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FORCES ON THE BOUNDARY OF A DIELECTRIC

G. PoweRr

1. Introduction. It has been shown [1, ch.VII] that the component parallel
to the axis of x of the resultant force on the matter inside any closed surface S,
drawn in a medium of specific inductive capacity K is given by

X:—f (lPxx+mey +anz)dS,
S1

where (I, m, n) are the direction-cosines of the normal to the surface,

K _ _ -
Pxx= 8—- (X2 - Y2 = Z%),
w
K ——
P = —— XY,
xy 4
K _—_
P = —XZ,
Xz 477

and X, Y, Z are given in terms of the potential by —d¢/dx, ~d/dy, —dh/d z,
respectively, provided the effect of electrostriction is neglected.
If any other surface S, is taken, surrounding S, and if
0Py Py Py,

+ + =0
dx dy dz

at all points between the surfaces, that is to say provided V2¢ =0 at all such

points, then, by Green’s theorem,

X = / (1P, + mP, +nP,.)ds,
Sa

and similarly for the other components of the resultant force on the matter inside
Sy
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This method can be used to find the resultant forces caused by the refraction
of the lines of force at a surface of discontinuity separating one medium of spec-

cific inductive capacity K; from a second of specific inductive capacity X,.

2. Two-dimensional fields. Instead of applying the foregoing method to two-
dimensional fields, we can best obtain the results by using the complex poten-

tial. Let
= )
Q) =@, + i,

be the complex potential of the field in the dielectric K. The components of the

resultant force on the boundary C are then given by

K, 40, \?
Y +iX = — / dZ,
0 0 8m ¢ dz

and the couple 1" is the real part of

Ko ( dQ,
C

2

zdz.

T 8a dz

87

These results follow from the equations of the Introduction with Z = 0. The
details are omitted since the proof is identical with that of the well-known
theorem of Blasius [ 3, p.163; 2, p.91] in fluid flow. The substitution of

p cp —1icp ©° d,+idj )
Q = Z z7 o+ z"
0 - n 5_“’ n

n=1 n=1

and
p’ © b, +ib
ap ~ iap nt+10p n

Q. = E 2" 4 z ",
¢ n Z_ n

n=1 n=1

and separation into real and imaginary parts, yields the explicit forms

K, P-i K; p'-1 o
(1a) X = _:)_ (dn Cn+1+dn an)—- _2 Z (bnan+l+ bnanﬂ)’
“ n=1 n=1
KO p-1 K, p 1 ,
(lb) Y = _5- (dn cn+1 —dn Cn+l)-— _5— Z (bnan-H hbn an+1)’
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K, P o K; p’
(lc) r=? > (cndn—cnu,’n)—? 2 la bl —a’b ).

n=1 n=1

CIRCULAR CYLINDER IN A GENERAL FIELD. If a circular cylinder of
radius a, filled with homogeneous dielectric of specific inductive capacity K, is
placed at the origin of coordinates in a two-dimensional field whose complex po-
tential is f(z) in air, having no singularities inside or on r = a, then the com-

plex potentials inside and outside the cylinder are respectively

Il

Q.
g (1+K)

L, 1=K _<a2)
o= 1 T I\ )

It is assumed that there are no other boundaries present, and that the field is

f(z),

=)
[

caused by isolated singularities ( charges, dipoles, etc.). The result can easily
be obtained by considering the boundary conditions. Note that by putting K = 0
in Q, above we obtain the Circle Theorem [ 4, p. 34 ].

If the original real potential is taken to be

p E, ™ cos nf E} ™ sin no
(ﬁ(r, 6) = Z + ’

n
n=1 n

then the potentials inside and outside the dielectric are

¢i= qﬁ(r, 0)

(1+K)

and

— &(r 6) (1-K) ((12 6)
Go = SO e\ 0 )

Thus with the above notation we have

28, , 2k, B
a = — , a’ = , by =06 =0,
TO(1+K) T (1+K)

, , (1-K) , -y
cn:En,cann,dn= 01K a"En,dn= 05 anEn.

Hence the resultant forces on the boundary are given by
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R S s B,
v | YZ-Q(_(II:% p~la2n(En Er:+1_ET’l En+1)’
n=1
'=20.

Equations (2) can be extended in the form of infinite series to the case
where there is also present a conducting surface r=156 (b< a). Infinite series
are also obtained when r = b is a line of flow. These two cases can then be used

to obtain results for a dielectric elliptic cylinder.

