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1. Introduction. The present paper and the five following it by S. Kakutani,
J. Wermer, W. &, Bade, and J. Schwartz are all related; in them we discuss
different aspects of the problem of the complete reduction of an operator. A
spectral operator is a linear operator on a complex Banach space which has a
resolution of the identity.! It is shown that a bounded operator T is spectral if

and only if it has a canonical decomposition of the form
T=S+N,

where S is a scalar type operator and N is a generalized nilpotent commuting
with S. By a scalar type operator is meant a spectral operator S with resolution
of the identity £ which satisfies the equation

S = AE (dM).
o (S)

The scalar part S of T and the radical part N of T are uniquely determined by T.

For analytic functions f one has an operational calculus given by the formula

o] Nn -
(=3 —nT/U(T)f‘"’(ME(dm.
n=0

Some spectral operators are of type m; that is, the above formula reduces to

MNﬂ
Ty= S — (m)(A\)E (d)),
fan gn![,.mf (WEdr)

and in Hilbert space conditions on the resolvent are given which are equivalent

to the statement that the spectral operator T is of type m. Spectral operators T

1Formal definitions will be given later.
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have the property that for every x the analytic function (M — T) 'x has only
single-valued analytic extensions and thus has a maximal extension defined on
an open set p(x). The spectrum o (x) is defined as the complement of p(x). In
terms of these concepts it is shown that if £ is a resolution of the identity for

T, then, for closed sets o,
E(o)X =[x ]o(x) Col,

This (Theorem 4) is a basic theorem; from it one deduces that the resolution
of the identity is unique, as well as the fact that every bounded operator com-
muting with 7 commutes with E (o), a fact proved for normal operators on
Hilbert space by B. Fuglede [71.2 Let U(T,U, .-+, V) be the full B-algebra
generated by the operators T, U, ..., V; then we have the following decomposi-
tion theorems. If T is spectral and S its scalar part, then, as a vector direct

sum,
A(T,S) = U((S) @ R,

where R is the radical in (T, S). Furthermore, A (S) is equivalent to that
subalgebra of C(o(T)) consisting of uniform limits of rational functions. The
algebra W, which is generated by a spectral operator 7 and the projections

E (o) in its resolution of the identity, is equivalent to
C(1) @ R,

where 1 is the compact structure space of U and R is the radical in ¥ . Along
these lines we mention the decomposition of the full B-algebra 2(7) determined
by a family 7 of commuting spectral operators together with their resolutions
of the identity. If there is a bounded Boolean algebra of projections in X con-
taining all of the projections found among the resolutions of the identity of

operators in 7, then
%I(T) = ?’I @ Rs

where ¥ is equivalent to the space C (M) of continuous functions on the space
! of maximal ideals in U(7) (or in ¥) and R is the radical in U (7). Further-
more, the adjoint of every operator in U (7) is a spectral operator. If X is re-
flexive, then every operator in ¥ (7) is a spectral operator. Thus in a reflexive

space the sum and product of two commuting spectral operators is a spectral

2That this conjecture of von Neumann, which was first proved by Fuglede, is a
corollary of Theorem 4 was pointed out to the author by J. Schwartz.
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operator provided that there is a bounded Boolean algebra containing both reso-
lutions of the identity. W. G. Bade [ 2] has generalized this by showing that the
weakly closed algebra generated by a bounded Boolean algebra of projections
in a reflexive space consists entirely of scalar type spectral operators. In this
paper Bade has also given sufficient conditions for the strong limit of scalar
type spectral operators to be of scalar type. If X is Hilbert space J. Werner [16]
has shown that the sum and product of two commuting spectral operators is again
a spectral operator. However, S. Kakutani [16] has constructed an example of
two commuting operators, each of scalar type, such that their sum is not a
spectral operator. W.G. Bade [1] has shown which portions of the theory are
valid for unbounded operators and has developed the operational calculus for
this case. J. Schwartz [ 12] has shown that, on a finite interval, the members
of a large class of boundary-value problems determine spectral operators. .These
operators need not be purely differential operators but may also involve dif-

ference or integral operators.

2. Notation. By an admissible domain is meant an open set bounded by a
finite number of rectifiable Jordan curves. By an admissible contour is meant
the boundary of an admissible domain. The class of complex-valued functions
analytic and single-valued on some admissible domain containing the spectrum
o(T) of the linear operator T is denoted by F(T) or F(o(T)). For f€ F(T)
the operator f (7) is defined by

1
T)= —
[(1)= — /Cfmmm,

where C is the boundary of some admissible domain containing the spectrum of T
upon whose closure f is single-valued and analytic and where T (\) = (A~ T)!
is the resolvent of 7. The mapping, given by the above formula, of the algebra
of analytic functions into an algebra of operators is a homomorphism (See, for
example, [3] or [14].) which assigns the operators I, T to the functions 1, A,
respectively. It has the property that o (f(7)) = f(o(T)). If f (A)=1 for A in
a component of its domain, and f (A) = 0 for A in the remaining components, then

f(T) is the projection

1
E(o)= —
o) 277i'/(; T(A)dA,

where G is the boundary of that component upon which f (A) =1 and where o is
that part of the spectrum o(7T) of T bounded by G. It is clear that such a
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projection is associated with every subset o of o (T) which is both open and
closed in ¢(T). From the fact that the map f — f (T) is a homomorphism it
follows that the map 0 — E (o) is a homomorphism of the Boolean algebra
By of open and closed sets in ¢ (T) into a Boolean algebra of projection opera-

tors. It has the property (see [2])

o(T,E(0)X) Co, o€ By,

where here we have used the notation o (T, E (o) X) for the spectrum of 7 when
considered as an operator in E (o) X. Similarly p(7, E (o) X) is the resolvent
set of T when considered as an operator in £ (o)X and p(T) is p(T, X). The
symbol B (X) will be used for the algebra of all bounded linear transformations

in the B-space X.

3. Spectral operators. Let 13 be a Boolean algebra of subsets of a set p. We
suppose that p and the void set & are both in B. A homomorphic map E of B
into a Boolean algebra of projection operators in the complex B-space X is
called a spectral measure in X provided that it is bounded and E(p)=1. A

spectral measure has then, by definition, the properties
E(0)E(8)=E(08), E(c)uE(8)=E(cud), o8€cB,
(W {E(6)=1-E(s), E(@)=0, E(p)=1, oceB,
|E(a)| <K, o €B.

In the conditions () the union of two commuting projection operators is under-

stood to be defined by the equation

AuB=A4A+B-A4B.

