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THE MONGE-AMPERE PARTIAL DIFFERENTIAL EQUATION
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M. ϊϊ. MARTIN

Introduction. Recently the study of the propagation of a plane shock wave

moving into a quiet atmosphere, and leaving a nonisentropic disturbance behind

it, has been reduced [6] to the solution of a Problem of Cauchy for a Monge-

Ampere equation of the type

(1) rt - s2 + λ 2 = 0 , λ = X(x)Y(γ).

The present paper is devoted to a study of the Problem of Cauchy for this

partial differential equation with a view to later applications to shock propaga-

tion.

In the first section we determine those functions X{x), Y (y) for which (1)

has intermediate integrals. A summary of the results will he fo%ind in the seven

cases in Theorem 1.

The linearization (without approximation) of the seven equations found in

f 1 is carried out in § 2 with results summarized in Theorem 2. The individual

results (particularly on cases 3, 5) are of interest for the applications in mind.

The solution of the Problem of Cauchy is taken up in § 3 and reduced to

the solution of the Problem of Cauchy for linear partial differential equations.

A summary of the results will be found in Theorem 3.

1. Intermediate integrals. In this section we investigate the intermediate

integrals of (1) .

If either X or Y is zero, or both are constant, then λ = const., and (1) has

intermediate integrals [ 3, pp. 154- 155]

q - λx = φ(p + λ y ) , q + λx = φ (p - λ y ) ,
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involving arbitrary functions. These simple cases will be excluded in our search

for functions Xy Y for which (1) has intermediate integrals.

According to classical theory [3, p. 58], based on the differential systems

dz - pdx - qdy = 0, dz - pdx - qdγ = 0,

(2) dp + λdγ=0, ( 2 ' ) dp-λdy=0,

dq - λdx = 0, dq + λdx = 0,

for the two families of characteristic strips, (1) will have an intermediate

integral

V (xy yy z, py q) = const,

if, and only if, V is a simultaneous solution either of

Vx + pVz + λVq = 0 , Vx + pVz - λVq = 0,

( 3 ) or of ( 3 ' )

Vy + qVz - λ F p = 0 , F r + qVz + λ F p = 0 .

Any solution of the first equation in ( 3 ) must have the form

V = F(uy υ, y, p), u = z - px9 v = q - Xγ\\ Xγ = jXdx,

and will be a solution of the second equation if and only if

(4) xX YFU - X YFp + Λt (yf u - Y'Fυ) + Vy + vFu = 0

is an identity in the independent variables Λ;, U, V, y, p.

The manifolds

(5) M: Fi = %A, F 2 = λ, F 3 = X 1 ( F 4 = 1,

N: G t = yF u , G2 = - yF p > G3 = ί F u - y-F,,. GA = Fγ + VFU,

are at most one and four dimensional, respectively, with the bilinear condition

f\Gι + F2G2 + F3G3 + F4G4 = 0

imposed on them, in view of (4) . For this condition to hold, it is necessary

and sufficient1 that MCSm> NCTn, where Sm9 Tn are linear orthogonal subspaces

defined by
1This follows as a special case of a general theorem which will be proved elsewhere

[7].
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the matrices

having ranks m, ra, respectively. The linear subspaces S m s Tw are orthogonal

if, and only if, the composite matrix C formed by taking the m rows of A followed

by the n rows of B has the following property; the m-rowed minors in A are all

proportional to their complimentary minors in B, the indices of the columns of

A followed by the indices of the columns of B forming an even permutation of

1, 2, 3, 4.

There are fives cases to consider as m — 0, 1, 2, 3, 4.

I. m - 0, n = 4. This case does not arise, as it requires

F t = F2 = Fz = F 4 = 0,

whereas actually ^4 = 1 in (5) .

II. m = 1, n = 3. Here

«n «12 α l 3 α 1 4 α = 1

and Γ3 is a hyperplane with S{ the normal to S3 at the origin. From (5) the

equations of 5 t imply that X9 X\ are both constant and therefore X' = 0, λ = 0,

an excluded case.