3. Three-dimensional fields. In spherical polar coordinates (r, 6, ), the

components of force are

Z = JJ(F cos 9~ Gsin9) dS,

(4) Y= JfI(Fsinf + Gcos9) sinw + H cos w] dS,
X = JJ[(F sin @ + G cos 0) cos w — H sin w] dS,

where

>y
i

Fi—FO,(;:Gi—GO,H:Hi—IIO,

p ) (3%)2 (8¢o)2 ( dbo )2

° " gg or - rdo - r sin 0 do ’
Ko (8(;30) ((3(;50)

G = — ,

0 4 ar rdé

Ko (‘%o) ( do )
H = — ,
0 47 or r sin 0 dw

with similar expressions for F';, G;, H;. As before, ¢, is the potential inside the

dielectric K. The integration is performed over the sphere of radius r.

The couple components are

N=1/[Hrsin6dS,
(5) M=[[[{Grcosw —~1rsin cos 0] dS,
L =/[[[Hrcoswcos® —~GCrsinw] dS,



-
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Considering components due to F,, G,, I/, only, and making the change of

variable
p=-cosf dS = 2 dw du,
we obtain
8n 2
(6) &

27 f1 Icbo \ * 1 dsbo \ 2 debo \ 2
-/(; ./:1 {( K du ’ (1 —p?) daw ar : a
L5 G 0
/ (1-p?) rdo dy,
op

and proceed similarly for Xy, Yo, Ng, Mg, Lg-

These integrals can be evaluated if the potential ¢, is expanded with the

usual notation [ 1, ch. VII, p. 239, and elsewhere], in the form

P = W,
(7) b= D2 S, + 2 —
n=1 n=1 T
where
n
(8) S, = Ay P+ > (As,” cos sw + Bs’n sinsw) P,
s=1
n
(9) W, = ag . P+ Z (as,n cos sw + bs’n sin sw) P;:,
s=1

and Pfl satisfies the differential equation

d dpfl 32
(1=42) =-{nln+l) - —— Pfl.
d# dy (1—43)

With the usual notation for associated Legendre functions of the first kind, we

have
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d° Pn 1 n+s
1)2:(1_#2)8/2 - (l_uZ)s/Z — (#2_1)n'
a’us 2" n!
The potential ¢; has a similar expansion.
The recurrence and integral formulae used are
1
(a) VQ-u?) Py = (PSit = PytY),
(2n+ 1) "
(b) (2n+3) uPr, = (n+s+1) Py +(n=s+2) P,

(¢) 2sp PS, =V (1-p*) PS+:+(n+s+1) n—s+2)y(1-p )Pn“,
(d) (n+s+1) Py =(n—-s+1)pP,  +V(1-p )Pi::,

dPpy
(e) (1 -p?)————= (n+2)an
dp

—(n-s+2) PS¢

+1 n+2

=(n+s+1) P —pln+1) P;

n+1
=y (1l-pu )Pfl:t—su Piﬂ

0 if n#n’,
(1) [ raesan-
(n+s)! 2
(n—s)!'(2n+1)

0 if n”>n or n=n" odd,

(n+s-1)! 2

1
Ps+l Ps:ld - . . f - I,
(&) f_l no Tar O (n-s-1)!  (2n+1p = 7"
4s (n+s=23)!
if n=n"+ 2,
{ (n—s-1)!

0 if n"#n=+1,
(h) f‘,lPSPS dp =
B (n+s+1)! 2
(n-s)  (2n+1)(2n+3)

if n’=n+1,
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(i) 1 PrslPrsz” J 2(n+s)!
1 —

.[—1 vV 1-p” : (n—s)!
(i) fx Py P33 ) o
] -1 1_#2 (u-_ ’

2 (n+s+2)!
(2n+1)(2n+3)' (n—s)!

if n'=n+1,

-1)!
lnts= 1
s(n—-s—=1)!
PS PS’
() [ =
-1 (1_ 2)
K (n+s+ 1) ,
—_—ifn=n"
s(ln~-s+1)!

Some of these formulae may be found in textbooks [ 1].

