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1. Introduction. Let ¢ (X) be the Banach algebra of all bounded linear
transformations defined on an infinite-dimensional Banach space ¥ and with
range in X. Let & (X) be the set of completely continuous transformations con-
tained in ©(X). It is well known that 8£(X) is a closed two-sided ideal in
€ (X). Thus, under the usual definitions, the difference algebra (X) - &(X)

is again a Banach algebra. Let » be the canonical homomorphism of ¢ (X) onto

E(X)=R(X).

The algebraie nature of & (X) - & (X) differs from that of & (X). In particular
€(X) is semi-simple while & (X) -~ & (X) need not be semi-simple. An example
of this is provided by taking for X the Banach space L (S) of Lebesgue-integra-
ble numerical functions defined on, say, the unit interval S. If T and U are in
&(X) and are weakly completely continuous then TU is completely continuous
as shown by Dunford and Pettis [ 5, p.370). From this it follows readily that
the image of the set of weakly completely conlinuous transformations in &(X)
under 7 is contained in the radical P, of & (X) - &(X). Hence (X)~ &(X)
is not semi-simple for this X. On the other hand if X is (separable) Hilbert
space, then € (X) - &(X) is semi-simple.

In this paper we begin an investigation of the algebra €(X)- &(X). In
particular its radical and its set of regular elements are examined. This turns

out to be useful in the study of certain properties of transformations in & ( X).

In § 3 the inverse image 7~ !'($;) of the radical is characterized. One formula-
tion for this is that 7~ '(P,) is the set of all U € &(X) such that (T + U) (X)
is closed and (T + U) ' (0) is finite-dimensional for all T which are regular in

E(X).

A well-known result of Schauder [13] asserts that if [ is the identity in
€(X), and U e &(X), then I + U and its adjoint /* + U* have the same {{finite)
nullity. In $4 we obtain a generalization of this result as a reflection of the
internal structure of €(X) - 7 1(%,). Let € be any subset of € (X) containing
_Rem-May 7, 1953. Presented to the American Mathematical Society, February 23,
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I such that (1) #(€) is a multiplicative group and (2) the closure of the com-
ponent of € containing [ intersects #~'(§, ). Then there is a subring €, of € (X)
where the images of € and €, are geometrically related in C(X) -7 1(%,)
such that (a) G, D7 1(B,), (b) #(G,) is a group’under the circle operation
(see $4) where for each T € &, U ¢ ©, the quantities nul T, nul T*, and
nul (T + U), nul {(T* + U*) are all finite and

nul (T* + U*)=~nul (T + U) =nul (T*)—nul (7).

For © the set of nonzero scalar multiples of / this result already improves
Schauder’s, for there

Gy =7 1B
and since
nal (/) =nul (/*)=0
we have
nul (/* + U*)=nul (/ +U)

for every U € 7~ 1(%)).
Let

f(T)=nul (T*) = nul (T).

This is known [ 1, 15] to be defined (finite) for the inverse image under 7 of
the set of regular elements of G(X) - 8 (X). Atkinson [1] has shown that the
equation f(TU)=f(T)+f(U) is satisfied. In $5 this is obtained as an
application of the theory of functionals on an abstract semi-group. These con-
siderations lead in $ 6 to a detailed study of the relation of the sets in € (X)

of elements with a one-sided or two-sided inverse to the corresponding sets,

in C(X)~R(X).

2. Notation and preliminaries. Let X be an infinite-dimensional Banach
space and let € (X) be the algebra of all bounded linear transformations defined
on X into X made into a Banach algebra by the usual definition of the norm of a
transformation [7, p.32] and with identity I. Let 8 (X) be the subset of € (X)
consisting of the completely continuous transformations in € (X). It is well
known [2, p.96] that &(X) is a closed two-sided ideal in G (X ). Thus under
the usual definitions [7, p.472] the difference algebra C(X) - 8(X) is a
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Banach algebra. Let 7 be the canonical homomorphism of & (X) into & (X) -~
R(X). Let %, be the radical of G (X)-&(X) [7, p.476], and let B(X) be
any closed two-sided ideal of € (X) contained in #"*(%, ) and containing £ (X).
Let 7 be the canonical homomorphism of € (X) onto € (X) = B (X).