III. m = 2, n = 2. Here

α=l α-1

are linear orthogonal two-spaces, and
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^ 1 2 ^ 1 3 ^ 1 4 ^ 2 3 ^ 4 2 ^ 3 4

B 3 4 B 4 2 B 2 3 B ί 4 Z > 1 3 B i 2

9

where A{js B(j denote the determinants formed from the ith and yth columns of

A, β. From (5) the equations of S2 yield simultaneous equations

(bnX + bu)X + 613Λ ι + bl4 = 0, (6 21* + &22 ) ^ + ^23^1 + b24 = 0,

for A", At, so that

the case in which all Bη, except Bί2, are zero being rejected, since it implies

A = 0. When the second equation is differentiated, two simultaneous equations

result for A which can subsist only if A = const.

We accordingly place

A = α / 0, Xι = α 0 + ax (ao> a = const.),

in (4), which implies two simultaneous partial differential equations

2YFU - Y'FV = 0 , (v+ a0Y)Fu - a0Y'Fv + Fy - aYFp = 0 ,

for F. If Y jk 0, the general solution of the first is

Y'
f = G(ry γ, p ) , r = 2v + Lu, L = — £ 0 .

and the result

1-rL «. α Q yΛ GΓ + Gy - oYGp + α ί L ' - -L2]Gr = 0,

of substituting this in the second leads to

ILrL -a0YΊGr + Gy - aYGp = 0 ; Gr = 0 or 2L ' - L 2 = 0 .

Under the alternative Gr = 0, we arrive at an obvious intermediate integral

(6) V = p + αYt = const., 1\ = jYdy,
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valid for any function Y (y); with the second alternative, necessari ly

Y = b(y - γo)~2 (b, yQ = c o n s t . ) ,

and we have two intermediate integrals

p - ab(y - yQYι = const., (y -yQ)r + 2aob(γ -yQ)~l = const.,

the first of which repeats ( 6 ) , with the second becoming

abx
px + q\y~ya) - z = const.

y-y0

in the original variables. If the first is multiplied by an arbitrary constant xθ9

and subtracted from the second, a more symmetric form

x - x0

p{x - x0) + q {y - y ) - z - ab = const.

results for the second.

With ab = k, for λ=k(y—y ) " 2 equation ( 1 ) consequently has the inter-

mediate integrals

x "- xo I k
p(x- xo)+ q(y-y ) - z -k = φ IP

y~y0 \ y-y

χ-χ0 i k \

p{x~ x 0 ) + q{y - y ) - z Λ-k = φ [p + ,
y-y0 \ y - y o l

involving arbitrary functions ψ, ψ, the second intermediate integral arising from

(3')

I V . m - 3 , Λ = l . H e r e

4 G l G2 G3 G4

Si'- Σ, * i α f α = 0 ; Tx: — = - = — = —>

α=i °n bn bιi 6i4

and T{ i s the normal to the hyperplane S 3 a t the or ig in. From ( 5 ) the funct ions

X> I/

> F must meet the c o n d i t i o n s
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YF -YF YF - Y ' F F 4-i F
1 Γu — l i p 1 1 u — I Γv Γγ + VI u

bn bl2 bl3 blΛ

and we begin with the case

( i ) bn £ 0.

There is no loss in generality if we write

bn = 1, 6 l 2 = — x0 y oί3 = — my ϋl4 = — α 0 >

to put the above equations in the form

U - x0 )λι - mλγ - a0 = 0,

^o Fu-Fp = 0, (m + 1)FU - LFV = 0, (v + α o y ) Fu + /y = 0 ,

where we recall L = Y'/Y, We find

A! = a 0 ( % ~ % 0 ) " 1 (772 = 0 ) A ^ a i x - X Q ) ^ " 1 ( a = const., m ^ 0 ) ,

from the first of these equations. The last three are simultaneous equations for

Y> F. Any solution of the first must have the form

F = Gir, v, γ), r = u + % o p ?

which, substituted in the remaining two, yields simultaneous equations for G:

(m + I)GΓ- LGV = 0, (v + a0Y)Gr + Gy = Q.