The Z force is given by

where Z, is given by (6) above with a similar expression for Z;. Consider, first,

the integral
n debo | *
11=f2 fl p(l—#2)(-—0) do dp
o J-1 au

o 1 N N
=f p-) |5 st 3 —| dodp,
n=1

N

0 -1

where, from (8) and (9),

IP,
57 =450 5

n apP;
+ Z (Asncossm+Bsnsinsw) 3
= ’ ’ w
s=1

and
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v aP, n ( ) ) ) apP§
‘= a + a cos S + sin S W
n o,n a# S§1 s,n S,n (3,11

Now the integral has to be independent of r, so that

o p-1
1‘ =./ ./ 2p (1= p “) Z Sn+1 r:dwd#
n=1
Pl r1 0P,y 0P,
=27 Zf 24 . a
= [ et ot To, T gy
n dPS., P
+ Z (As,n+1as,n+Bs,n+1bS,n) 3 3 [L(l—-p,2)dp,.
s =1 K K
But
(10) [na-p O O
) e

1 Py n+s+1 dPy n—s+2 apfu»z
S e
-1 i 2n+ 3 m 2n+ 3 du
1
sOmse ) [V P i e [Tpy P i by (8), o)
-1
1 2
=(f_+_s_+_)f‘ps n(n+1) - —|PS dy
2n+3/J1 " (1-—;12) "

n-—s+2 1 s?
+(m) [—1 PZ [(n+2)(n+3)—- m]})i+2 vlu

(n+s+1)! 2

t{r-s+l) (n—-s+1)! ) (2rn+3)

(n+s+1)! 2
—(n+1 . by (f), (h
R S TR TS DR Ty (by (1), (AD)
(n+s+1)n(n+1) 1w Py Pyyy
= PSPSd IR d
(27 +3) f o .[—x (-2
(n+s+1)! 2n

+

(n—s) (2n+3)(2n+1)
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which gives an expression for /.

In a similar manner,

2
- d
(11) ! =f2 fer %o pdo du
2 0 J-1 ar

p-1 1
=—27T Z (n+l)2 f-l 2Ao,nﬂ ao,n Pn+1Pn
n=1
n
+ (As,n+l s,n+Bs,n+1 bs,n) PrSLH PrSL P’dl‘t’
s =1

217 f1 8(750)2 28
12) I, = dowd
(12) 1Ly ./; ./.—1 (8@ (1-p%) @k

Pt ., n
=2n f Z s2( " + B ) PS, PS
ne1 971 s =1 S, Sy s,n s,n’ " nt1 n (1_#2)
27 f1 [ 9b0) (I
(13) 1, =f f =)= (1 -1 dody
' o J-1 duf\ar
P! apP,
- Z (n+1) - [ZAO,HH %,n P
n=1 1 du
s 2
+ Z (As,nﬂ as,n + Bs,nﬂ bs,n) 9 Pnﬂ (1”‘ﬂ ) d,u
s =1 [
P! t dPn s
- Z (n+1) .[1 2Ao,n+1 a, p P
n=1 w
IPp 4

n
+ Z (As,n+l %s,n T+ Bs,nH bs,n) PZ] (1=p?) dp.
s =1

We see that from (6),
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from which, by using (10), (11), (12), (13), we get

K, p-1
(14‘) 1{0=—2— Z 2(n+1)140'n+1 ao’n
n=1

n (n+s+1)!

Z (As,n+l as,n+Bs,n+1 s,n (n—s')’

This determines Z, for the component Z; can be written down in terms of the co-
efficients of the expansion of ¢;. In the same way, when the components Y, X,

Ng, My, Ly are determined then the components Y, X, N, M, L may be written
down.

By using the same method as for Z; above, the following results are obtained:

Ky, p-t
(15) YO:T Z 2(n+1)(n+2)81’n+1a0’n—-2n(n+ 1>A0,n+1 bl,n
n=1
n
(n+s+2)!
-2 — U - B a )
(n~s)! st1,n+1 “s,n s+1,n+1 “s,n
s =1
"l (s 1)
- Z (n-s-1)! “s,n+1 Us+1,n Bs,nﬂ as+1,n) ’
s =1 )
Ky p-1
(16) ,\’0:—4— Z 2(n+ 1) (n+2) A1,n+1 ao,n~2n(n+1)AO,nHal,n
n=1
" o (n+s+2)!
+ Z (n—s)! (As+1,n+1 as,n+Bs+1,n+1 bs,n)
s =1 '
7l (n+s+ 1)
- (n-s —1)! (As,nH as+l,n +Bs,n+1 bs+1,n) ’
s =1
Ko P n S(n+s)1
(17) NO = ‘—2— Z 2 (n_s)‘ (Bs,n as’n - As,n bs,n)’
n=1 s=1
K, P
(18) My =—= 2 2n(ns ) (4, ag, =4y pa,)

n=1
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(n+s+1)!
+ Z (n—s—1) Fst+i,n as,n+Bs+1,n bs,n - As,n s +1,n T Bs,n bs+1,n
s =1 '
. I Ky »p
(l)) =T Z 2n(n+1)(1‘10’n bl,n—Bl,nao,n)
n=1
"l (n+s+1)!
+ Z (n—s—1)! As+1,n bs,n+‘-1s,n bs+1,n_lgs+1,n as,n~Bs,n as+1,n) :
s=1 :