2.1. LEmmA. T €€ (X) has a left (right) inverse modulo T(X) if and
only if T has a left (right) inverse modulo & (X).

Proof. Suppose that T has a left inverse modulo ¥ (X). Thus there exists
Ue@(X), Vel (X)such that UT =1+ V. Now V €7 (%) so that [ + V has
a two-sided inverse W modulo &(X). Hence WU is the desired left inverse of

T modulo & (X).

It may be noted that since %, is closed in €(X)~ 8(X) then »"'(B,) is a
closed two-sided ideal in & (X).

2.2. LEMMA. T € G (X) has the properties that T(X) is closed and its
null-space is finite-dimensional if and only if T takes each bounded set which

is not conditionally compact onto a set which is not conditionally compact.
Lemma 2.2 is a rewording of [ 15, Lemma 3.1].

If the null-space of T is finite-dimensional, its dimension is designated by
nul 7. A transformation with the properties of Lemma 2.2 is said in [15] to

have property A.

2.3. LEMMA. T €C(X) has a two-sided inverse modulo B(X) if and only
if both T and T* have property A.

Proof. By Lemma 2.1 we may take & (X) for B(X). The result then follows
immediately from the results of [15, § 5] (see also [ 1, Theorem 1] and [ 6]).

If both T and T* have property 4 we define
f(T)=nul T* —pul T.

Here T* is the adjoint of T Let § be the set of all such transformations. By

Lemma 2.3, § is a semi-group.

2.4. LEMMA. The function f (T) is a continuous function on ©. If T and U
lie in the same component of ©, then f(T)=f (U).
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Proof. The continuity of f follows from the work of Dieudonne’[4, propo-
sition 4]; see also [ 15, Theorem 3.8] and [ 1, Theorem 4]. Since f is integer-

valued, the second statement follows.
2.5. LEMMA. If T €5 and if U~ T € 3(X) then U€S and f(T)=f(U).

Proof. It is clear that U has a two-sided inverse modulo £(X) if T does,
by Lemma 2.1. That f(T) = f(U) follows from Lemma 2.4 since the set
T + L (X)is a connected subset of ©.

We adopt the following notation used by Rickart [12] for a Banach algebra.
An element is left (right) regular provided that it possesses a left (right)
inverse in the algebra. If the element is both left and right regular then it pos-
sesses a unique two-sided inverse and is said to be regular. For €(X) we
designate the sets of left regular, right regular, and regular elements by @,
@, and @, respectively. The corresponding sets in & (X) - B (X) are designated
by @f, @[, and @ , respectively. In the foregoing notation, D = ’r'l(@l).

Thus, by Lemmas 2.3 and 2.4, f defines a mapping of @, into the set of
integers. This mapping will also be designated by f.

2.6. LEMMA. Let T€®, f(T)=0. Then T can be expressed as the sum
U+Vwhere UG, V eR(X).

Proof. This is given in [ 15, Corollary 3.11].

3. On the radical of C(X) - R (X). In view of Lemma 2.1 and the definition
of the radical of €(X)-R(X), the inverse image under 7 of the radical of
€(X)~B(X) is the same set as 7 (B, ), where %, is the radical of € (X)~—

®(X). In this section we determine the nature of #~'($,;).

3.1. LEMMA. Let T €6 (X) be an isomorphism between X and a proper
closed linear manifold of X. Then there exists a sphere in & (X) with center

T each of whose elements have this property.

Proof. By [4, proposition 1] there is a sphere & about T such that for all
U in G, U is bi-continuous. But T is in the interior of the set of elements of
€ (X) which are not regular [14, Corollary 2.2]. Hence for each U € there
is a proper closed linear manifold %t of X such that U is an isomorphism of X

onto N if the radius of Gis sufficiently small.

3.2. LEMMA. Let T € §(X) have range % where T is not one-to-one. Then
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there is a sphere in € (X) with center T each of whose elements has these

properties.