This union is a projection whose range is the closed linear manifold determined

by the ranges of A and B.

An operator T € B(X) is said to be a spectral operator of class (B,I") in
case
(B) B is aBoolean algebra of sets in the complex plane p;

(y) T is a linear manifold in X* which is total; that is, I'x =0 only when

x = 0;

(8) there is a spectral measure E in X with domain 13 such that
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TE(0)=E(a)T, o(T,E,%X) Co, o € B;
and
(€) for every x € X, x* €', the function x*E (0 )x is countably additive on 1.

The condition (€) means that if {0, } is a sequence of disjoint sets in B

whose union ¢ is also in 3 then

Z x*E (0, )x =x*E(0)x, x€X, x* €1,

n

In case B is a o-field and I" = X*, the Orlicz-Banach-Pettis theorem (see [ 11,
Theorem 2.32] or [ 5, p.322]) shows that the operator-valued set function E (o),
o € B, is countably additive on B in the strong operator topology.

An operator T € B(X) is said to be a spectral operator of class (I'), or
simply an operator of class (I'), in case it is a spectral operator of class
(B,1'), where B is the set of all Borel sets in the plane. An operator is said
to be a spectral operator in case it is a spectral operator of class (I") for some
" satisfying (y). If T is a spectral operator of type (I3,I"), then any spectral
measure in X with domain B which satisfies (8) and (¢) is called a resolution
of the identity for T.

THEOREM 1. Let E be a resolution of the identity for the spectral operator
T. Then

E(a(T))=1.

Proof. Let o be a closed subset of the resolvent set p=p(7). Then, in
view of (8), we see that the spectrum of T as an operator in E, X is void and
hence (see [15]) E, = 0. Since p is a denumerable union of closed sets we
have from (¢) that

x*Epx =0, x€X, x*el,

and from (y) that £, = 0, and hence £ (o (7)) = 1.

For A € p(T) we write, as usual, T (X) for (A]- T)!. In the next theorem
we shall show that, for spectral operators, every analytic extension of T(A)x
is necessarily single-valued. That this is not the case for an arbitrary operator

T is elegantly shown by the following example due to S. Kakutani.
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Consider the space X of functions f analytic in the unit circle |z| < 1 and

for which
f(z):chz", 2 1Cnlz=‘fi2~
n=0 n=o0

In this space define T by

f(z)-f(0)

4

T(f, z)=

The spectrum of T is the set of z with |z| < 1, and for A € p(T) the function
T (M) (g, z) may be calculated by solving the equation

AM-T)f=¢g
for f (z). An elementary calculation gives

zg(z) - f(0)

flz)= Az -1

" we must have

Since f (z) is analytic when z = A
fCO)=A"1g(A™h),

so that

zg(z)=Ntg(Xh)

(M) (g2) -
&~ AMz=X1)

Thus the vector-valued analytic function T (A)g, A €p(7T), will have multiple-
valued extensions if the function g has a multiple-valued analytic continuation

outside the unit circle.

In order to describe the situation discussed in the next theorem certain con-
cepts are introduced. By an analytic extension of T (&)x will be meant a func-

tion { defined and analytic on an open set U (f) D p(7) and such that

(EI-T)f (&) =x
for every £ in D (f). It is clear that, for such an extension,

fE=T(E)x
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for £in p (7). The function 7 (&)x is said to have the single-valued extension
property provided that for every pair f, g of analytic extensions of T(&)x we
have f (&) =g (&) for every & in D(f)D(g). The union of the sets D(f) as f
varies over all analytic extensions of T (&)x is called the resolvent set of x
and is denoted by p(x). The spectrum o(x) of x is defined to be the comple-
ment of p (x). It is clear that if T (&)« has the single-valued extension property
then there is a maximal extension x(.) whose domain is p(x). In this case
x (&) is a single-valued analytic function with domain p(x) and with x (&) =

T(E)x, E€p(T).

TureoReEM 2. If T is a spectral operator in X, then for every x € X the

function T (&) x has the single-valued extension property.
Proof. Let f, g be two extensions of T (&)« and define
R(E)=f(&E)~g(8), EeD(f)D(g).

We suppose, in order to make an indirect proof, that for some £ €D (f)D(g)
we have A (fo) # 0. Thus there is a neighborhood N(fo) of ‘fo with N(&)C
D(f)D(g) and

(i) h(E) £ 0, (E1-TIh(E)=0, EEN(E,).

The desired contradiction may be obtained from these equations and the

following lemma.

I.LEMMA 1. Let E be a resolution of the identity for the spectral operator T.
Let o be a closed set of complex numbers with & & o. If ({1 T)x, =0 then

E(o)x, =0, E(X &%, =%,

where { £} is the set consisting of the single point & .

Proof. Let T, (&) be the resolvent of T as an operator in £ (o) X, so that
T () (& =T)E(0) = E (o).
But since

(& - TIE(0)x, =E(a) (& -T)x, =0,

we have E(o)xo = 0. Now let
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o,=LE| 1€~ & > 1/nl,

so that £ (o, )x0 = 0; by (§), (€), therefore,

x*(l—E({fo}))x():lim x*L (o) xy =0, (x*€T).

n
Condition (y) thus shows that £ ({ £ })x  =x, and the lemma is proved.

Returning now to the proof of Theorem 2, let
£ 4E, £ ENE), £— &,
Then A ( fn) — h( fo ), and the lemma together with (i) gives

0=E(ENA(E)—EWEDR(E)=h(E,),

which is a contradiction to (i) and proves the theorem.

THEOREM 3. If T is a spectral operator, the spectrum o(x) is void if and
only if x = 0.

Proof. Using Theorem 2, we see that if o(x) is void then x (&) is every-

where defined, single-valued, and hence entire. Since, as {— «c, we have

x*x () =2*T (§)x — 0,
we see that x*x (&) = 0 for all £. Hence
x¥x =x*(E1-T)x (&) =0,
and x = 0.

THEOREM 4. Let T be a spectral operator with resolution of the identity

E, and let 0 be a closed set of complex numbers. Then
E(c)X =[x | o{x) Cal.

Proof. Let E(o)x =x, and let T, (&) be the resolvent of T as an operator
in £ (o) X. Then (8) shows that

To (&) Egx = T,(E)x
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is an analytic extension of T (&)x to ¢, the complement of 0. Thus p(x) Do,
o(x) Co. Conversely, assume that 6 (x) Co and let 0; be a closed subset of
the complement ¢” of 0. Then T, (&)E (0, )x is an extension of T (&)E (o)
to o{. Also E(0oy)x (&) is an extension of T(&)E (o)x to p(x). Thus, from

Theorem 2, it is seen that

E(o)x (&) = Tgl(g)E(ol)x, Eeplx)of.

