitrary except that g(x) must vanish outside a compact set. Thus, by taking

F(x) = (f ® g) (%) suitably, we may prove (i) and (ii).

3. Proof of Theorem 1. Because of their functional independence, we may

take F!'(x), ..+, F"(x) as local coordinates of the points x which satisfy

d(x, x,) < € for sufficiently small € > 0. Since F'(x) € D(4),

1 . .
(3.1) a finite limit — ‘4; (F*(x) = F' (x0)) P (t, xg, dx) exists (i=1, .- ,n).

t—0+ ¢
Because of (1.4), this limit is equal to

3.1 lim = [ (F(x) = Fixg) Pty xr i),

t—-0+ d(x,xo)ﬁe
independently of the positive constant €. We shall denote these new local co-

ordinates F'' (x), F?(x), +++ , F"(x) by the letters x*, x%, -+ , x™. Then

. 1 o .
3.1) lim — f (xt —xb) P(t, x, dx) = o' (x,) exists
t=0+ b g(x,x5) <€

(i: 1’ ces ’n),
independently of € > 0. The function Fy(x) belongs to D(4); hence, by (1.4),

1
(3.2)  (AF,) (%) = lim — S (Fo(x) = Fy( x4)) Pty x4, dx),
t=0+ ¢ d(x,x,) <€

independently of € > 0. This limit is equal to

1 ) . OF
im = (i —xb) — Pl %0, dx)
t—=0+ ¢ dlx, xg) < € dx

1 . . . .
+ - f (x* = xg) (o ~ ) (

t dix, xg) < €

3 F,
— P(t, x4, dx),
dx' 9/ x =xg + O(x ~xq)
0<O<1.

The first term in [ ] has the limit

JF,

i
dxg

ai (xo) ’
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and hence the second term has a limit. Thus, by virtue of (1.1) and (2.19),

1 n
(3.3) lim — [ >

t—-o0+ d(x,,\O)SE i=1

(xf — xg)2 P(t, x4, dx) < 0.
lence, by (1.1) and Schwarz’s inequality,

(3.4) — f (x" —x§) (x) —x)) P(t, x4, dx) is bounded in ¢ > 0.
bod(x, xg) < €

Therefore, by (1.4), we obtain (1.5).

4. Proof of Theorem 2. Since c;;(€) is of order €, we have

(tho) (x4) = /o(xo)

1 . . - df
(4.1) = — S (x* = x4) P (2, x0, dx) OL
t L od(x, xg) < € dxg
1 . . . . d%f
4 — f (x* —xgp) (o —xf) Pty x4, dx) - > -
14 d(x, x¢) < € 6x6 (?xjo

+
~ ]+~

f (x' =2y (o =) cij () P (¢, xg, dx)
(l(x, X())S €

1
b= J (@) =y (xg)) P, %0, dx)
todx, xq) 2 €
= 11(t, €) + 1,(t, €) + 15(z, €) +1,(¢, €).
Now
. : dfo oo
(4.2)  lim  I(¢, €) = a’(x,) - by (3.1)7; lim  I5( €) = 0 by (3.4);

t—0+ dxp €—0+

lim  I,(t €) = 0 by (1.4).

t0+

On the other hand, by (1.4) and (3.4), the finite limits

1 . . . . .
lim —— f (x* = xg) (& =) Pty xg, dx) = b7(x,),
t—o+ d(x, xg) < €

1 ) . . : .
lim  — S (e = xb) (& = ) Plt, x5 dx) = b7 ()

t—>0+ U d(x, xg) <€
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exist and are independent of € > 0. Let us, in place of f, (x), take F;(x) of
the form (f ® g) (x). We may choose /y(x) such that &Fo/axé (9x]6 assumes
values arbitrarily near to given constants «; (i, j = 1, «++, n). Thus, by (4.1)
and (4.2) and the fact Fy(x) € D(4), we see that b"l’.(xo) must be equal to
bLZ] {x4). Hence (1.7) is proved.

Therefore, by (1.4), (3.1) ”, and (4.2), we obtain (1.8).
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