Proof. This is shown in the same way by use of [4, Theorem 1] and {14,
Corollary 3.12].

3.3. LEmmMA. Let T € C(X). Suppose that T(T*) has property A while
T*(T) does not. Then T can be expressed in the form T, + V where V € R(X)
and Ty is bi-continuous (T, (X) = X).

Proof. This is contained in [ 15, Theorem 3.13].

3.4. THEOREM. Let T € @. Suppose that for each & (0 < & < 1) either
T+aU or T*+ aU* has property A. Then T+ alU€H (0< & <1) and
f(T+U)=0.

Proof. Note that f(7T)=0. The set S’}: 7 18,) is open in € (X). Thus
either all the 7 + ol (0 < o < 1) are in § or there is a smallest number 3
(0 < B <1)suchthat T+ BU ¢ %. In the latter case one of T + BU, T* + BU*
has property A but not the other. Suppose that T + SU has property 4. Then,
by Lemma 3.3, T + BU can be written in the form T, + V, where T, € € (X) is
bi-continuous and V € R(X). If T,(X)= X then T, €@ and thus T + BU €9,
contrary to the above. Thus T, =T + BU -V an isomorphism between X and a
proper closed linear manifold of X. Consequently, by Lemma 3.1, if 0 < a < f3,
and 3 — o is sufficiently small, then T + U ~ V has this property. But for such
o, T + al €. Also, by Lemma 2.5, T + oU ~ V € and

f(T+alU)=f(T+aU-V).
Since
nul (T + ol ~=V)=0, nul (T* + qU*~V*) > 0,
then
f(T +alU) > 0.
However, since f (T) =0, by Lemma 2.4 we have
fAT + aU)=0.

This contradiction establishes the result if T + SU has property 4. If T* + gU*

has property 4 then we proceed in a same way using dual results (Lemmas 3.2
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and 3.3) to see that for « < 3 and close to 8,
f(T+alU)=0, f(T+al)<O.
Thus we conclude that T + al/ €% (0 < ¢ < 1), That
f(T+U)=f(T)=0
follows from Lemma 2.4.
3.5. THEOREM. The following formulas for n~' (%) hold:

(a) (B =tUe€C(X)]| for each T €@ either T + U or T* + U* has
property A};

(b) wY(B,)={U0€eGC(X)| T +U has property A for each T € @};

(¢) 7w (B,)={UeC(X)| T* + U* has property A for each T € 8}.

Proof. f T €@ and U € n' (D) thenn(T) € @, and
a(T+U)=a(T)+n(U)€EB,,

by the definition of %,. Then T + U €5 and it follows that z~! (%,) is contained
in each of the sets on the right.

Let the set on the right side of (a) be denoted by ©. Then if T € @, U €6,
o # 0 a scalar, then a7 + U or al* + U* has property 4. Hence, for each
scalar o, T+ ol or T* + aU* has property 4. Theorem 3.4 shows that T+ al € $
for all scalars . Next we show that if W € @, U € G then UV € 6. Both ¥ and
W* have property 4. Hence, by the nature of © and [ 15, Theorem 3.4], for each
T €@ either

(TW-*+UYW=T+UW
has property 4 or
WrL(TW™')* + U] = T* + (UW)*

has property A. Hence UW €6.

Next let U; €6, i=1,2. For each T €@, by the above T + al; €9 for
0 < & <1 and, by Theorem 3.4, f (T + U;) = 0. By Lemma 2.6, T + U, can be
expressed in the form T, + V, where Ty € @ and ¥ € (X). Likewise T, + U, €§
and so, by Lemma 2.5,
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T,+U,+V=T+(U +0,)

is in . This shows that G is a linear manifold in € (X) with the further property
that if 7,7, €® and U€® then U(T,~T,) €G. However, since C(X) is
a Banach algebra, an arbitrary element W € & (X) can be expressed as the dif-
ference of two regular elements. Thus © is a right ideal in € (X). Consequently
7(G) has the property that, for each 7(U) € #(G) and each V in € (X) - R(X),
a(I)+n(T)V €@,. Thus #(5)C%,. This completes the proof for formula
(a).

