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1. Introduction. The first of the two Rogers-Ramanujan identities [ 1, Chap.
19] states that

2
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1—x)(1—-x2)---(1—x“),
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(1___xsv+1) (1-—-x5V+4)

m I -
V=0 M=0

where the left side is the generating function for the number of partitions into
parts not congruent to 0, £2 (mod 5). This paper shows that as a generaliza-
tion of (1) the generating function for the number of partitions into parts not
congruent to 0, £k (mod 2k + 1), where k is any positive integer, can be ex-
pressed as a sum similar to the one appearing in (1); in fact in general the

*% are replaced by polynomials Gk,u(x), so that we have the following theorem:

THEOREM 1. The following identity holds:

(2) o0 (l_x(2k+1)v+k)(1_x(2k+1)1/+k+1)
VI:IO (1 _x(2k+1)v+1) (1 _x(2k+t)v+2) v (1= x(2k+l)v+2k)
Gk,#(x)

pro (1=x) (1=x2)eee (1—xH)

where the left side is the generating function for the number of partitions into
parts not congruent to 0, tk (mod 2k + 1). The G, #(x) are polynomials in x
and reduce to the monomial x™* for k = 2, that is, for the Rogers-Ramanujan

case.
While the right side of (1) is the generating function for the number of
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partitions into parts differing by at least 2, no similar interpretation of the
right hand of (2) is possible. In particular, it follows from a theorem of the
author [2] that the right side of (2) cannot be interpreted as the generating
function for the number of partitions of n into parts differing by at least d, each
part being greater than or equal to m, unless d = 2, m = 1, that is, unless we

have the Rogers-Ramanujan identity (1).

As a generalization of the second of the Rogers-Ramanujan identities:

= 1 > x“2+”
3 I -5

veo (1=x%¥72)(1-x°v*3) =0 (1=x)(1=x?)een(1=x#)

we have again that not only the generating function for the number of partitions

into parts not congruent to 0, £1 (mod 5), but in general the one for the number

of partitions into parts not congruent to 0, £ 1 (mod 2% + 1) can be expressed
. . 2 .

as a sum; in fact again the x*" are replaced by the same polynomials G, #(x)

appearing in (2), so that we have the following theorem:

THEOREM 2. The following identity holds:

it 1
(4) J:{ (1 _x(2k+1)v+2)(1 —x(2k“)”+3)-.-(1 _x(zk+1)u+2k-1)

Gy, (%) x*

=Z(
©=0

1-x)(1mx?)eee(loxH)

More generally, it can be shown that identities involving the generating
function for the number of partitions into parts not congruent to 0, + (k—r)
(mod 2k +1), where 0 <r <k — 1, can be obtained, of which (2) is the
particular case where r =k — 1, that is, for each modulus 2% + 1 there are &

identities.

2. Proof of Theorem 1: If we replace, in Jacobi’s identity,

(5)  J1 Q-y?") [1a(z+2 )y aytvt2] o 5 i on,

V=0 U= =00

y by x2kt0/2 4q by —x'/2, we have
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[~

(6) I‘I (1 _x(2k+1)v+k)(l — x(2kt0)vtkt1y (g _x(2k+1)u+(2k+1))
v=0

> (—1)"‘x((2k+‘)“2 tu)/z

p==o00
so that, dividing both sides of (6) by (1 -x)(1-x%)(1~x3)..., we obtain

(1 _x(2k+l)v+k) (1- x(2k+1)v+k+1)

(7) ﬁ

veo (1= x2EFDvHy (g _krvi2y oy (kt)vizky

Z‘:z_m (_1)#x((2k+1)u2+#)/2

[15=, (1-%%)

To prove Theorem 1, we therefore have to show that the right side of (7) is the
same as the right side of (2).

We use the auxiliary function

(8) Ck i(y) = l—yixi + Z (—l)uyk“xukﬂ)(“2”’“)/2'“’"
p=1

(I1=yx)(1=yx?)eee (1 =yxH)
(1=%)(1=%?)eer (1=x*)

(1 __yix(2#+1)i)

which was first used by Selberg [3] and is a generalization of the function
used in some proofs of the Rogers-Ramanujan identities [1, Chap. 19]. The
function (8) converges if |y| < 1 and if % is real and > — 1/2. In our case k
ana  will be nonnegative integers. For i = £ and y = 1, (8) reduces to

(9) Co (D)= 3 (DR,

p=—o0

Since the Ck,i(y) satisfy the equation
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Ck,i(y) = Ck,i_l(y)+yi'lxi'l(1_yx)ck,k-iﬂ(yx)’

it is easily seen that we can find a functional equation for the C, , (y), which
can be found to be of the form

k
(10) Ck,k(y)= Z Ak’p‘(y,x)(l—yx'“)Ck’k(yx“).
k=1
If we let
C, , (y)
) 0,y -Gk

[T5=1 (1 -y2%) ’
(10) reduces to
k
(12) Qly) = 2= A, u(y, x)Q, (yx*).
p=1

If, for instance, k = 3, (12) becomes

(13) Q3(y) = (L+yx)Qs(yx) + y*x2Q3(yx?) — y3x°Q3(yx°),

while for & = 4 we would have

(14) Qaly) = (1 +yx)Qalyx) + y2x2(1 +yx + yx2) Q4 (yx?)
—y*x7 Qs (yx3) = y 0513 O, (yx*).

In order to solve (12) for Q4 (y) we try a solution of the form

(15) Qrly) = 3~ By, u(x)y*,

p=0o

where By o(x) = Qx(0) =1 by use of (11) and (8).

Putting (15) into (12) we obtain a difference equation for the By, ,(x). It
can easily be verified that the By, ,(x) are of the form

G, (%)

(16) B ( )‘—' ’
byt (1=2)(1=22)eee (L =xM)
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where the Gj ,(x) are polynomials in x and reduce to the monomial x*? for
k = 2. In general these polynomials do not seem to possess any striking proper-
ties, even for small values of £ and u, as shall be illustrated below for k£ = 3
and k = 4.

Substituting now (16) into (15), and remembering (11), we obtain
e G, p(x)y* Cr,k(y)

(17)  Q(y) = =
k ué;o (1=x)(1=x2)eee (1=x*) n?q(l-—yxs)

?

so that we have, in view of (9),

Cr, k(1) Z:=—m(—1)"x((2k+‘)#2+#)/2
(18) — =
M= =29 5= (1-x°%)

Glt,ﬂ-(x)
1-x)(1=%x2)eee (1=2x*) ’

u=o (
which completes the proof of the theorem.

In case k = 3, the difference equation for the B3, ,(x), which can easily be
obtained from (13), is the following:

(19) B, w(x) (1 =xH)=B;3 ;1 (x)xH+ B3,#_2(x)x2“'2—33, “-3(x)x3#'4,

from which we calculate, remembering that B3 o(x) = 1:

GS,l(x)=x:
G3,2(x)=x2,

Gy, 3(x)=x"+x°-x°%,

03,4(x)=x8+x10—x“,

Gs's(x)=x13+xl4 +x15_.x18_x19,

G3,6(x)=x18+x2°+x21 + 22 - 25 526 27 _ 28 31

6, ,42
G3,7(x)=x25+x26+x27+x28+x29—x32—x33—x34—x35—x3 +x%2,
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and so on.
It can easily be verified by induction that the degree of the G3, ,(x) is equal
to
5u% + p
6

if p=0 or 1 (mod 3),

and is less than or equal to

5u? — -6

if u=2 (mod 3).
p if p mo

Similarly, it can be shown that the term with smallest exponent in each

[ (p2+1)/2]

polynomial G3, ,(x) is , so that each polynomial has this power

of x as a divisor and no higher power.

For k = 4, we obtain the difference equation for the B, ,(x) from (14):
(20) By, u(x)(1=x*) =By, poy (%) x4+ By pog (x)x2H72
+Ba, - ()22 (2 + 1) = By, g (x)a3#% = By g(x) x*H7 11
so that we obtain:
Ga,o(x)=1,
G4, 1(x)=x,
G4,2(x)=x2,

G4,3(x)=x3,

6, .7 9 _ .10 11 13
Ca,a(x)=x"+x a8 —xt0 _xll px13
0 14 15 16 , .20
Gays(x) =2+ 5" +att —x!® =21 - 10 4 277,
2 21 5, .26
G4,5(x)=x12+x“+x15+x16—x19—2xo—x —x22 4 x25 4 x26,

Ga,7(x)=2'7 +2'8 + 201 + 2020 4 21 — 23 2520 — 2% %5 _ 2% 20 27 4 130
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and so on.

In this case the term with smallest exponent can be shown to equal
L (w2+2)/3]

, while for Gs ,(x) we would find the corresponding term to be
b (w2 #3)/a] g p > 2, and so on.

3. Proof of Theorem 2. From the definition of C, ;(y) we find

() (ox)Cul) = 3 (1)l @R st ke /2,

p=o0

Substituting now, in Jacobi’s identity (5), £ 2EF /2 g0 y and —x@k-1)/2

for z, and dividing at the same time both sides by (1 —x) (1 —x2?) (1 —=x3) ...,
we obtain

o0

1
(22) J1

v (1— L2Er0vd2y QEtvesy ) L (Rt)vi2ken)

Zz=_m(_l)ux((zkﬂ)p,“(zk- Vu)/2

n;o=1(l—xs)
(1 =) Cp, (%) >0 G, u(x)x*
=_.—_k__. =Qk(x)= Z kyu\x)x ,
5= (1-%%) pmo (1=x)(1=x2)eee (1= xH)

if we recall (11), (15), and (16).

Identities involving the generating function for the number of partitions

into parts not congruent to 0, + (. —r) (mod 2k + 1), where 0 < r< k-1, can

be obtained by noting that, using Jacobi’s identity with y=x(2k+l)/2

and
2 = 5 l2r+1)/2

, we obtain

o0

Il [(1 _ 2k vrkery (g QRtOvrktrty __x(2k+1)v+(2k+1))]

V=0

= i (=1 )y (2R 024 C2re1)p)/2

p==co

’



168 HENRY L. ALDER

where the right side, as can be verified, is expressible in terms of Cy ,(y),
which was shown already for r = 0 by Theorem 1 and for r = k — 1 by Theorem 2

and shall only be indicated here for r = 1, where we find

(23) Cp,p (1) =21 (1= %) (1= 2?)Cp o (x2)

o0

Z (_1)/.Lx((2k+1)p2+3u.)/2 .

p==o0

This method therefore allows us to find for each modulus 2k + 1 exactly &

identities, that is, one for each value of rin 0 < r < £ - 1.
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