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1. Introduction. For the general terminology used in this paper the reader
is referred to J. M. Whittaker [2], [3]. Let

pn(z) = .ani zi
12
be a basic set, and let
Dn
2" = g Toi pi(z).

The order w and type y of {p,(z)} are defined as follows. Let M;(R) be the

maximum modulus of p,(z)in [z] < R. Let

(1) on(R) = 2 | mi | M; (R),
1 (R)
(2) ®(R) = lim sup B
n— o0 nlogn
(3) o= lim o(R);
R — o0

and, for 0 < w < @, let

(4) y(R) = lim sup {wn(R)}‘/("“’) e/(nw),
(5) y = lim }’(R).

R — 00
If

Po(z) = 2o, 2,
]
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then { P, (2)} is called the reciprocal set of {p, (z)}. We shall establish for
certain basic sets new formulas expressing upper bounds of the order of the
reciprocal set in terms of the data of the original set.

2. Theorem. The following theorem holds only if an infinity of ,, # 0; then
the whole proof should be carried out for those values of n for which =,;, # O.
This is a genuine restriction since there are basic sets such that n,, = 0 for

all n; for example, for k=0, 1, 2, ..., let

1 1
psh(z) 2_5_ zsh +_Zah+1 + — z3h+2

1 1
3h 3h+1
Papsr(2) =— 27—z

1 1 1
- 3h 3h+1 3h+2
p3h+2(2)~-52 +E'Z el 4 .

2

NoraTiON. For a fixed n, let p,,- be the set of all nonzero elements p_,,
and let

m}:P Ppn’® = Pp’ -

THEOREM 1. Let{p (2)} be a basic set of polynomials, such that

D,
limsup — = a (e > 1),
n—oo 1

and of increase less than order w and type y, and suppose that

log | man |
k = lim inf———nn—-
n - 00 nlogn

and

log | p, |
k = lim inf ————
na nlogn

Then its reciprocal set is of order Q, where

i) ifk> w,thenQ < & - «;
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ii) ifk < w, then Q< 20 - k ~ k.

Proof. Lety, > y; then in view of (4) we have

nwy, nw
(6) w, (R) <
e
for values of n > n, and for sufficiently large values of R > R, > 1. From (1),
we have
| fan | Mn (R) < wpn (R).
Then
|Tan | 1Pyl R < 0n(R);
that is
op(R)
@) il € o’
l”nn‘
Also
l”,’j‘ M]-(R)S_ w;(R);
then
(8) | m,

1< S = = .
i] M](R) mllzl'l lpih" [pi'l

From the definition of a reciprocal set, and in view of (1), we get

Dn . wn(R) D Dy
Q"(R)S- Z le'I Z l"ij' R < R Z Z |’7,']'l
j =0 j I”nnl i=0 ]
by (7); that is, by (8),
a (R) Dn i (R
0 (R) < — R 3 N = )

| 7nn | i=o0 lP,"l )
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Then
wn(R) Dn i (R)
Q. (R) < R D AF(RY+ 3
I"nnl i=ng+1 ‘Pi'i
on(R) Do (iwy)™
< R™.D,{F(R) + > ——t by(6),
l”nnl i=ng+1 lpi'l

where F(R) is a function independent of n.

Then for sufficiently large values of n > n, and R > R, we get

(On(R nwyl nw

)
RP» . D, {F(R) + D, (where k&, > k).

[”nn ky/»
n

Q.(R) <

Hence:

i) If k> o (this implies k, > ), then (nwyl/nkl/w)nw, for values of

n > ny, will be a small quantity compared to F (R). Therefore,

log Q,(R)
lim lim sup =——————
R—o00 n—oo nlogn

) log w, (R)  DplogR log |myy, | log D, log F(R )l
< lim lim sup

- + +
R-+00{ n 00 nlogn nlogn nlogn nlogn nlogn I’

in view of (2) and (3); then
Q< o~«.

ii) If k¥ < o, then as k, approaches k we find that F(R) will be very small

compared to {rwy, /n! “}m forn > ng . Therefore,

log wn (R) log wp (R) log | mnn |
lim lim sup ————— < lim lim sup -
Rooo nooo nlogn Roaoo nooo nlogn n log n
b-2)
D, log R+ 2 log D, ne 1—: log n no log 0y,
+ : +

+
nlogn nlogn nlogn
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in view of (2) and (3); then
Q<o~k+0-k=20-~-«-k.

N. B. In the case of simple sets, the restriction mentioned above for my, is
satisfied. In this case we have

_ log | p,, |
~ k = limsup ———un .
nso nlogn

COROLLARY, If {pn(z)} is a simple set of polynomials,

i) ifk> o, then Q< @ - & log |p,, |
where k = — lim sup ———— .
i) ifk< o thenQ< 20~ k- k e nlogn

3. Examples. We shall look at four examples.

i) Let p,(z) = 03" 2" — 2" ;"1 - APLAR (n odd),

sn (n even),

p,(z) =n? 2" = n
po(z) = 1.

then

2" = 73" plz)+ 0" (n - 1)"2(r-1) . (2)+(n+ 1)-2(nt1) Pps,(2)

=)D 7y (e DI (2) (0 0dd),

zn

=n?"p(z)+n"p(z) (n even).
By Theorem (1) of [1], we get w = 1. Since k=~ 3, k=2, we get, according
to case i) of the theorem, @ < 1 + 3 = 4. This is true because Q = 4 by Corol-
lary (1.1) of [1].

N. B. This example and the following examples show that the values given
in the conclusion of the above theorem are ‘‘best possible.”’

ii) Let pn(z)=n2" Z" — p3n/2 y2m _ pon (n odd),
n 3n/2 20
Pn(z)=‘(5) Z"—(E) , with po(z) =1 “+ even),
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Then

2"=n""p (2)+n7 7™ 2p (2)+ (1+n"?) p(2) (no0dd),

n\"3n/2 n\*/2
zn=(.5) pn(z)+(-§) Po(2) (n even),

Applying theorem (1) of [1], we get w = 1/2. Now k =~ 2, k = 3/2. Then accord-
ing to case i), of the theorem, we get

Q< —+2.
2

This is true because Q = 5/2 by Corollary (1.1) of [1].

iii) Letp (z)=n"2z"—n"/2 ;01 _ ,3n/2 (rodd),
Pr

p(z)=(n+ 1)(+1) on (5 4 1)2(41) L(a+1)
n

_(n+1)5(n+1)/2 (n even),
po(z) =1.
Then
1 v
z"=——/—ln'" p,(z) + n"3n/2 Pp-i(2) + ("2 + n™) po(z)l (n odd),
l_nn 2
1
"= (n+17(*)p (2)
1-(n4+1)*t1)/2
+pn“(z)+2(n+1)3("“)/2 po(z)l (n even).

Applying theorem (1) of [1], we get @ = 1. Now k =~1, k = 1/2. Then according

to case ii) of the theorem, we get

Q<2+1-

N o=
]
[\ Y,

This is true because @ = 5/2 by Corollary (1.1) of [1].
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9(n-1) 9(n-1) .n
iv) Let p(z2) = 2" 4 —
2("'1) n2n ¥ (" _ 1)3("-1) z(n-l) n2n + (" _ 1)3(n-l)

93(11) (5 1))

"1 (n odd),
oln-1) p2n (n- 1)3(n-1)
92n (n+ l)z(nﬂ) n
p,(z)= - 2" - . z"H!
9n nn("+1)2(n+l)+n4n 2n(n+1)2(n+l)+n3n
n(n 1))
7 z2n*2 (n even),

2% (n + 1)2(n+l)+ n3n
po(z)=1.

Then
2" = 2" p"(z)— n 30 pzn(z)

_(n_1)2(n-l)pn-l(z)_n5n p2n+x(z) (nodd),

"—(ln()l)m (2) (n even)
z" = -2-n) p,(z +(5n Posilz n even).

Applying theorem (1) of [1], we get @ = 1. Now k = 2, k = — 3. Then according
to case ii) of the theorem, we get

Q<2-2+3=3.

This is true because Q = 3 by Corollary (1.1) of [1].
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