If 772 = — 1, either Gv = 0 to imply G = const. , or L = 0 to imply

X = a(x - x0Y
2, Y = b, λ = A; (x - x0 ) " 2 , k = ab 9

and the existence of intermediate integrals

y - y 0 / * \

P ( Λ : - Λ ; 0 ) + 7 ( 7 - 7 ) - z + k = φ [q + ,

x -x0 \ x - x01

y~y0 / k \
p(x~xo) + q(y-y ) ~ z - k = φlq K

x - x0 \ x - χ0 I
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analogous to those found in III.

If m / - 1, for the general solution

G = H (s, y), s = (m + 1 )v + Lr ,

of the first equation for G to yield a solution of the second, requires that the

identity

m[s +ao(m+ 1)Y]LHS + U + l ) « y + r [ (

hold. For # ^ const, this implies

(m + l ) L ' ~ L 2 = 0 , [5 + α o ( m + 1)Y]L// S

the first of which yields

b
Y =

(r-ro)
m + 1

so that the second becomes

α 0 b(m

yo ( y - y o ) m + 2

This yields the intermediate integrals

(y - yo)s
aob(m+1)

= const.

= 0 .

= 0

= 0 ,

b9 γ = const.),

(m ^ 0 ) ,

= const 0 ) ,

or, in the original variables, the intermediate integrals

If we write the intermediate integral for m ^ 0 in the form p {x — XQ) + ^ ( y ~ " y π ) " ~ 2 —

A;/i ( r 1 ^ ' 1 — 1) = const . , r = (%—%0)/(y— y 0 ) , n = 1/m, and let rc > <x>, this intermediate

integral approaches the one for m — 0, in view of

lim n(rl/n- 1) = l o g r ,
tt-»oo

for which see [4, pp. 139- 14θ].
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k I x x0 \
p ( x - x 0 ) + q ( y - y ) - 2 ( ) = const . {m Φ- 0 ) ,

k I x - x0 \
- 2 ( ) =

™ \ r - y 0 /

k I x ~~ xo \
p {x - x 0 ) + q(y ~- γ ) - z + — I I = const. (m ^ 0 ) ,

m\y~yj

y ) - 2 - A ; log = const. (m = 0 ) ,
y - y

p(x - x 0 ) + q ( γ - y Q ) - z + k l o g = const. (m = 0 ) ,

of (1 ) for

λ = k (k = α̂ > m ^ 0 ) ,

( y - y o ) m + ι

( X „ χ )" I

λ = k (k = α o &, m = 0 ) ,
y — y

the second arising from ( 3 ' ) .

The next case to consider is

( i i) bn = 0, bl2 £ 0 .

Here F — F {υ^ y9 p ), and we can write

bl2 = 1, 6 1 3 =— m9 bl4 = c s

so that A, y, F satisfy the equations

Xt - mXi + c - 0, Fy + cyFp = 0, LFV + mFp - 0 .

Since m = 0 implies A = const., treated in ΠI, we assume m =/ 0, and obtain

A = aemx (a = const.)

from the first equation. From the second equation we get
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F = G(ry v) with r = p - cYl9

and for this to satisfy the third, necessarily L = n = const., so that we have

Y = ie Λ 7 (6 = const.),

and the intermediate integral nr — mv = const.; or, in the original variables,

np - mq + kemx enγ = const., np - mq - kemx eny = const.,

are intermediate integrals of (1) for

λ = kemxeny (k = ab).

The last possibility is

(ii i) bn = bl2 = 0, bl3 + 0.

Here λ\ = const., so X = 0, which has been excluded.

V. m = 4, n - 0. This requires Gt = G2 = G3 = G4 - 0; if we exclude

y = const., as previously treated, this can only arise if F = const.