Since o0, 0; are disjoint compact sets, there is an admissible contour C; with
o, inside C; and o outside. Now let C be a large circle surrounding o(7) so

that, since x () is analytic and single-valued on and within C,, we have

F(ol)x——/T(f)b(ol)xdg— [ 15O E (o112

T

1 1
= — yi (f)E(al)xd§=—-_/ E(o)x(&)dE=0.
C, 2ni JC,

2mi

Let 0, be an increasing sequence of closed sets whose union is ¢”. Then

x*E(0%)x = lim x*E (0, )x = 0, (x* 1),

n
and so (&), (y) show that E(0o")x = 0, £ (0)x = x.

THEOREM 5. Let T be a spectral operator and A a bounded linear trans-
formation which commutes with T. Then A commutes with every resolution of
the identity for T.

Proof. Let 0,0, be disjoint closed sets of complex numbers and let £ be a

resolution of the identity for 7. Since
AT (E)x = T(&) Ax,
we see that
p(Ax) D p(x), o(Ax) Co(x).

Thus Theorem 4 shows that

E(0)AE(0)=AE (o), E(0)AE(0,)=E(0)E(0;)AE(0,)=0
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Statements (y), (€) show then that £ (¢) 4E (0”) = 0, and hence
E(o)A=E(0)ALE(0)+ E(a)]=E(0)AE (6) + E(0)AE (67) = AE (o).

THEOREM 6. If T is a spectral operator, its resolution of the identity is

unique.

Proof. 1f E,A are both resolutions of the identity for 7, and ¢ is a closed

set of complex numbers, then Theorem 4 gives
A(0)E(o)=E(0o), E(c)A(0)=A4(0),
and (&) together with Theorem 5 gives

A(o)E(6)=E(0)A (o).

Thus for closed sets 0, 4 (¢) = E (o), and (y), (¢) show that this same equality

holds for every Dorel set o.

THEOREM 7. Let I be a spectral measure whose domain consists of the
Borel sets in the plane and which vanishes on the complement of the compact
set o. Then, for every scalar function f continuous on o, the Riemann integral

Iy f(XNE(dA) exists in the uniform operator topology, and
| [FOIE@] < sup [f )£,
o A

where v(E) is a constant depending only upon E. Furthermore, for any two

continuous functions [ and g we have

[/f(A)E(dA)][fg(A)E(dA)] =ff(A)g(A)E(d)\).

Proof. Let 8 > 0 be such that [f(A) ~f(A)| < € if |A=A"] <28, and
and let 7= (0;, A;), 7= (o), A7) be two partitionings of o with norms at most
5. Then forx € X and x* € X*, and the operator

U(7T) = E f()\z)E(ol)’

we have the inequality

la*(U(n) - U(r))x| < > Zlf()xi)—f()xj')[ lx*E(Uin')xl <€ var x*E (o) x.
i o
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But

var x*E (0)x < 4 Laube | x*E (0)x| < 4K|x]| |x*],

o

where K is an upper bound for | £ (o) |. Thus

| U(7) = U(x")] :I ll.u.b. |x*(U(a) = Uz x| < 4ek.

The final assertion is seen by using (&) to obtain the equation
[Zr00EG)][Z ronE@)]= Zrongtak ).
]

LeMMA 2. Let ¥ be a commutative subalgebra of B(X) which contains I

and the inverse of any of its elements provided that the inverse exists as an
element of B(X). Let T,L €, E? = E, and let N = (m) be the set of maximal
ideals in &. Then®

o (T,EX)=[A | A=T(m),meN, EF(m)=1].

Proof. The symbol B (X), as always, is used for the algebra of all bounded

linear operators in the space X. It is normed by the bound of the operator. For

an element Ty of an algebra A, with unit £y, we write o (Tg, Uy) for the spec-
trum of Ty as an element of U,. This is the complement of the set of those
A for which AEy — Ty has an inverse in U,. According to our hypothesis, then,

we have
(i) o(T,W)=0(T,X)=0(T).

Let U g = AL, and note that this is a subalgebra of & with unit . Each V € U
maps EX into itself and as an operator in EX has the spectrum o (V, £X). Just

as in (1) above we have
(ii) o(V,Ug)=0(V,EX).
To see this, let

V0=()\[—V)E ESZIE,

3The difference algebra U —m is the complex number system [8]. We write, using
Gelfand’s notation, U(m) for the complex number corresponding to an element U €2
under the natural homomorphism of 2 onto A ~ m,



332 NELSON DUNFORD

and suppose that V, has an inverse as an operator in £X. Define
W=V,E+E’,

so that W"' € B(X). Thus Wt €, W 'E € Ur; and since VoW~ 'E = E it is seen
that Vo has an inverse as an element of Ug. This proves that p(V, EX)C
p(V,Ug). The converse inequality being obvious, we have proved (ii). Now
let &1 = (m) be the set of maximal ideals in 2, and M5 = (my ) the set of maxi-

mal ideals in Ay . We shall next show that
(iii) Vg =mE |meN, E(m)=1];

that is, the maximal ideals in U; are precisely those of the form mp = mkE,
where m is a maximal ideal in I for which £ (m)= 1. Since E% = E, we have
E(m) always 0 or 1, and so the statement £ (m) = 1 is equivalent to the state-
ment £ ¢ m. To prove (iii), let m be a maximal ideal in ¥ with £ € m. The
set mp = mE is clearly a proper ideal in Ap. To see that my is maximal, let
ng be a proper ideal in Az which contains mg, and let n be the set of all ¥ €2
for which VE €ng. Then n is a proper ideal in ¥ which contains m. Since m
is maximal, we have m = n and hence mg = ng. Conversely, let mg be a maxi-
mal ideal in Ug; then m = mg + UL’ is a proper ideal in U with mE = mg. To
see that m is maximal, suppose that n is a proper ideal in U containing m
properly. Then we shall show that ngp = nE is a proper ideal in Uy which con-
tains mp properly. Let U €n, U &€ m. Then UE €ng. Since £’ € m, we have
UE’€m and hence UE ¢ m. Therefore, since mgp Cm, we have UE € mg, and
this proves (iii). Thus we may say that for any m € il for which £ (m) =1 the
difference algebras U — m, UE —~ mE are both isometrically isomorphic to the

complex number system. There are, therefore, uniquely determined complex

numbers T (m), TE (mE) for which
T~T(m)lem, TE —(TE)(mE)E €nk.

From the first of these relations it follows that TE — T(m)E € mE, and from
the second, therefore, that T (m) = (TE)(mE ). But as m varies over all points
in M for which E(m) =1, we see from (iii) that mE varies over all maximal
ideals in AF and hence (TE)(mE) = T (m) varies over the spectrum of TE as
an element of UE. Hence the desired conclusion follows from (ii).

DEFINITION 1. An operator S is said to be of scalar type in case it is a

spectral operator and satisfies the equation
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s - [ar @n,

where E is the resolution of the identity for S. According to Theorem 1, S(e) =0
if e Cp(S) so that the integral over the compact set o(S) exists in the uniform
topology of operators.

THEOREM 8. An operator T is a spectral operator of class (I') if and only
if it is the sum T =S + N of a scalar type operator S of class (I') and a gener-
alized nilpotent operator N commuting with S. Furthermore, this decomposition
is unique and T and S have the same spectrum and the same resolution of the

identity.

Proof. We shall first show that the sum 7 =5 + N of an arbitrary spectral
operator S of class (I") and a generalized nilpotent N commuting with S is itself
a spectral operator of class (I'). Let £ be the resolution of the identity for S,
and let o be a Borel set of complex numbers. Then, by Theorem 5, NE (o) =
E(o)N. Let U be the smallest commutative subalgebra of B (X) containing N,
S, E (o), I, and also containing the inverse of any of its elements provided that
the inverse exists as an element in B(X). Then, as established in equation

(ii) during the proof of Lemma 2, we have
o(S+N,E(0)X)=0(S+N, UE(0)).
Thus if M (o) is the set of maximal ideals in 4AE (o), we have
(*) o(T, E(a)X)=[A| A=S(m)+ N(m), meN(o)]
(A |A=S(m), me N, ]

=0(S, Uk (o)) =0(S, E(o)X)Co.

Thus T is a spectral operator of class (I"), and its resolution of the identity
is also L. Conversely, let T be a spectral operator of class (I") with resolution
of the identity E. Using Theorem 7, define

S=/)\E(d/\), N=T-8S.

Clearly S and N commute. It will first be shown that N is a generalized nil-
potent. Let U be the algebra generated by T, E (o) (o a Borel set), N, I, and
with the property that U"' € A if U € W and U"' € B(X). Let I = (m) be the set
of maximal ideals in U. Then £ (8)(m) is a zero-one valued additive set func-

tion, and hence determines uniquely a complex number A(m) with the property
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that £(5,,)(m)=1 provided that 8, is a neighborhood of A(m). Thus for
every neighborhood &, of A (m) we have

S(m)=/)\E(d/\)(m)= '/8- A (dANY(m) =A(m).

Since £ (8,,)(m) =1 if §,, is a neighborhood of A(m), it follows from Lemma
2 that

T(m)€eo(T,E(8,)%X)C8,,

and hence
T(m)=A(m)=S(m), N(m)=0.

Thus by a theorem of Gelfand? N is a generalized nilpotent. It will next be
shown that S is a scalar type operator. For this it is sufficient to show that E

is the resolution of the identity for S. According to Lemma 2,
o (S,E(®)X)=[A|A=S(m), meT, E(8)(m)=1]
A A=T(m),me, E(8)(m)=1]

=o(T, E(5)X)C35,

and this shows that £ is the resolution of the identity for S. Finally it remains
to be shown that S and N are uniquely determined by 7. Let T =S; + Ny, where
Sy is of scalar type and /¥, is a generalized nilpotent commuting with S;. Let
E| be the resolution of the identity for S;. Then, by Theorem 5,

NlEl (0')=E1(U)N1 >

so that £,(¢) commutes with 7. It was established in (*) above that o(7,
E(c)X) Co, and hence E, is a resolution of the identity. By Theorem 6, we
have E(0) = £,(0), and hence S=S,, N=N,.

DerINITION 2. The decomposition, given in Theorem 8, of a spectral
operator T =S + N into a sum of a scalar type operator S and a generalized

nilpotent N commuting with S is called the canonical decomposition of T. The

*1. Gelfand [ 8] has shown that N is a generalized nilpotent if and only if N belongs
to every maximal ideal.
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operator S is called the scalar part of T, and N is called the generalized nil-

potent part, or the radical part, of 7.

LEmMMA 3. Let I be the resolution of the identity for the spectral operator
1, and let N be its radical part. Then in the uniform topology of operators, and

uniformly with respect to & in any closed set p Cp(T), we have

i E(d\)
T(&) = ZN" —_—

=0 (é_—_/\)rﬁl.

Proof. By Theorem 7 the integral exists in the uniform operator topology,

L (dX)
f(f Ay

where r=max | £ A|™", the maximum being taken over A € (7), £€ p. Since

and

< rYW(E),

N is a generalized nilpotent,

VINT =0,
and hence the series
Z [N Pt

converges. Thus the series

U Z /‘ E(d))

n=0 (&=t

converges in the uniform operator topology, and uniformly with respect to & € p.

From Theorem 7 we have

E(d) E (d\ E (d)
(51-5)f ( )1“ [f(§~A)E(d/\)Hf(§ (A)")“]=/(§(A))"’

and so, if S is the scalar part of T,

E (d\)
(E1-TYU=(&1-S- N)ZN”
5 ,/.(é'; A)n'*l
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= NT —_—
;[ (&= 1) (£- )

E@N e [_E@N) ]:1

This proves the lemma.

THEOREM 9. Let T be a spectral operator and N its radical part. Then for
every scalar function [ analytic and single-valued on the spectrum o(T) we

have, in the uniform topology of operators,
) Nn
f(r=3 —/f(”)()\)E(d)\).
n=o ™!

Proof. Let C be an admissible rectifiable Jordan curve in p(7) containing
o(T) in its interior and such that f is analytic on and within C. Then, using

Lemma 3, we have

E(d))

l > n E——
f(T)=2—7: /;f(f)T(adf = ,E N /Cf(f)/;m (&=t

> f(&de |
sl [ /[ ___(f_wﬂ]m

I

00 Nn
— RY(NYE (d)).
z ~/;(T)f (ME (@A)

!
n=0 ™’

I

DEFINITION 3. An operator T is said to be of type m in case it is a spec-
tral operator with resolution of the identity £ and

m Nn
(=3 —T/f(")(A)E(dA), fEF(T).
n=o0 "

THEOREM 10. Let N be the radical part of the spectral operator T; then
T is of type m if and only if N™** = 0.

