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1. Introduction. In the study of dynamical systems in general, and servo-
mechanisms in particular, it is often required to determine the (constant) co-
efficients in a linear, ordinary, differential equation in such a way as to mini-
mize an integral involving the square of the difference between the solution of
the equation and a known function. The latter may be given in either analytical
or numerical form. In the design of a servomechanism the known function is the
“‘input”’; the solution of the equation is the ““output’’; and the coefficients of
the equation are the circuit constants to be determined. A similar problem arises
in the study of aircraft flight records, in which the known function is any of the
dynamic variables used to describe the motion, and the coefficients are the so-

called aerodynamic derivatives, the determination of which is the purpose of

the flight.

Mathematically similar problems also arise in the analysis of a mixture of
radioactive substances or of bacteria. The known function is, say, the total
weight of the mixture as a function of time, and the unknown coefficients are

the relative weights of the different substances initially present.

All such problems can be solved by the method of least squares, and the
procedure always leads, at a certain stage, to the evaluation of an integral of
a particular type. This integral has been studied by R. S. Phillips [ 3, Chap. 7,
$7.9], who has given a procedure for its evaluation and a short table of results.
The purpose of the present note is to derive a simple, explicit formula for this

integral.

2, Evaluation of the integral. The integral to be evaluated is

| = — —_— dx,
(1) 2mi S W) hem)

where
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n
glx) = Y g 220H),
k=1

n
h(x) = 2 a, x"'k, a, real, a; # 0.
k=0

There is no loss of generality in restricting g(x) to contain only even powers,
since odd powers would make no contribution to the value of the integral. It is
assumed that the zeros of A(x) are all distinct and have their real parts nega-
tive, Then the integration can be performed immediately by means of the theory
of residues [ 4, Chap. 61, and the result is

(2) 1= 3% 4,
k=1

where A is the residue of the integrand at x;, and h(x, ) = 0. This expression
can be evaluated in terms of the coefficients g, and a; by starting with the

obvious identity

g(x) . 1 1
— =Y 4, — - .
h(x) h(-x) /T xX-x  x+x

Clearing fractions gives

(3) glx) = z A,

Since x is a zero of & (x), the quantity A (x)/(x - x, ) is a polynomial; in fact,

3 n-1 ) i o
(x) = z X"l z a; xi'l .
X=X =0 i=o

Substitution in (3) gives an identity between two polynomials. Equating coef-
ficients of like powers of x gives a set of simultaneous, linear, algebraic e-

quations for the 4,:
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n
(4-) Z a’lkAk=(_1)n gl/2 (l=1’27°",n)1
k=1
where
n .
oy = z blixllt-l (Lk=1,2,+en),
i=1
n
bli= cljdji (l,i=1,2,+een),
j=1
clj=agl-]' ([, j=1,2,+4+,n),
dfi=("1)jaj-i (j’i=lv2""7”)’

with the convention that a; = 0 if £ < 0 or £ > n. With |, | for the determinant
with n rows and n columns having o, in the /th row and kth column, the rule

for multiplying determinants [ 1, Chap. 8] gives

-1
lalkl=lcli . dﬁl“xi .
Now,
—a 0 0 . 0
al ao 0 .
—-a2 —-al —ao .
ld;; | = . = (=1)n(nt1)/2 gn
tap.y fap.; tap.z -+ tag
and
1 1 eee 1
xl x2 LI xn
- 2
I E R
R TSR TS S £
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where V,, is the well-known Vandermonde determinant.

Hence, writing C,, = | ¢ |, we have
Loyl = (~Dme*d)/2 gn ey
In equation (4), write 8, =(~1)" g,/2 for convenience, and subtract B,

from both sides. Recalling equation (2), we see that the resulting system can

be put in the form

I~ z Ak =0
k=1
(5)
Bl + X (ay =~ B) 4, =By, (1< l<n),
k=1

a system of n + 1 equations in the n + 1 unknowns I, 4,, 4,, «--, A, that can
be solved directly for /. First consider thedeterminant, D, of the coefficients in
the left members of (5):

1 -1 -1
Bi Gy =B s Gin=fy

By Ga1 =By +++ Gan-Ps

Bn O(nl"'Bn cr e 0(nn_Bn

Adding the first column to each of the succeeding columns immediately gives
the result

. D=l = (=1)M0/2 00 C Y,

Now V, # 0, since all the zeros, x,, of h(x) were assumed to be distinct; and
C, does not vanish, since it is precisely the Hurwitz determinant [2, p.163]
of the polynomial % (x), all the roots of which lie in the left half-plane. Hence
D # 0, and the system (5) can be solved for I directly by Cramer’s rule [1,
Chap. 8]
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0 -1 “ .. -1
Bi %1y =B1 e Gip- By
By Uy =By e+ Gy =P,

. . LY

DI =

Bn OLnl—Bn cee ann"Bn

Again adding the first column to each succeeding column gives

0 -1 «o. -1
Br %1y e CGap

Ba %21 e+ Uan

DI =

Bn Upny =+ Gnn .

By the definition of «;j, this can be factored twice to give

M| B2 Cyy Chy vvv Cyp
Dl = —

where

1 o .. 0 1 0 ees O
0 du ce dln 0 *

Y- 0 21 2n 0 x, trt X
0 dp, dnn 0 Tt e Pt
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Thus,

1 Bl CIZ ¢ Cln
(—1)n(n+1)/2 A" CpVp l=— [ B, Cpy +++ Cip . (=1)n(nt)/2 al Vy

Qo

. . e o 0 .

. . « s o .

Bn an AR Cnn

The relation 3; = (=1)" g;/2 gives, finally, the desired formula:

(6) / 1 ool g(x)dx ("‘].)n'*’l Gn
= i i TR T e T
where
Gn=‘gijl, Cn=1ci]'l (1_<_i,f, n),

g if j=1
ij = %ai-p 8ij T
cij if j>1,
Since [ is a continuous function of the coefficients of 2 (x), and hence of the

zeros, equation (6) remains true when two zeros coincide.
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