The same argument shows that the right sides of (b) and (c¢) are contained
in 7 By

3.6. COROLLARY. Let Q be a (left or right) ideal in € (X). Suppose that
for each T €Q, either [ + T or I* + T* has property A. Then for each T € Q,
nul {/ + T) and nul (I* + T*) are finite and equal.

Proof. By Theorem 3.5, C C 7 Y B,). Thus [+ T €9 for each 7 € L. Since

€ is a linear manifold,

FULT)Y=f()=0

by Lemma 2.4.
This is a direct generalization of Schauder’s well-known result [13, p.189]
that if U is completely continuous then
nul (/ + U) = nul (I* + U*)

since the two-sided ideal & (X) fulfills the conditions of Corollary 3.6.

3.7. CoroLLARY. The following statements are equivalent:
(1) €(X)=R(X) is semi-simple;

(2) for UeC(X), Ue R(X) if and only if (T + U) (X) is closed in X and
either nul (T + U) or nul (T* + U*) is finite for each T regular in & (X).

Proof. Note that €(X)- R(X) is semi-simple if and only if 77'1(5’3l Y= R (X).
Also (T +U) (X) is closed if and only if (T*+ U*) (X*) is closed in X*
[2, Chapt. 10]. Then Corollary 3.7 follows from Theorem 3.5 and Lemma 2.3.

If X is a separable Hilbert space then since, as shown by Calkin [3, Theo-
rem 1.4], 8(X) is a maximal, two-sided ideal in € (X), (1) holds. For spaces

satisfying (1), (2) gives a necessary and sufficient condition for complete



622 BERTRAM YOOD

continuity which seems to be new (for sufficiency) even in the Hilbert space

case.,

4. A generalized Schauder nullity theorem. We give here the result ( Theo-
rem 4.5) discussed in § 1. The preliminary material, it is felt, is of independent
interest and is presented in greater generality than is absolutely necessary for

our purposes.

We adopt the following notation. B is a ring with an identity element e. G
is the set of regular elements of B (the elements with a two-sided inverse ). For
each subgroup G, of G let I(Gy) be the set of ““invariant translations’ of
Gy, namely the set of x € B such that G4 + x = G4. It is clear that

XGy)=f{x €B |y tx €G, forevery y € Go .

In the ring B we consider along with the usual algebraic operations also the

‘“‘circle operation”’
Xxoy=x+y-—xy.

For information on this operation see [7, Chapter 22]. It is evident that Ggn

J(G,y) is empty.

4.1. THEOREM. For any subgroup Gy of G, S(G,) is a subring of B which
is a group under the circle operation. Conversely if R is a subring of B which

is a group under the circle operation then there exists a subgroup Gy of G such

that R = S(Gg). If B is a Banach algebra then I (G) is the radical of B.

Proof. Tt is clear that if x € (G, ) then so does —x. Thus if x| and x, lie
in (G, ), and ¥ € G, then both

(y+x,)+2, and (y —x,)~x,

lie in G, so that x; + %, € I(G,). Next we show if x € I(Gy), ¥ € Gy, then
yx € S(Gy ). For let z € Gy. Then

z+yz=y(y'z+ x)€G,.
Similarly xy € S(G, ). Since
Y+ 2% = (y +21) (e £ 2) +yxp — %

it follows from the above that x;x, € S(G,) if x, and x, € I(G, ). Thus I(G,)

is a subring of B.
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To see that I(G, ) is a group under the circle operation note first that for
%y, %7 € (G, ) we have

X1 0 Xg =X +x2—-xlx2€€§(co).

Now the set of all elements of B with an inverse under the circle operation is
a group with the zero element 6 of B as the identity element {7, p.456]. Thus
it is sufficient to show that x, has an inverse in S(G,) under this operation.

Since e — x, € Gy C G there exists an element w € B such that
(e—x)(e~w)=(e-~w)(e~x,)=e.

Then clearly w is the inverse of x; under this operation. Let y € G;. Then,

since
W =WXy =Xy +W
we have that

4

(yrw)le—=x)=y+w—yx; + wxy; =y{e—x;)+ x;

is an element of G,. Since (e ~x, ) € G, it follows that w € S(G, ).