Proof. If N™*! =0 then clearly the formula of Theorem 9 reduces to that
of Definition 3. Conversely, if T is of type m we see, by placing

FO) =AY (m o+ 1)
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in these two formulas, that
0=N™* /E(dA) = N™FL,

COROLLARY. A spectral operator is of scalar type if and only if it is of
type O.

We shall next endeavor to characterize operators of finite type in terms of
the rate of growth of the resolvent. To this end we introduce the following
definition.

DEFINITION 4. Let E be the resolution of the identity for the spectral opera-
tor T. If £ ¢ o(T,E(0)X), and in particular if & £ T, the operator T, () is
defined on X as follows. For each x in X, T, (&)« is that uniquely determined
point y € E(o)X for which (1 -T)y=E(0)x. Thus T, (€) is a bounded
linear operator in X formed by first projecting with E (o) and then operating
with the inverse of (£ - T) in E (o) X.

THEOREM 11. In Hilbert space a spectral operator T is of type m —1 if

and only if there is a constant K such that, for every Borel set o,

(*) ldls(f,a)mTU(f)lﬁK, fgaa lngIT""l'

Proof. In view of Theorem 10 it is sufficient to prove that the condition
(*) is equivalent to the condition N™ = 0, If N" = 0, and £ £ o, then

m-1 E (d)\)
T, (&) = N [ ——,
,fi"; /v (A= &ntt

from which the condition (*) follows.
The converse will require the following lemma.

LEMMA 4. Let T be a spectral operator in Hilbert space X and let E be its
resolution of the identity. Then there is a constant M such that for any finite
collection A; (j=1,2,+++,n) of bounded operators in X which commute with

T, and any collection oj (j=1,2,+++,n) of disjoint Borel sets, we have

.

2 4E (o)

j=1

<M sup lA]
1<j< n
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Proof. Tt is known (see [16]) that there is a linear one-to-one map B with
BX = X, with B and B™! both continuous and such that for each Borel set o the

projection

P(o)=BE(¢o)B!
is self-adjoint. If B; = BA]-B'1 then

B[Z A]E(Ul)l B-l = Z B]'P(O']').
j=1

j=t
By Theorem 5, 4; commutes with £ (o) and hence B; commutes with P (o). Thus

2 2

= > |P(oj)Bjx|?

j=1

Z P(oj)Bjx

j=t

n
j=t

<sup |Bj|2 30 |P(oj)x|? < sup |Bj|? |x]?,
j j=1 i

which proves the lemma.

Now let T =S + N be the canonical form of the spectral operator T which we

assume enjoys the property (*) of the theorem. Since

(T-¢nm=(S+N-£n" = Z(m)(s—fl)m-'/v’,
r=g \T
and
/ (S=ENPEWEE) =0 b,
o (T)
we have

m (T - mE(dE).
N /U(T)(T EDYME (4€)

Now let o (T) be partitioned into the Borel sets o (j=1,2,.++,n(8)), each of
diameter at most 6 > 0, and let {j €0j (j=1,2, -, n(8)). Let C; be the circle

with center &; and radius 25. Then since the distance from a point A on Cj to
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oj is at least & we have

(A= &M T (M| < 27K, X € G

Let
)\Sfj) = tf]. + 26 exp (2kmi/p),
so that
n(8) n(s)
E TG - 2 _f (A= )" T, (N
j=1
n(3) 1 p
= lim > = T, O AP - ADIE (o).
p j=l 27TL k=1
But
1 p
— 3 N = T, A =)
> 2771',;::1 k=) e

p . .
< 2™ Katsup 5 AU a0 | < om*iks,

] k=1
and by Lemma 4 therefore
n(s)
2 (T=&DME(op)| < 2m*L YKs,
j=1

which shows that
Nm=/(T—§1)mE(drf)=0

TuroRrREM 12. In Hilbert space a spectral operator T whose spectrum is
nowhere dense is of type m — 1 if and only if its resolvent has at most mth

order rate of growth for & near the spectrum.

Proof. This theorem is an immediate corollary of Theorem 11.
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4. Algebras of spectral operators. In this section we shall characterize
commutative algebras of spectral operators. To this end we shall need the

following preliminary lemmas.

LEMMA 5. If T is of class (') with resolution of the identity E(T), and
fEF(T), then f(T) is of class (I') and its resolution of the identity is given
by the formula

E(f(T),0)=E(T, [*(0)).

Proof. The foregoing formula clearly yields a spectral measure commuting
with f(T). Also x*E(f(T),0)x is countably additive if x* € I'. Now if
Ao & o then the function

1

h(A) = ———
Ao—f(A)

is analytic on the closure of ! (o) and hence if C is an admissible contour

surrounding the closure of f~! (o) we have

1
(5= [ro0T 0, ) (ol = [N ET - o)) = BT 1 o)),

which shows that
o(f(T), E(f(T),0)X) Co,
and this completes the proof of the lemma.

At this point we introduce the notion of an integral which will be needed
later. For the purposes of the following theorem the Riemann integral will
suffice, but for subsequent work the next lemma will be needed for a more
general integral. Accordingly let I be a set, B a field of its subsets with
1 €B, and let B(M) be the normed linear space of all complex bounded func-
tions on I which are measurable 3. The norm in B(M) is given by |f| =

sup, | f(m)]|. Let E be an additive operator-valued function on 1B with
|[E(e)] <M, echB.
For a finitely valued function

f= Z O(i‘zbei € B(m)

=1
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we define the integral

n
4f(m)E(dm) = ch,-E(e,-)
=1
and note that this definition is independent of the representation of f. Also

= sup | 22 oy x*E (o) x|

d= x| =1

l/f(m)E(dm)
M

< sup|at;| var x*E(e)x < sup |0;| 4 sup |x*E(e)x| < 4 Msup |f(m)].
i e€B i e€B m

Thus if f€ B(M) is the limit in B(M) of two sequences {f,} and {5} of
finitely valued functions in 3 () then

lim ./;ﬁfn(m)E(dm)=lim ‘/g.ﬂgn(m)E(dm),

and this limit is taken as the definition of the integral
'/3'}[ f(m)E(dm).