If we observe that the form of (1) is left invariant under the transformations

in the group

x'= x - x09 y' = γ - yQ; x' = y, γ* = x; x' = kx, y' = /y,

the results of this section can be summed up in the theorem:

THEOREM 1. The MongeΆmpere equation

rt - s2 + λ2 = 0, λ = X(x)Y{y),

has intermediate integrals only in the following cases:

λ Intermediate Integrals

1 . 0 q = φ ( p )

2. 1 ^ - x = <y6(p + y ), <7 + % = v H p - y )

3. y ( y ) Φ 0 p + Yt = const., p - Yι = const., Yι=]Ydy9

2

4. y" PΛ; + qy - z - - =

1\ % / 1\
), pΛ; + ςry - z + - = ^ ( p + - I,

y/ γ \ γ /
(

y \ y / γ \ γ
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5. (m j£ 0) p% + ^y—z ί — J = const., px + qy — z + — ί — J = const.,

x~ι x x
6. px •+• qy — z — log — = const., px + qy — z + log — = const.,

γ y γ

Ί. ex e^ p - 7 + ex ey - const., p - q - ex eγ - const.,

and in those which arise from these under translations, reflections in the line

y = x9 and dilations in the {x, y)-plane.

That each solution of the partial differential equation of first order repre-

sented by an intermediate integral is actually a solution of the appropriate

Monge-Ampere equation may be verified directly by differentiating the inter-

mediate integral partially with respect to x and y, and calculating rt - s2.

2. L inear izat ion of the Monge-Ampere equat ion. T h e i n t e g r a t i o n of ( 1 ) for

all cases except the first in Theorem 1 will be reduced to the integration of

linear partial differential equations of at most the second order and quadratures.

The differential system (2) , (2 ' ) is replaced by an apparently over-de-

termined system

( 7 ) p + λ y ^ = = 0 , p α - λ y α = 0> λ = λ(x9 y, z, p9 q),

q~ ~ λXβ = 09 qa + ^x

a~ 0 ,

of six equations for five unknown functions

( 8 ) x = x(a, β), y = y ( α , β), z = z(a,β), p = p ( α , β), q = q(a,β),

of the characteristic variables3 (X, β Actually, if one supposes that the quantity

A - z - px - qy

vanishes along a curve C drawn on a solution surface S defined parametric ally

by the first three equations in (8) , provided the curves (X = const, on S cut Cy

The idea of introducing the characteristic variables α, β as independent variables
to replace the characteristic differential system (2) by the system of partial differential
equations (7) has been ascribed to Hans Lewy in a footnote on p. 327 of [ l j . According
to Goursat [ 3? pp. 106-116], the idea goes back to Ampere. Lewy was the first to use
them, however, in the proof of the existence and uniqueness of the solution to Cauchy's
problem when intermediate integrals do not exist.
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it is easy to show that A = 0 on 5; for the remaining equations in (7) imply

[ l , pp. 329-330] Aβ = 0, and therefore, since A = 0 on C, it vanishes every-

where on S.

If λ = λ(x> y, py q ), the four equations in the last two rows of (7) form a

determined system for the unknown functions xs y> py q of Cί, β Corresponding to

any solution

(9) x = x(a, β), y = y(a, β), p = p (<X, β), q = q {a, β)

of t h i s s y s t e m , the f i r s t row in ( 7 ) y i e l d s

when xa> y^ Xβ9 γa are eliminated with the aid of the remaining equations.

Consequently

( - ) = - Λ * α S ( - ) = Λ 2 (Λ = λ / P

2 ) ,
\pja \p/β

 β

so that z (CC, β) is a solution of the linear equation

β Λa

(11) z Q 4- z + zβ = 0,
aβ 2Λ α 2Λ β

the function A (cί, β) depending, in general, on the selection of the solution

(9).

It is worth noting that z((X, β ) is a solution of the linear equation (11) for

λ = λ(x, γ, p, q), i.e., this result is not restricted to the special form λ =

X(x)Y(y).

The treatment of the various cases will be based on the following lemma.

LEMMA. The integration of the system

vβ - κ u β = 0 , va + κ u a = 0 , K = K ( α - β ) ,

is equivalent to the integration of either one of the pair of conjugate [ 5 ] linear

equations



1 7 6 M. II. MARTIN

K K
L ( l ί ) = Uaβ~^ {ua~ Uβ] = ° M { v ) = Vaβ+—(υa ~ V = 0 *

// M [ I ; ] £ s a solution of L ( u ) - 0 [ M ( i > ) = 0 ] , i ί s conjugate function v[u] m a y

be obtained by quadratures.