Next consider a subring R which is a group under the circle operation. Let
G, be the set of all elements of the form e — x, x € R. If x,, x, € R then

(e ~x;)(e—xy)=e~-x; 0%, €6y
There exists z € R such that
xy0z=z0%x;=0.
Then
(e=x)(e—-z)=(e~2z)(e~2x;)=¢
so that G, is a group. We show that S(Gy)=R. Take x € S(Gy). Then e —x € G,

and, by the definition of Gy, x € R. On the other hand if x € R, y € G, then we

may write y = e ~ x,, where
%, €R and y + x=¢e~x, + x€G,

since R is a ring. Thus x € (G, ) and I (G4 ) = R.
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Finally let B be a Banach .algebra. If z is an arbitrary element of B then
since, for a sufficiently small scalar A,

e~-Az=w €G-

we may write z as the sum of two elements in G. By the above we see that for
x € S(G), we have zx € F(G) and thus e —zx € G. Hence x lies in the
(Jacobson ) radical Q of B. Conversely if x € Q, then for each w € G,

w+x=wle +w'lx) €C,
so that x € I (G). This completes the proof.

4.2. COROLLARY. In the notation of Theorem 4.1, S(G,) is a two-sided
ideal in the subring R(Gy) of B generated by G, and lies in the radical Q of
R (Gy). Examples exist for which S(Gy )= Q and also for which S(Gy) # Q.

Proof. By the arguments of Theorem 4.1, if y € R(G,) then yx, xy € S(G,)
for each x € S(G,) so that I(G,) is a two-sided ideal of R(G,). Since
e —yx € Gy for every y €ER(Gy), and G, is contained in the set of regular
elements of R(Gy), I(Gy)C Q. By Theorem 4.1, if B is a Banach algebra
then ¥ (G )= Q. Take next for B the ring of integers modulo 9. For G, take the
set consisting of 1 and 8. Here R(G,y) =B and the radical Q of B is the set
£0,3,6}. On the other hand I (G, ) consists of the zero element alone.

Following Kaplansky [ 8, p.153] we call B a metric ring if to each element

x there is associated a real number | x| such that
101=0, x| >0 if x#6, |—x|=|xl, lx+y] <|xl+|yls l2y| < [xf lyl.

Here |x —~v| is the metric of B. In this context the sets I (G, ) possesses

certain topological properties. (The metric ring to which the theory is applied

is € (X))~ 8(X)).

4.3. LEMMA. If G, is open then S(Gy) is closed. The following statements

are equivalent.
(1) S(Gy) C Gy
(2) 0=1inf|y|, y€G,.
(3) 3(Gg)n Gy is nonempty.

Proof. Let G, be open. Suppose that x, € (G,) (n=1,2,3,...) and
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that x, — x. Given any y € G, there exists a sphere S of radius, say, r > 0
about y such that S C G,. Consequently S + x, C G, for each n. Take n so large
that |x ~ x, | < r. Then for such an integer n, y + (x —x,) €S and thus

y+x=y+ (x—%,) + x5 €EGg.

Hence x € 3 (G, ).
If (1) holds then so does (2) since 0 € S(Gy). If (2) holds then (3) is
clear for the same reason. Suppose that (3) holds. Let
w € ¥(Go)n Gy, w=limy ,y € G,.

By Theorem 4.1, w o x € J(G, ) for each x € I (G, ). But

wox = lim (x+yn ——yﬂx),

and by Theorem 4.1, y +x -y x €Go. Hence wox€ Go. By Theorem 4.1
again there exists an element z in J(G,) such that w oz = 4. Inasmuch as
zox € I(Gy), by the above

uJo(zox)=(woz)ox=x
lies inc;.

For the group G, in the metric ring B let G, be the principal component,
that is, that which contains e. Arguments of Hille [ 7, p.93] show that G, is
a subgroup of G,.