It is clear that in case Il is a compact set in the plane and f is continuous the
integral as defined coincides with the Riemann integral. In case E is a spectral
measure on 13 for which x*E (e)x is countably additive on B for each x € X
and each x* in a total linear manifold I' C X*, we say that E is a spectral

measure of class (13, T").

LEMMA 6. Let B be a o-field of subsets of a set M with N €B. Let E be a
spectral measure of class (B, '), and for feB(M) let

S(f)E,/;ﬂf(m)E(dm).
Then there is a constant v (E) such that

IS(F) <v(E)|f], feB(M.

Also for every f€ B(M) the operator S(f) is a scalar type operator of class
(I') whose resolution of the identity E (S) is given by the equation
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E(S,e)=E(f'(e)).

Proof. The first conclusion follows from the foregoing definition of the
integral. Now if £ is a spectral measure the map f— S(f) of B(¥) into
B(X) is a homomorphism; that is, it preserves multiplication as well as ad-
dition. Thus, if Ay € o, the operator

U=~/§T:Y} ()\o—f(m))-ll/lf_l(o)(m)E(dm)

satisfies the equation
Ml -S(FNU=E(f (o)),

which shows that
o(S(f), E(f'(eNX)Ca.
Thus S is a spectral operator whose resolution of the identity is given by
E(S, 0)=E(f (o).

To see that S is a scalar type operator we decompose the closure of f (i)
into a finite number of disjoint parts ¢;, each of diameter at most €. Let A; €0,

Then

| E MY, (f(m))=f(m)] <€, meT,
and so

S(f)= lim ZNE(f(0;)) = lim fZAi%i(/\)E(s,dA)=fAE(s,dA),

€—0 €—0

which proves that S is of scalar type.

DeriniTiON 5. If T,U, +++,V are in B(X), the symbol U(T, U, +++,V)
will stand for the smallest subalgebra of B(X) which is closed in the norm
topology of B(X), which contains 7, U, ---,V, and I, and which contains the
inverse W=! of any of its elements provided that the inverse exists as an ele-
ment of B(X). The algebra A (U, T, «+., V) will sometimes be called the full

algebra generated by U, T, +-+,V. If 0 is a compact set in the complex plane,
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the symbol CR (o) will stand for the algebra of all complex functions f (X),
A €0 which may be approximated uniformly on o by rational functions. The

norm in CR (o) is

Ifl= max [f(M)],
A€o

so that CR (o) is a subalgebra of C (o). Two B-algebras are said to be equi-

valent in case they are topologically and algebraically isomorphic.

THEOREM 13. Let T be a spectral operator and S its scalar part. Then, as

a vector direct sum,

A(T,$)=US) DR,
where N is the radical in U(T, S). Furthermore, U(S) is equivalent to
CR (o (T)), and every operator in U (T, S) is a spectral operator.

Proof. If fis rational and analytic on 0 (T) = o (S), then f(0(S)) =0 (f(S))
and thus

max [f(A)] <[f(S)] < max [f(N)]|v(E).
AEO(S) A€o (S)

Thus U (S) is equivalent to CR (o (S)). Since U (S) has no radical it is seen
that A (S) @ R is a direct vector sum contained in A (T, S). Now let N be the
radical part of T. It follows from Theorems 8 and 9 and Lemma 6 that the ca-
nonical decomposition of f (7') for f € F(T) is

f(T)=f(S)+N,.
Hence in particular if 7 -! exists its canonical decomposition is
(i) T-'=S"14+N,.
Also
T"=S"+ Ny, TI"S"=S"*"4N,,

and thus for a polynomial P in T and S we have

P(T,S)=Q(S)+N59
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where Q is a polynomial and N5 a generalized nilpotent. Since for m in the space

1 of maximal ideals of A (T, S) we have
P(S(m),S(m))=P(T(m),S(m))=0Q(S(m)),
it is seen that Q(S) = P (S, S) and thus
(ii) P(T,S)=P(S,5)+Ns.
If P, is also a polynomial in two variables, the operator
R(T,S)=P(T,S)P,(T,S)"

will be defined as an element of Y (7, S) if and only if Py (A,A) # O for A € o(T).

In this case we see from (i) and (ii) that
(iii) R(T,S)=R(S,S) + Ng.

Since R(S,S) is of type 0, this is the canonical form for R(7,S). An arbitrary
UeWU(T,S) is a limit, U = lim R, of rational functions R, in T and S. Since

o(T)=0(S)=S(M)=T(M),
and T(m)=S(m), we have

sup | Rp(AA) = Rp(A, X)) = sup I{Rn(T,S)—RP(T,S)} (m)]
AEO(S) m

< |Ra(T,8) =R, (T,8) | — 0.

Hence Rp(A,A) converges uniformly on o(S) to a function f € CR(o(S)).
Thus R,(S,S) = f(S) in A(S), and U U(S) ® %. It follows from Lemma
6 that every operator in U (S) is a scalar type operator and thus it is seen, by

Theorem 8, that every operator in U (7,S) is a spectral operator.

THEOREM 14. Let E be the resolution of the identity of the spectral opera-
tor T. Let  be the space of maximal ideals is the algebra

U = U(E (o), o a Borel set).

Let Ry be the radical in the algebra

U, =U(T,E(0), o a Borel set).
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Then U is equivalent to C(1), and
U, =UDR,.
Furthermore, every operator in U | is a spectral operator.
Proof. Elements of the form
n
(i) U= &;E(0), E(0;)#£0, o0;0j=0, i#], u gi=0(T)
i=1 ¢

are dense in U since if such an element has an inverse the inverse is again of
the same form. Furthermore, if E(o;) ¢ m € ® then U(m) = t;. Thus, using

I.emma 6, we have

sup [U(m)|=sup o;| <1U| <sup |Gifv(E)=sup [Ulm)[v(E),

m 13

and therefore

sup [ U(m)| <|U| <sup |U(m)|v(E), Uecl,

which shows that ¥ is equivalent to a subalgebra of C(%!). Since the projec-
tions E (o) generate U, they distinguish between points in #l. Also it is clear
that the element

V=2 wk (o)
is related to the operator U given in (i) by

U(_m)=V(m), me M.