It can be shown that the field becomes two-dimensional if

. 2(n - s)! 2nl
s even, b =B =0, a L a , A _ - ,
sn S,n S,n n! o,n S,n (n+s)! o,n
0 ( )! (n+1)!
—s)! !
sodd, a. =4 =0, b z—n-_b , B s .
sn S,n S,n (n—l)! 1,n S,n (n+s)! 1,n

SPHERE IN A GENERAL FIELD. If a sphere of radius q, filled with homo-
geneous dielectric of specific inductive capacity K, is placed in air, with its
center at the origin of coordinates in any electrostatic field whose potential
function is &(x, y, z) having no singularities inside or on r = q, then the poten-

tial inside and outside the sphere are respectively

2 (K-1) 1
&, = (%, 9,2) + —f ¢ 7K/ EADY f (ke ye, 2t) di
o (1+K)<;S Y (K+1) Js ¢ ¥
and
, (K=1) a '
by = d(x 0y, 2) - XD T elx, ¥y, 2,)
(K-1) a /‘1 K/
—_ -K/(Kt1)
+ — : (x.t, vt 2z t)dt,
(K+1)2 r Jo ¢ 1 t
where
a’x % a’z
X, = —, = —, z. =— and r? =% + +z
1 2 Yy 2 1 - y

It is assumed that there are no other boundaries present.
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These results can be obtained either by the method of P. Weiss [ 6], or by

expanding ¢ (x, ¥, z) in harmonics and using the boundary conditions

, 9, dibo
@izgéo,K-aT: e onr=a.
If the original potential is given by
p
(:5(?6, Y, Z) = Z rn Sn’
n=1

where

n

S =4 Pn + z (As’n cos sw + Bs,n sin s w ) Pfl,

n o,n
s =1

and if we assume the interference potential to be given by

o i
¢1 = Z ’

n+l1
n=1 T

where

n
W =a P+Z(asncossw+bs

s =1

: S
, Sin sSw) Pn ,

then, by using the above result, we get

n(l-K)
————— ot 4 if n<op,
n(l+K)+1 0,7
o,n = 0 if n>p,

with similar expressions for ag », bs . The forces are thus

1 p -1 n(K__l)a2n+1
7 = = 20n + 1) 4 A

2 n(K+1)+1 0,m 0,n ¥l

n =1

n (n+s+1)!

+ Z (As,n As,nﬂ + Bs,n Bs,n+1 (n—s)! ’
s=1 :
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1 p-t n(]\-—l) 2n+i
o T D [P D e D = 2ne DA,

n (n+s+2)!

Z A + B —_—

— s,n T s+l,n+1 s,n s+ti,n+1 (n——s)!

n-1
(n+s+1)!

- Z (Ag 1y 4 wt By +1
= s+l,n "s,n s+i,ns,n (TL—-S“].)!

1 P! p(K-1)a*"*! ) o\ 4
Y:Z Z —|2(n+1)(n+2) 4 B - 2n(n+1)4 Bl,n

= TL(K+1)+1 o,n 1,n+1 o,n+1

(n+s+2)!
- 2 (BS’,LAS+1’n+1_As,n Bs+1,n+1 ) (n—s)!

s =1
"1 (n+8+1)!
- Z (35+1,n As,n+1—Bs,n+1As+l," m ’
s =1
N=M=L=0

The potential inside, being of the form
p
-3
n =1

contributes nothing to the forces.
The forces on bodies with surfaces r=a+ €P, ( € small) can also be easily
evaluated.

As an example [ 1, p. 290, ex.31], take a positive point-charge e at the point
(0, 0, ¢), c>a. We have

o,n et
and so

n(n+1)(K~1) a?ntt

) , Y=0, X=o0.
gl n(K+1)+1 c2n 3
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The resultant attraction between the sphere and point-charge may thus be written

e?ada 2c¢? (1+a) c(1-0a2) fa\" fase x27°
R i)
23 (c? - a?)? (c? —a?) al c 0 (1-=x2)
where
K-1
a =
K+1

Iiquations (14) - (19) can be used for the forces on a body in a liquid moving
irrontationally and extending to infinity, simply by putting K, = 47p. Flementary

cases have been considered [ 5].
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