We begin with:

Case 1. Here (1) is the equation for the developable surfaces, and its

integration is well known.

Case 2. Instead of ( 7 ) we have

(12) zβ-pxβ-qγβ = 0, za- pxa- qya= 0,

p + y = Cί, p - y = β,

1β ~ Xβ= ° ' ?α + * α = °

From the intermediate integrals

P + ϊ = Uo, P - r = βOf 0Co, /3o = const.,

we obtain solutions

( 1 3 ) z = aQ% - xy + G(y), z = jSQ% + Λ y + G ( y ) ,

involving an arbitrary function G ( y ) .

The integration of the system in the third row of ( 1 2 ) is equivalent to the

integration of either of the linear equations

U x ) - x a β - 0 , U ( q ) - q a β - Q ,

and for (9) we find the formulas of Goursat [3, pp. 154- 155]

x=-[φ'(β)-ψ'(u)], y = -(a-β), p = - ( α + j8), q = -[<£'(α)+ ψ'(β)],
2, A Zi Z

where ^(α), ψ( β) are arbitrary functions. Carrying out the quadratures in (10)

yields

(15) z = I ( α + ]β) |>'( j8) - ^ ( α ) ] + -ίφ(a) - ψ(β)]9

4 A
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a solution4, containing two arbitrary functions, of

Za + Zβ _

*aP~ a + β = °'

to which (11) reduces.

The solutions (13) are not contained among the-solutions (14), (15). For

example, for the first solution in (13) the sum p + y is constant over the entire

solution surface; but for a solution (14), (15), while the sum p + y= α is

constant along each characteristic Cί = const., it varies from one characteristic

to another.

Case 3. System (7) is replaced by

(16) zβ-pχ

β

The intermediate integrals yield solutions

( 1 7 ) z = aox-YιX

containing an arbitrary function G(y).

To obtain other solutions we observe that

and c o n s e q u e n t l y Y is a function K of α — β. In view of the lemma, ( 9 ) b e c o m e s

( 1 8 ) x = x(a, β), y = y(a-β\ P = - ( α + /3), q = q(a,β),

w h e r e x [q] i s any s o l u t i o n of t h e l i n e a r e q u a t i o n L(x)-0 [M(q) ** 0], a n d q

[%] i s d e t e r m i n e d by q u a d r a t u r e s . From ( 1 0 ) t h e f u n c t i o n z i s o b t a i n e d by carry-

ing out t h e q u a d r a t u r e s .

(19) zΛ βla \a + β

4 This reduces to the partial differential equation E (— 1, — 1) of Euler-Darboux when
β is replaced by -β. See [2, pp.54-7θ].
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and is a solution of the linear equation

f K' 1 \ l'κ' 1 \
(20) * , , - ( — + 1* +( l z Λ = 0 .

^ \2κ α + jQ/ α \2κ Cί + β/ £

Case 4. This is a speciai case of the above in which

are the Euler-Darboux equations £ (1, 1), £ ( - 1 , - 1 ) respectively, and it is

possible to give [2, p. 64] explicit formulas for (18), (19):

Φ'-ψ' 2 1 1 1
(18') * = -—j-, γ = , p = — ( α + j3), q = -{β-a)(φ'+ψ')+ -(φ-ψ),

a- β β~a 2 4 2

( 1 9 0 z = ^ ( ^ 0')(^ 0) ,
2 α - )3 α - β

containing arbitrary functions ^j(α), ψ(β), with (20) becoming

(20')

Las

( 2 1 )

e 5.

Zaβ

System ( 7 )

Pβ-*

qβ •

2α

becomes

m-l

o,

o,

2/3
2 - β 2

qa

z
zβ

777 "4" 1

i r 0

From the intermediate integrals

l /x\m 1 1 x \
(22) p x + ς r y - z - ] = α 0 , px + qγ - z + — ( —

m \γI m\ γ I

we obtain solutions
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r r

(23) z = xG(r) α 0 , z = %G(r) + βm

containing an arbitrary function G{r),

To obtain other solutions, we observe from Theorem 1 that

(24)
/ x \m m 1

— = — (/3-Cί), px + <7y - z = — (α + j3),
\y / 2 2

and use the first of these equations to eliminate x from the second row, y from

the third row of (21), to replace these rows by

( 2 5 ) P β - ^ η β - 0 , Pa+ K l l a = 0 ,

( 2 6 ) qβ+ κ2ξβ= 0 , < ? α - κ 2 4 = 0 , ξ=-, κ2 = l _ ( / 3 - α ) l

In view of the lemma, the integration of (25) is equivalent to the integration of

either one of

(27) L(η) = ηaβ- —(ηa-ηβ)=0, M (p) = P(χβ + - i _ ( p α - p ^ ) = 0,

( i ( / ) )

and the integration of (26) to the integration of either one of

all of which are Euler-Darboux equations of the type E(k, k). A solution (9)

of the last two rows of (21) may be obtained by starting with either (25) or

(26). To fix the ideas, let p = p(θt, β), y = y (θί, β) be any solution of (25). The

first equation in (24) yields ξ- ξ{(X, β), with q - q (θί, β) determined by quad-

ratures from (26). Finally we obtain z — z (&, β) from the second equation in
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(24) Thus the integration of (1) is reduced to the integration of any one of the

linear equations (27), (28) followed by quadratures.

For τrι = 1 this case reduces to the preceding one; and (27), (28) simplify

to

Pα/3=°;

By carrying out the process outlined above we find a solution containing two

arbitrary functions

φ - ψ ψ - φ 2 4

with

^ ^ T T r ^ + iS),

φ - ψ 2

to which (180, (19') reduce under the change of parameter

ά = Φ'(OL), β = 0'(j8); α = ^ ( ά ) , β

provided one observes that

0= ά^'(α) - φ(oi)9 φ Φ

Case 6. System (7) is the same as (21) for m = 0, but the intermediate

integrals (22) are replaced by

px + qy - z - log — = <χ0, PΛ; + qy - 2 + log - = j8 ,
y y

with the solutions

(29) z=xG(r)-\o%r~ α 0 , z = *G (r) + log r - j8Q (r = «/y)

in place of (23), and the relations
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x 1 1
l o g - = - ( β - α ) , p* + qy - z = _(ot + /3),

y 2 2

replacing (24). The quantities K , K in (25), (26) are now

κ _ >"/3)/2 _ (/8-α)/2

and instead of the Euler-Darboux equations (27), (28) we find linear equations

with constant coefficients

1 ( r ? α ~ r ' / S ) = ° M { P ) = P * β + ^

ex

(30)

Once a solution of any one of these has been obtained, the integration of (1)

proceeds as in the previous case.

Case 7. The intermediate integrals are

p - q + exe? = Cί0 , p - <? - ex

 Q

and have the solutions

( 3 1 ) z - G ( r ) - x e r + (Xox, z = G ( r ) + x e Γ + β Q x , r = % + y .

In place of ( 2 4 ) we find

( 3 2 ) * + y = l o g - ( α - / 3 ) , P-q = -(a + β),
Zl Zi

and (25), (26) are replaced by

(33) P β - κ ι Y β = 0 , P a + χ ι Y a ^ 0 , K ι = - { β - a ) ,

(34) qβ- κ2xβ = 0 , qa+ κ2xa= 0 , κ a = _ ( α - / 3 ) ,

so that instead of (27), (28) we obtain Euler-Darboux equations of the special,

forms [2, pp. 69-70] £ ( ± 1/2, ±1/2) , specifically
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1/2 1/2
( ) 0 M() — -

1/2 1/2
( 3 5 ) i Λ y ) = γ a β - — (ya-Yβ)=0, M(p) = P a β + — - ( p α - P / 8 )

1/2

Starting with a solution of any one of these, say p = p (Cί, /3), one determines

q - q (α, β) from (32 ) and calculates the functions x = X((A, β), γ = y ((X, β) by

quadratures based on (33), (34). A final quadrature (10) then yields 2 = z ( Cί, β).