4.4. LEMMA. If I(Gyp) C Eop then S(Gy) is connected and S(Gy) C G_op.
If C3((;0) is connected, then S(Gy) C %(Gop ).

Proof. Suppose that %(GOP)C(—;_OP. Then by Lemma 4.3, GEEOP. Take
x € I(Gp). The set xG,p, being a continuous image of a connected set, is
connected; moreover, xGo, lies in J(Gy) by Corollary 4.2. Since 6 lies in the

closure of xG,p, the set
F=xGopui}

is a connected subset of I(G,) which contains x and 0. Hence each element

of §(G,) lies in a connected subset containing 6. Thus I (G ) is connected.

Suppose that (G, ) is connected. Then for each z € Gop, z + IJ(Gy) is a

connected subset of G, containing z. Hence
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z+°§(GO)CGop and %(GO)C%(GOP).

In the statement of the following theorem, the group to which the symbol ¥ is
applied lies in the Banach algebra & (X ) - 7'1(57‘81 ).

4.5. THEOREM. Let © be any set in C(X) containing the identity 1. Let
7 and T be the canonical homomorphisms of C(X) onto C€(X)- &(X) and
C(X)=n"X(8B,), respectively. Suppose that n(S) is a multiplicative group in
C(X)~ &(X) and that the closure of the component of © containing I contains
an element of w (B, ). Then for each T €6, U € 7! Y[ 7(G)] we have

f(TYy=f(T+0U).

Furthermore, 7' S[7(6)12> ' (R,), and is the inverse image under = of a
subring of € (X) — ®(X) which is a group under the circle operation.

Proof. Consider 7 (G). By Lemma 2.1 it is a subgroup of the set of regular
elements ©, of € (X)-7"'(%,;). Since 7 is continuous, by our hypothesis the
principal component of 7(G) contains the zero element of G(X)—-7"'(%;) in
its closure. Hence in this algebra, by Lemmas 4.3 and 4.4, S[7(6)] is con-
nected. By Lemma 2.4, f is continuous on &; and if T, € 7(©), U; € S[7(6)]

then since T; and T; + U, lie in the same component of &, we have
(T +U)=f(T}).

Thusf(T+U)=f(T)ifT€GandUE’T'l[%(T(G)].
Let

T[T (6)]= 6, and 7(6,)=6,.

Clearly 77! (6,) = G, since G; D ®(X) which is the kernel of 7. By Theorem
4.1, S[7(6)] is a subring of € (X) — #"! (B, ) which is a group under the circle
Operation. Then G, is a subring of € (X), and ©, a subring of C(X) - R(X).
We next show that G, is a group under the circle operation. As ©, is a subring,
it is closed under that operation. et T, € G,, T; =n(T), T € ©,. Then there
exists ¥ € G, such that

(D) =7V L) = ()= L7y = (T [ 7)) = (V)] = 7(I).
Then by Lemma 2.1, I = T has a two-sided inverse / — ¥ modulo &(X). Since

Tion(W)=a(F)oT =0
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it suffices to show that #(W)e€©,. Now 7(W)=7(V) since the two-sided
inverse of 7(/ -~ T) in C(X) - 7"'(%,) is unique. Therefore W € S, and thus
TT(W) S 62.

5. Functionals on semi-groups. Atkinson [1] has shown that on '© the

equation
fCTU)=f(T)+f(U)

is valid. By an entirely different analysis we show how such functionals can be

obtained in a semi-group and then apply the results to 9.

5.1. NoTaTION. Let S be any semi-group, the product of two elements
x, y in S being denoted by xy. Let g and g* be real-valued functions defined on

S, where

glxy) < glxyxy) < glxy)+g(xy)
(1)
g*(xy) < g*(xyxy) < g% () + g* (%)

for all x,, x, in S. Let
hlx)=g*(x)-glx),

and let S, (S.) be the subset of S for which A(x) > 0 (A(x) < 0). Suppose
that there is a reflexive and symmetric relation ~ on S defined for certain pairs
of elements of S such that x ~ y implies A (x) = h(y), and where for each x €5
there exists y €S, x ~ y with either g(y) =0 or g*(y) =0, The relation ~ need
not be transitive. