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Introduction. In a previous paper [3J a study was made of the projectivities

between the points of a simple relatively complemented lattice of finite dimen-

sion. It was shown that for a given dimension there is an upper bound for the

number of transposes required to establish the projectivities between the points.

The examples given in which this upper bound is attained have a particularly

simple structure — they are closely related to a direct union. We shall prove here

some general structure theorems for relatively complemented lattices and then

apply these to the case of maximal projectivities.

The notation will be that of [3l The lattice L to which we refer is always

relatively complemented.

1. Structure Theorems. Our arguments depend heavily upon the simplicity or

indecomposability [2] of L, and it is convenient to have the following character-

ization of a direct union:

THEOREM 1.1. // L has dimension n9 and a9 b are two elements of L, then

L = a/ z V b/z if and only if

(1) p{a) + p{b) < n9 and

( 2) p C a if and only if p (L b for all points p £. L.

Proof. Certainly if L = a/z V b/z, conditions ( 1 ) and ( 2 ) will hold. Sup-

pose ( 1 ) and ( 2 ) hold in L. We shall proceed by induction on n. The theorem is

true when n = 1, 2. Suppose it is true for all la t t ices of dimension l e s s than n,

but L Φ a/z V b/z.

It is clear that

x = (α n x) u (b n x)

for all x £ L. Consider the mapping
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198 J. E. MCLAUGHLIN

x —» σx = (a n x, b n x) ζZ a/z V b /z .

Λow x I) γ if and only if

a n x 3 a n y and b n Λ; I) ό n y

and the latter occurs if and only if σx D σ y . Hence L is isomorphic, as a partial-

ly ordered set, to a subset of a/ z V b/z, where

σu = ( o , b), σ z = ( z , z ) .

These remarks show that if any two elements a, b oί L satisfy ( 2 ) , we must have

p ( a ) + p ( b ) > n .

If L ψ α / z V ό/2r, there are points p C a and g C b such that p / z F 2 9/ z

Hence there is a maximal element m such that m~bp, miq. Then s t and s2

exist with

a > s

ι 2 m n α> b > s2 2 m n b

Furthermore,

Let u - xQ > xγ> > xn- γ > xn = z be a complete chain in L. This chain

maps onto

E i t h e r ( i ) σxγ = ( α , ί 2 ) > where b > t29 or ( i i ) σxγ — {tί9 6 ) , where a > t ί . Sup-

p o s e the former i s t r u e . T h e p o i n t s of x± a re in e i t h e r a or t2, but not both. T h e n

a and t2 sa t i s fy ( 2 ) in xi/z, and s i n c e

p(xχ ) = n - 1,

we have

But

p ( α ) + p ( ό ) < ra, so p U 2 ) = ρ ( 6 ) - 1 .

T h e n by the induct ion h y p o t h e s i s , xx/z = α / z V t2/z. T h i s g i v e s the ex i s t-
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ence of a chain from s t through a to u of length l + p ( 6 ) - l + l , or p ( &) + 1.

By Lemma 3.6 of [3]> there is a chain from b to z of length at least p( b) + 1,

which is a contradiction. A similar contradiction ar ises if σxγ =(ti9b). There-

fore L = a/z V b/z9 and thus the theorem is proved.

The following theorem gives more information about the quotient lattices

ap/z introduced in Lemma 3.5 of [ 3 ]

T H E O R E M 1.2. Let L be simple of dimension n > 1. If p is any point and k

is a nonnegatiυe integer such that A <[(n + l ) / 2 j , then ap/z has dimension at

least 2k + 1.

Proof. The theorem is true when k = 0. Suppose it is true for all k less than

the one in which we are interested. Then dp ι has dimension at least 2k- 1,

and aί 3 dp1. If α ί = u9 we are through, so assume u 3 dp. Then there is a point

s £ L with 5 (t dp9 but s/z P2 t/z for some t £ Cp. Hence there is a maximal

element m such that m | s , m .j) dp. Since s £ Cp9 we have mD ap~1' Therefore
ap ^ α p l > a n d the dimension of a^/z is at least 2k. Suppose dim (ap/z ) - 2k.

Let b be the join of all points of L which are not in ap. All of these points are

in Xp = Γ\Mp9 where

J / J E ' U C L I u > m £ ak

p~
ι\.

(See proof of Lemma 3.5 of [ 3l ) Hence Xp^b and b n ap = z. The latter follows

from the assumption dim (ap/z) = 2k9 s ince, by Theorem 3.1 of [ 3 ] for any

point q we would have q C dp if and only if q £ Cp On the other hand, it is

shown, in the proof of Lemma 3.5 of [ 3 l , that q £ Cp if and only if q (t Xp.

Since L is simple, there exists an x such that

u > xy x i a , x \ b.

~lBut Λ; j) 6 implies % D ap~
l. Then

x = α u (b nx), and w = b u # = α 1 u b.

Hence if u > m we have m 3 dp~
ι,if and only if m i 6. Therefore αp, αp ι , and b

satisfy the conditions of Lemma 3.6 of [ 3 ] , and there exists a chain of length at

least 2 k from u to b. Then

p ( b ) < n - 2 k , s o ρ { a k ) + p ( b ) < n .

But by Theorem 1.1 we would have L = dp/z V b/z9 contrary to the simplicity

of L. Therefore p{dk

p) > 2k + 1 for all A; < [ U + l ) / 2 ] .
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Let β̂ denote the partially ordered subset of L consisting of u9 the maximal

elements, the points, and z. Let tyv be the normal completion of Sp. Consider the

mapping A—>\JA from ^>v into L. (A is a normally closed subset of L. ) If

A 2 B9 then I) A 2 U β . Suppose U4 D US; then x C 4* implies % D «> all « £ A

implies xD\JA9 so % D U S , and hence % D 6 all 6 C β and % C β*; therefore

i * C β * , so ( 4 * ) * D (β*)*> o r ADB. Thus the mapping is order preserving

both ways.

Suppose a C L, α j4 α, o j4 z. Set

Now % 3 p , all p C P ( α ) , if and only if x 3 α, so Λf(α) C ( P ( α ) ) * . Also

P ( α ) C ( P ( α ) * ) * . Suppose y C ( P ( α ) * ) * ; then y C Λ, all % G P ( α ) * implies

y C m , all m C M(a) implies y C α. Suppose α ' l ) y, all y C ( P (α )* )* then

a'2p> all P C P ( α ) implies α"D α, so a = U ( P ( α ) * )*. If α = w, then α = U( u);

if α = z then α = U ( z ) . (Here (Λ;) denotes the principal ideal generated by x.)

Hence each a C L has an inverse image under the above mapping, and ^>v= L;

see [ 2 ] . This proves the following:

THEOREM 1.3. The structure of L is completely determined by the structure

REMARK. From the nature of the proof it is seen that the above theorem will

be true for any lattice each of whose elements is a join of points and the meet of

maximal elements.

2. Lattices with maximal projectivities. In this section we shall study sim-

ple lattices of odd dimension in which there occurs a maximal projectivity. We

shall show that these lattices are quite close to a direct union in the sense that

their structure can be completely described in terms of sublattices. Throughout

this section L will be a simple lattice of dimension 2n + 1, and p, q are two

points in L such that p/z P q/ z requires 2ra + 2 transposes. Then we have:

THEOREM 2.1. If k < n, the following statements are true:

( 1 ) p(ak

p) = 2k + 1, p(an

q~
k) = 2n - 24 + 1;

(2) xk - an~k xn~k - πk
{ Z ) Xp ~ aq ' Xq ~ ap>

(3) a /z has a maximal projectivity if and only if an /z has a maximal

projectivity;
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( 4 ) if a /z has a maximal projectivity then a n an~ - r > z, otherwise

ak n an~k = z.
P q

Proof. Note that s £ Cq~ implies s ζf. Cp implies s C Xp implies α^~ C xp*

Suppose there is a maximal element m such that mD apl* mDχp W m/z is

simple, we contradict the assumption of a maximal projectivity between p/z and

q/z, since p(m) < 2n. Write

m/z = Lχ V L2 V . . . V Lv9

where the L; are simple nontrivial quotient lattices, and y > 1. Now an

q~ / z and

ap~
ι/z are both simple; if they are in the same L/, we again contradict our max-

imal projectivity assumption. Hence they are in different components and we

must have

9 P ' + P a9

By Theorem 1.2,

p(ak~ι) > 2k - 1 ; p{an~k) > 2n - 2k + 1 .

Therefore

The elements αp r and α^ are in different Lj, so

and hence

m — a \j a or m / z — a / z v a / z

Now let s > 2, s C %p. Then s ^ Ck, so s ^ α p " 1 . But m 2 ^ p > s « ^ 2 s> a n ( ^

therefore s C α J ' l This shows that XpCaq~
k, and hence %p =aq~

k. Thus we

have shown that if ak~ι u xk jt u, then xk = aq"
k and p(an

q~
k) = 2 Λ - 2 A + 1 .

Suppose α p " 1 u %p = u. Then for each maximal element m, m]) ap~ι if and

only if m I Xp. We have ρ(ak~ι ) > 2 k - 1, so dim (u/ap~ι ) < 2rc + 2 - 2 A ; .

Since L is simple, dim (u/xp) > 2k, by Theorem 1.1. Hence p{xp) < 2n -

2A + 1. But xk 2 aq~k> and p{an

q~
k) > 2n — 2A; + 1. Hence, in all c a s e s ,

Xp = aq~
k and p{an

q~
k ) = 2n - 2 A + 1. By a similar argument, xq~

k = ak and

p U n ) = 2A + 1. This demonstrates ( 1 ) and ( 2 ) .



202 J. F. MCLAUGHLIN

Suppose r > z, r C dp such that r / z P p /z requires 2& + 2 transposes. Now

ζ p implies r C xk = an

q~
k. Furthermore, r Cap = Xg~k implies r <£ Cn

q~
h im-

plies that r/zP q/ z requires 2n — 2k + 2 transposes. The argument is sym-

metric in p and q, and this proves (3) .

Suppose s > z and s/z P p/z requires 2n + 2 transposes. Then x% = a$ =

s = a® - q, so there is at most one point q such that p/z P q/z requires 2n + 2

transposes. This shows that the r in the preceding paragraph, if it exists, is

unique, and we have (4) .

We are now in a position to characterize the maximal elements of L in terms

of the structure of cip/z and a^ /z. When we know these maximal elements, we

will know the structure of L, by Theorem 1.3. First we prove two useful lemmas.

LEMMA 2.1. There is a chain of length 2n + 1 through ap.

Suppose <2p u α^ = u. Then the maximal elements of L are in two disjoint

c l a s s e s —those containing ap and those containing α^"" ~ l ; and by Theorem 1.1,

dimU/V;) + dim U / V p ^ ι ) > 2n + 1.

But

dim (u/ak) < 2 / ι + l - ( 2 f e + l ) ;

dim(u/an

q-
k-1) <2n + l-(2n-2k-l).

H e n c e dim (u/ak) = 2n - 2k.

Suppose u > m D at u α ί . Now m/z is not simple, s ince p(m) <_2n and

m ) p, m I) ςr. Suppose

m / z = L t V L 2 V . . . V Lv,

where v > 1. Then ap/z and α^~ ~l/z are in different components and again

there is a chain from α ί to u of length at least 2n — 2k since p(a^~ ) = 2n —

2 A; - 1. This proves the lemma.

LEMMA 2.2. If s > z, a t s, 6 i s> but a u έ 3 s , ίΛen there are points sι C a,

s2 C_b such that s^/z P2 s/z and s2/z P2 s/z.

Let s u b > x I) b9 and let x ' b e a relative complement of 5 u b in a u 6/%

such that α u 6 > x'. Then Λ/|> α, # ' £ s; hence Λ ' i s p for some point s t C^o.

Therefore s / z T a u b/x' T s^/z. Similarly we can show the existence of s 2
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proving the lemma.

LEMMA 2.3. The following relation holds: dim {ak/ap~
ι ) = 2.

For since L is simple there is a maximal m0 such that τn0 |> ap9

k ^

m0
α^

Then mQ 2 ap *> ™o 3 aq k l Assume ak > ap

 ι . Then m0 n α^ = ap

 ι . Set

K; = a^~ nm0. Then y exists such that α^~ > y D"w. Since τnQ = «p""1 u w, we

have α = ap~
 ι u y = u u α^. Since there Is a chain of length 2 A" from a^~ t o w>

there exists a maximal m such that m i α^~ and such that there exists a chain

of length at least 2 k from m to y. Now m i αp since ap u y = w. But m D αp"1 and

tf? /z = ap~
ι Iz V y/z in contradiction with the length of the chain from y to m.

Hence α }> ap

 ι , and we must have dim {ap/ap~
ι ) = 2.

COROLLARY. 77ιe following relation holds:

dim(an

q-
k/an

q-
k-1) = 2 .

This follows by symmetry.

3. Maximal elements when ap n α^ ^ 2. The following theorem gives the

possibilities for maximal elements when ap/z and a^Γ z each have a maximal

projectivity. \Ve assume throughout that 1 < k < n — 1.

THEOREM 3.1. Let ap n α^ = r > z9 and let u> m. If mD. Γ> either

(2) ap> m n ap and m D α^"^.

If mί r> then ap > ap n m αziί/ α^~ > α^~ n m.

Proof. Let u > m 2 r> a n d suppose m i αp > w ^ α^~ . Then m D αp~ ι , and

mD α^~ ι , for otherwise we would not have a maximal projectivity in L. For

the same reason, we have rd ap

 ι , r ^ α^ ^ Then since

pCα^" 1 ) = 2k - 1, p ( α Λ ) = 2k + 1,

= 271 - 2k - 1, p(an k) = 2n ~ 2k + 1,

we must have

ak

p> m nak

p = r υ ak~ι and an

q-
k > m n an

q~
k = r u

Hence
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m = (r U ak~ι) u (r u α " " ^ " 1 ) and z; = α* u m = ak u an~k~ι .

Similarly, M = aj~k u α*" 1 .

Lemma 2.1, there is a chain from ap to u of length 2n — 2k. Since L is>>y
relatively complemented, it is easy to see that v exists such that u > v, v n aί -

r u dp1, and there is a chain from r u a^~ 1 to v of length at least 2n - 2/c.

There is an 5 £ Cp such that 5 d dp ι u r. Hence s d v, and this implies

l O dq ι . Therefore υ 2 m and 2; = m. Then by Theorem 1.1,

m/z = αj'1 ur/z Vα^-'/z;

but this contradicts the existence of a chain from ap~ ι u r to m of length 2n —

2k, Hence we must have either rn D <2p> or m 3 α^ .

Suppose m 3 αί7~ > hut αp > x D m nap. Let y be a relative complement of x

in ap / ap n m. Then y D α p n m, since αp > #. ίience m i x, m t y, so

Since

p ( f l

λ ) = p ( f l

έ - ι ) + 2 and r u α^" 1 3 α^" 1 ,

it follows that mb a . Hence either % i α^" 1 or y | αp

 ! . Suppose the latter

is the case. Then there is an 5 £ Cpl such that s (t y. But s C « = y u α^~ .

Hence, by Lemma 2.2, s/z P2n-2k + 2 $/z a n c^ p/z P2n Q/z contrary to our

assumption of a maximal projectivity between pIz and q/z. A similar contra-

diction arises if x h a^~ ι . Hence ak > a£ n m. The roles of p and q are sym-

metric, so if m 3 αp, then α^~ > m n α^~ '.

Now let u > m i r. Since m t r, we have m 2 ^p""1 and m 2 α^~ ~ l Suppose

ak > x > ak~x = ak r\ m and an~k > γ > an = α"~ n m.
p p p 9 ^ 9 9

Let %'be a relative complement of Λ: in alt/alί~ι. Suppose x'p r, and let x" be

a relative complement of dp in u/x'. Since ap > x\ we can assume u > x". Now
x" \ r> s o Λ ; / / 2 α 9 " Hence x" - m, contrary to Op""1 = m n α p . A similar

contradiction arises if x 4) r; and since αp~ ι p r, we must have ap > m n ap .

Therefore either

Suppc

αk > m n αk or α""^ > m n
P P q
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ak > m n ak > ak~ι but an-k > y > α ^ " 1 = m n an

q~
k .

As before, v exists with u > v, v n ap = m n ap, and there is a chain from mnaί

to v of length at least 2n - 2k. There is a point 5 C Cp such that s (£ m n α^,

and hence s d f. Therefore Ϊ O α^~ , so v = m. But m/z, by Theorem 1.1, is

equal to m n dp/z V a!^Γ / z in contradiction with'the length of the chain

from m n αu to v = w. lίence al~ > m n α^~ and whenever α > m i r, we have

The converse of this theorem is not true; however we do have the following

result:

THEOREM 3.2. If ap> x D r, then u > x u aq~k, while if an

q~
k > y 2 Γ>

u> cip u y. If ap> x^ r and an

q > y ^ r, ^ e π « > i u y £/ α^c? o^/y if for any

points ί C %> s C yy we have ί u s t r.

Proof. Let αp > Λ; 3 Γ> a n ( ^ ^ e t ^ ' be a relative complement of ap in W/Λ; such

that u > x'. Then by Theorem 3.1 we have x'2 (*q~k and x'= x u an

q~
k. A similar

argument shows that if aJ^Γ > y D r, then u > ap u y.

Suppose

If

x 3 ί > z and

such that s u ί 2 r, then

Λ; u y 3 r and % u y = (

Suppose x u γ = u. Since

it follows that

If x = ak~ι or y = aq"
k~ι

9 Lemma 2.2 tells us that r G Ck o r r C C j έ . Hence

x > ak~ι and y > an~k~ι.

So points 5 and £ exist such that x = ί u a ι and y = 5 u α^" ~" . Therefore
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ak~ι u t u s u an~k~ι 3 r ;

and applying Lemma 2.2 twice we get t u s D r. All that is required to finish the

proof of the theorem is to show that if u > m D x u y, then m = % u y. Suppose

m D r; then

ra 3 (Λ U Γ ) U (y u r ) = w .

So //11) r. Hence, by Theorem 3.1, m = xι u yl9 where

ak

p > xχ I T a n d α j " * > y t ^ r .

But this implies x = xlf y = yι, and ra =x u y.

4. Maximal elements when ap n α^ = z. Here as before we assume that

1 < k < n - 1.

THEOREM 4.1. If u> m then m is one of the following three types:

(1) mD ap9 a"~k > a^~k n m ̂  an

q~
k"1, or dually,

( 2 ) mD ak, a^~k n m = α^"^" 1 , or dually,

(3) ak>mnak2ak~ι, and an

q~
k > m n o^""^ 2 α ^ " " 1 -

Proof Suppose

u > m D α Λ , m i α " " ^ " 1 , but α " 4 > Λ 3 α " " ^ n m.
- p r v 9 ^

Then not all elements of a1^ /z covering m n α^~ will contain α^~ " x . On the

other hand,

m - (m n α^"^ ) u α^,

so for any point

s c a""* , S $ m n α^- f t ,

we have

s u ( i n n α £ - A ) u α j ) α ^ " ' 1 " ' -

Then by Lemma 2.2 we must have

S u (m n « ^ ) D α j - * - 1 ,

contrary to the above assertion. Therefore if
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u > m 3 ak and m j) an~k~Y

then an

q~
h > m n an

q~
k.

Now suppose u > m '2 ap a n ^ m 2. αί/~ l K m/z is simple, we contradict

our maximal projectivity assumption; but arguing as before on the direct split of

m/z, we see that

and h e n c e m n an

q = aq~
 ι .

F i n a l l y s u p p o s e u > TO, but m t α ί , TO j) α ? . T h e n TO 3 α ί " 1 a n d m 3 an

a~
k~ι.

A s s u m e TO n ap = α p " " 1 , and l e t ap>x> a p

ι , by L e m m a 2 . 3 . L e t i; be a r e l a t i v e

c o m p l e m e n t of α p in α / x s u c h t h a t u > v. S i n c e t > t α ί , we h a v e t> 3 CLΪΓ . Now
l 1 — 7

v ^ my so α^ > TO n αJJ~ . Then TO' exists such that u > TO', TO'J) α^~ , and there

is a chain from m n aq~ to TO' of length at least 2k. Since m'b â ~^> ifc follows

that TO'3 ap , and hence TO'= TO. ίiut m/z is not simple; αp ι and a^Γ " n TO are

in different components. This is contrary to the length of the above chain, since

p{ap~
ι ) = 2k - 1. Hence we must have ap > m n ap, and dually an

q > TO n α^ .

Examples show that it is impossible from the structures of ap/z and an

q z

to tell whether u > ak u aq~
k~ι or u = ak υ aq~

k~ι, and dually. However, for the

other maximal elements we have:

T H E O R E M 4.2. //

u> γ u ap> and dually. If

ak > x 2 ak~ι and an~k > y 3 α * - * " 1 ,

u > x u γ if and only if for every pair of points s C x, t C y the lattice

s u t/z is a Boolean algebra.

Proof. Suppose

an'k > y 3 an~k'x and u = α^ u y .
a J —• o p J

Then there is a point ί C_α^~ ~ L such that t (£ yy ί (£ «p, but t C_ap u y ; and using

Lemma 2.2 we obtain a contradiction of our maximal projectivity hypothesis . On

the other hand, if u > m 3 ap u y, then by Theorem 4.1 we get m - ap u γ.

Let αp > % 3 C p " 1 and a!}Γk > y 3 α " ^ " " 1 . By Theorem 4 .1 , either u = x u y
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or u > x u y. If u = x u y> there are points S C Λ ; , t C y such that

Then by Lemma 2.2, we have

ί u s u an"k'1 D an~k;q - q

thus t u al~ I z is not a direct union, so there is another point r C an such that

ί us u α^~ 1 D r, and hence ί u s 3 r, But this tells us that t u s/z is not a

Boolean algebra.

If u > x u y, we must have Λ; U y / z = x/z V γ/z, and the condition is satis-

fied.

Here again, then, save for the one exception, the structure of L is determined

by the structure of sublattices and the relations between points.
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