The results obtained may be summarized in the theorem:

THEOREM 2. Whenever the partial differential equation

rt - s2 + λ2 = 0, λ = X(x)Yiy),

has intermediate integrals, its integration can be reduced to the integration of

linear partial differential equations of the first and second order^ and quadra-

tures.

3. The Problem of Cauchy. In the Problem of Cauchy one requires a solution

2 = 2(3;, y) of (1) such that along a prescribed curve (the carrier)

C: x = x(t), γ = y ( O ,

in the (x9 y )-plane, the partial derivatives p = zx, q = Zγ take preassigned

v a l u e s ( the Cauchy data)

CY: p = p(t), q = q(t) .

We begin with the simplest case.

Case 2. Here the Problem of Cauchy imposes the following conditions

<x + j8=2p(O, α-/3=2yU), ψ'(a) + ψ'(β) = 2q(t), φ'{a) - ψ'{β) = - 2x(t),

on the arbitrary functions φ(θ), φ(β) entering into the formulas (14) of Goursat.

These imply

of which the first pair determine a curve (the carrier)
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Γ: α = α ( ί ) = p(ί) + y ( O , jS= β U ) = pit) -y it),

in the characteristic ((X, /3)-plane, the horizontal and vertical lines of which are

termed characteristic lines.

Provided5 01 ^ 0, β ^ 0 we can invert the equations defining Γ to obtain

and obtain the required functions ^6(C(), φ(β) in (14), up to arbitrarily additive

constants, by quadratures from

If Γ is a segment of a characteristic line, say of 0C = Cί0 = const,, the Cauchy

data Cι cannot be taken arbitrarily, but must fulfill the conditions

p ( ί ) + y ( t ) = α 0 , q ( t ) ~ x ( t ) = k = c o n s t . ,

so that up to the additive constant k, the carrier C prescribes the Cauchy data

C1# The first equation for Γ fails to determine /((X), and φ(θ.) may accordingly

be taken arbitrarily in Goursat's formulas, subject to the single condition

φ'(<X0) = k. Due to the arbitrariness in φ(a), the solution of the Problem of

Cauchy is not unique. In addition, the general solution (13) of the intermediate

integral p + y = Cί0 offers an additional solution, for we have q + x = G'{y), and

if Γ is not a point, y = y(t) ^ const., so that t=t(y), and G(y) can be de-

termined from

up to an additive constant.

The carrier Γ will be a point if, and only if, C s Q have the form

C: x = x(t\ y = y0 = const., Ci: p = pQ = const., q = q {t),

and therefore necessari ly, as follows from ( 1 ) with λ = 1,

q (t) ± x(t) = k = c o n s t .

The solutions (13) of the intermediate integrals

5We forego consideration of the difficult case in which a or β changes sign.
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offer solutions for these Problems of Cauchy, containing an arbitrary function

G (y ), provided G ' ( y Q ) = k.

Case 3. The carrier Γ in the characterist ic plane is defined by

Γ : <x = α ( f ) = p ( O + ϊ Ί ( y ( O ) , β = βU) = pit) - Yx (y (t)).

By differentiating the first and fourth equations ( 1 8 ) with respect to t we obtain

x ά + XnS~ x« —x C(+ Xnβ= K " 1 a.

Along an arc of Γ for which (X ^ 0, /3 ^ 0 these equations specify Cauchy

data

x - K'
 ι q x + κ~l q

X a =

2α

on the carrier Γ for a Problem of Cauchy for the linear equation L (x) = 0. The

solution of this Problem of Cauchy can be effected by quadratures, once the

resolvent [ 5 ] , a properly chosen two-parameter family of solutions of the con-

jugate equation M (q) = 0, is known, and, up to an arbitrarily additive constant,

is unique.

If Γ is a segment of a characterist ic line CC = CX0, the Cauchy data C, Cγ

must meet the conditions

so C implies Cι up to an additive constant. The Cauchy data on Γ reduce to

and fail to determine a unique solution to L(x) ~ 0, so that the solution to the

original problem of Cauchy C, C t framed for ( 1 ) is likewise no longer unique.