Thus, by the Stone-Weierstrass theorem, U is equivalent to C (). Hence U ®n
is a vector direct sum and a subalgebra of & ;. It is also closed in U, since if

m, is a maximal ideal in ¥, we have, for an arbitrary operator U =S + N with

SedU, N e,

[S{w(EY" <sup [S(m)|=sup [U(m)| <UL < IS+ [N

my m

Also since U ~ C (1) it is seen that & @ RN, is a full algebra of operators;



346 NELSON DUNFORD

that is, it contains the inverse W' of any of its elements provided that J~!
exists as an element of B(X). Thus %, c A @ R, C¥U,. Finally, to see that
every operator in U, is a spectral operator it will, in view of Theorem 8, suffice
to show that every U € U is a scalar type operator. Consider a finitely valued

measurable function

)= Zo; v, ()), A€ a(S).

We may suppose that 0,0; =@ (i # /), and U,,=0(S), so that the values of

{ are the numbers &;. The operator

f(S)=[T(S)f(A)E(dA)= Zj % E(0;),

as was shown above, has the property that except for A in a set g with £(g) =0

we have |f (A)| < f(S). Thus if we define the norm
|f |z = E-ess.sup |f(A)][ = inf sup |f(A)],
E(c)=1 A€o

the operator f (S) satisfies the inequality

g < 1A < 1f o).

The general operator U in ¥ is the limit of a sequence f (S), where f (1) is a

finitely valued measurable function. Thus
fA) =lim f (X)

exists uniformly except on a set o C o (S), where £ (o) = 0, and
U= / FOVE@N).
o (S)

Hence, by Lemma 6, U is a scalar type operator.

DEFINITION 6. If T =S + N is the canonical decomposition of the spectral
operator T, and £ is its resolution of the identity, by EB (c(T)) will be meant
the space of all E-essentially bounded Borel measurable functions defined on

o(T)=0(S). The norm is



SPECTRAL OPERATORS 347

[fl=E-ess. sup |f(A)] = inf sup |f(N)].
A€o (S) E(c)=1 A€o

According to what has just been shown we may state:

THEOREM 15. In the notation of Theorem 14 we have U equivalent to
EB(o(T)).

THEOREM 16. [f S is a scalar type operator with resolution of the identity
E, and f is an E-essentially bounded Borel function on o(S), then

a(f(SH= 0 flo).

E(o) =1
Proof. f Ay ¢ f(0), where E (o) =1, then
A= f))Y, Meo,

R(A) =
0 , ME o,

is a bounded Borel measurable function and

R(SY(Xol = f(S)) =1,

so that Ao € p (£(S)). Thus f (0) D a(f(S))if E(0) =1, and

N flo)da(f(S)).
)y =1

E (o

Conversely, if Ay € p(f(S)) we see from Theorem 15 that (Ao —f (A))7! is
E-essentially bounded on o (7). Hence there is a Borel set o with E(0) =1

and
Ao —f W)t < M, A€o,

Hence Ay £ f (o). This shows that

s(f(SNDf(e)D> N f(o),

E(c) =1

and completes the proof.
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THEOREM 17. Let U(T) be the full algebra generated by a family T of
commuting spectral operators together with their resolutions of the identity. If
the Boolean algebra determined by the resolutions of the identity of the operators

in Tis bounded, then, as a vector direct sum,
AT =U, ® %,

where 1t is the radical in W{(7) and U is equivalent to the algebra of continuous

functions on the space of maximal ideals in U (7).

Proof. Note first that if T, U € 7 have resolutions of the identity £(T,-),
£ (U,+), respectively, then for every pair o, p of Borel sets in the plane the
projections E(T,0), E(U, 1) commute. This follows from a double application
of Theorem 5. Thus the various projections E(T,o) determined by Borel sets
o and operators T € 7 determine a Boolean algebra %, and by assumption there
is a constant ¥ with |E| < M for E € UA,. We shall first show that there is a

constant K such that

(i) D Ix*Eix| < K|x||x*], =x€X, x* € X*,

=1

provided that £; € Ug and E;Ej=0 for i # j. To see this, let (x*Ex), be the
real part of x*£x. Then, if £;E; =0 (i # ), we have

2 (x*E;x), | = Z’(x*Eix)r - z”(x*Eix),

(BN x) - (o (Z EDx)y < 2M x| | 2%,

where Z (Z") represents the sum over those i for which (x*£;x), > 0 (< 0).
Similarly for the imaginary part of x*Ex. Thus

Zla*byx]| < AM |x||2*],
which proves (i).
Now consider elements U € 2 (7) of the form
(ii) U=S+N,

where
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n
(iii) S=Z o E;
i=1

with
0# £; €Uy, EiEj=0, i #j, Ey +-ec4by=1,

and where N € ], the radical of U (7). If m € N, the space of maximal ideals in
W{(7), then in view of (iii) there is an i with £;(m) =1, Ei(m)=0 (j #£1i)
Thus &; =U(m)=S(m) and

(iv) sgplai[:suplU(m)lS]UI§|S]+|N‘.

l m

From (i) and (iii) it is seen that

[S|=  sup | 2 ayx*i;x] < sup |c;| K
el =+ = :

and hence, by (iv),
(v) K-'S| <|U| <|S|+]|NJ.

The inequality (v) shows that if U, =S, + N, is a convergent sequence of
operators, each of the form (ii) with S, of the form (iii) and N, € R, then
{S,} and {N,} are also convergent sequences. Let 2; be the algebra of all
limits So = lim,, S, where S, has the form (iii). Since for the operator (iii) we

have, as shown above,

sup |S(m)| <|S] < sup |S(m)]- K,

m m

it is seen that U is equivalent to a subalgebra C of C (%), and the Weierstrass
theorem ® shows that C = C (). Clearly therefore, U, ® R is a direct sum, is
contained in % (7), contains every E(T,0) with T € 7 and o a Borel set in the
plane, and contains every T € 7. This last statement, namely that 7C U, @ %,
follows since the canonical reduction T =S + N has the property that N € % and
S €U,. To complete the proof it will suffice to show that U, @ R is a full
algebra; that is, it will suffice to show that if T€%, @ R, and T € B(X),

5As proved by M.H. Stone [13] for real algebras C (M) and by I. Gelfand and G.
Silov [9] for complex algebras C (Th).
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then T-1€U,; @ R. Let T =S+ N be the canonical form of T; then since
T(m)=S(m)#0, m €, we see that S~! exists and is in ¥, because S~'(.)e
C(M). Thus

(St +M) =1,

where M =—T-'NS-'€R. Thus U; @ R is a full algebra containing 7 and
every projection £ (T,0) (T € 7), and hence U (1) =AU, ® K.

THEOREM 18. Let B be the Borel sets in the compact Hausdorff space ¥,
and let U be an algebra of operators on the complex B-space X which is equi-
valent to the algebra C(M) of continuous functions on II. Then there is a func-
tion A on B to B(X™*) with the properties:

(i) A is a spectral measure in X* of class (B, X);

(ii) if S(f) is the element in U corresponding to the element f in C ()

under some homeomorphic isomorphism then, for every x € X and x* € X*,

x*S(f)x=_/g;tf(m)xA(dm)x*, fec(t);

(iii) the adjoint S* of every S in U is a scalar type operator of class X ;

(iv) if X is reflexive, every S in U is a scalar type operator of class X*.
Proof. Let S(f) be the operator in 2 corresponding to the function f € C (1)

under some homeomorphic isomorphism of U onto C (M), Then for x in X and

x* in X* we have x*S(f)x a linear functional on C (¥) and hence, by the Riesz

representation theorem, there is a uniquely determined regular measure p(-,
%, %*) such that

x*S(f)x:_/;nf(m)u(dm,x,x*), fecM)), xeX, x* e X*,

Since p(e,x,x*) is uniquely determined by e,x,x* it is, for each e €13, bi-

linear in x and x*. Since

i Ceym, %] < var |ple, )| = sup |25 (f)x] < K|x||2*,
: 1=

it is seen that u(e,x,x*) is continuous in x and x*. Hence for fixed e and x*
there is a point 4 (e)x* € X* such that

ple,x,x*) =x4 (e)x*.
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It follows from the bilinearity and boundedness of p that 4 (e) € B(X*). Thus
(ii) is proved and a part of (i) is proved. To complete the proof of (i) we have,
for every pair f, g € C(),

/mf(m)/gjpg(p)x/l(dpn dm)x* z_/i;ﬁ fm) [m g (p)xA (dp)x*

=4}f(m)g(m)xA(dm)x* =x*S(fg)x

=x*S(f)S(g)x =A f(m)S (g)xA (dm)x*

= /v‘n f(m) /‘W g () xA(dp) A (dm)x*.

Thus, since a functional on C (1) determines the regular measure uniquely, we

have
A(on8)=A4(0)A(8), 0,6€3,
and this completes the proof of (i).

The integral instead of being thought of as a L.ebesgue integral in the weak
operator topology may be thought of as an integral in the uniform topology as
defined immediately preceding L.emma 6. Thus, by Lemma 6, each of the opera-

tors

S*(f)=/w.ﬁf(m)A(dm)

is a scalar type operator in X* of class X, which proves (iii). In case X is

reflexive, £ (0)=A*(0) is a spectral measure in X and hence, by Lemma 6,

S(f)= _[“f(m)b'(dm), fec(m,

il

is a scalar type operator of class X*, which proves (iv) and completes the proof

of the theorem.

THEOREM 19. The adjoint T* of every operator T in the algebra U(T) as
defined in Theorem 17 is a spectral operator of class X. If X is reflexive, every

T € U(7) is a spectral operator of class X*.
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Proof. This follows immediately from Theorems 8, 17, and 18.

Theorem 19 shows that the sum and product of two spectral operators in a
reflexive space X will again be spectral operators provided that the Boolean
algebra determined by all the projections in both resolutions of the identity is
bounded. If X is Hilbert space, J. Wermer [ 16] has shown that such is the case.
In general, however, the Boolean algebra determined by two bounded Boolean
algebras of projections, all of which commute, is not bounded. Also it is not
always true that the sum of two spectral operators is a spectral operator. Ex-

amples proving both of these statements have been constructed by S. Kakutani
(101

Examples of spectral operators other than normal operators on Hilbert space

are easy to construct, and some interesting classes have been discussed by
J. Schwartz [12]. 8

Besides Theorems 8, 13, 14, 19, which are useful in the construction of
spectral operators, we shall mention one more which will be needed in the

perturbation theory of J. Schwartz.

THEOREM 20. If T is a compact operator in a reflexive space X, then T
is a spectral operator if and only if the integrals

(i) L[ ronan

2ni JC

are bounded as C varies over all admissible contours in the resolvent set. In
this case the resolution of the identity is countably additive in the strong opera-
tor topology, and the integral (i) is the value of the resolution of the identity
on the domain bounded by C.

Proof. Let A\g=0, A #0 (n=1,2,..+) be the points in the spectrum of
T. Let

1
E = — T(A)dA =1,2,¢¢),
(An) 5 /;n (A) (n )

where C,, is a circle containing A, but no other spectral point. Since the Boolean

8Other spectral operators occurring in analysis will be found in the forthcoming
book Spectral Theory by N. Dunford and J. Schwartz. Conditions on the rate of growth
of the resolvent which are sufficient to ensure that T be spectral will be found in

[4].
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algebra determined by the £ (X;) is bounded, it may be embedded in a complete”
Boolean algebra. We may therefore define

E)=I1~ U E(\,)

n=1
and

E(e)= U E(\),
A€o

o arbitrary. If B is the Boolean algebra of all subsets of the plane, it is clear
that the map ¢ — E (0 ) is a homomorphism of 13 onto a Boolean algebra of

projections in X. From our hypothesis it follows that
(ii) |E(o)| <K, o€B.

Now let 0, Cop+y C+-+ and 0= Uog,. Then

(iii) E(o)= U E(\)=VU u EAy) =l E(oy,),
A€o n Ay €oy n

and since E(op)x=x (n>m) if x €E(0,,) X, we see from (ii) and (iii)
that £ (o, )x — x if x € E (0) X. Also since

E(cNX=0N(E(o;)X)

we have E(0,)x=0 if x €FE(c”) X, Thus E(0,)x — E(0)x for every x in
X, and E (o) is countably additive on B in the strong operator topology. To
complete the proof that T is spectral, it will suffice to show that

(iv) o(T,E{s)X)Co, o€B.

If Ay £ 0, then E(¢) has the form (i), from which (iv) follows. If Ay € o, then
any spectral point A, ¢ o is in p(T,E ({A;}")X) and hence in p(T,E (0)X),
which proves (iv).

Finally let ¢ be an open and closed subset of o(7), and let 4 (¢) be the

projection defined by (i), where o is the intersection of ¢(7) and the domain

bounded by C. Then, since

" Complete relative to the order A C B(AB = A4 ). See, for example [6].
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o(T,A(0)X) Co, o(T,A(c")X)C0o’,
Theorems 3 and 4 show that

E(0)4(0)=4(0), E(c)A(c")=0,
and hence that

E(6)=E(0)(A(0)+A(c"))=4(0).
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