In addition to this multiplicity of solutions, the general solution ( 1 7 ) of the

intermediate integral p + Yι - 0t0 provides another, for if Γ is not a point,

t = t (γ), the arbitrary function G(y) is determined by

G'{y) = q(t(γ)) + x(t(y))Y(y)

up to an additive constant.
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T h e c a r r i e r Γ w i l l b e a p o i n t if, a n d o n l y if, Cf C\ h a v e t h e form

C : x ~ x(t)f γ = y Q = c o n s t . , C j : p = p Q = c o n s t . , q - q{t) 9

a n d t h e r e f o r e n e c e s s a r i l y , a s f o l l o w s f rom ( 1 ) w i t h λ = Y (y)9

q(t) ± Y(yo)x(t) = k = c o n s t .

The solutions (17) of the intermediate integrals

P + > Ί ( y ) = CXO = PO + Yι(y0), p - *i (y) = j30 = P 0 - M y 0 ) ,

offer solutions to these Problems of Cauchy containing an arbitrary function

G (y ) , provided G '(yQ ) = k.

Case 4. This case comes under Case 3, and also Case 5 for m = 1.

Case 5. For the carrier Γ we have

1 ix\m 1 /x\m

Γ : a = px + qy - z [—] =a(t), β=px + qy-z+—l — \ = β ( ί ) ,
7w \ y / 7π \ y /

w here

Recalling that η = y"1 we write

where κ t is defined in (25).

As long as (X 7̂  0, /3 φ- 0 these equations specify Cauchy data

2α 2β

on the carrier Γ for a Problem of Cauchy for the linear equation L(η) = 0 in

(27). The resolvent of this equation is known [5, pp. 401-406], and the solution

of the Problem of Cauchy can be carried out by quadratures. The solution is

unique up to an arbitrarily additive constant.

If Γ is a segment of a characteristic line (X = Cίo> the Cauchy data C, Cj
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must meet the conditions

χm-l χm-l

p + y = 0, q x = 0,

with Cγ determined by C up to translations. The Cauchy data

β

are insufficient to determine a unique solution to L(η)= 0, and the solution of

the original problem of Cauchy again is no longer unique. The general solution

( 2 3 ) of the first intermediate integral in ( 2 2 ) offers an additional solution,

provided the arbitrary function G(r) can be properly determined. This will be

possible, as long as r = r(t) £ const. (C not a radial straight l ine) , or, what

is equivalent, Γ is not a point. Indeed, from (23) we determine G by integrating

r"1 * q
(r ) =

v .2

the given functions y, q of t becoming functions of r, s ince t = ί ( r ) .

For Γ to be a point ( α 0 , βQ) it is necessary and sufficient that

x \m ι / m

px + qγ - z = k = — ( α 0 + p ), — = r0 = — ( p - Cίc

2 y

conditions which are equivalent to the requirements

x

px + qγ = 0, - = T ,
y

on the Cauchy data C, C1# It is obvious from the very form of the intermediate

integrals (22) that any one of general solutions (23) meets the required con-

ditions.

The treatment of the remaining cases does not differ substantially from this

case and we may sum up our results as follows:

THEOREM 3. Whenever the partial differential equation
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rt - s2 + λ 2 = C (λ = λ(x)Y{y))

has intermediate integrals

a(x, y, z, p, q) = α , β(*, y, z, p, 7) = β,

the Problem of Cauchγ

C: χ=χ{t), y=y(t); C t : p = p{t), q^q(t),

for this partial differential equation defines a carrier

Γ : α = (λ(x(t), y (t), z (t), p ( ί ) , q(t)) = U(t),

β=β(x(t),γ{t),z(t),p(t),q(t)) = β(t),

in the characteristic plane, and reduces to a Problem of Cauchy with Cauchγ

data on this carrier for a linear partial differential equation of the second order.

/ / Γ is a segment of one of the characteristic lines Cί = const., or β ~ const.,

or a point, the solution is not unique.
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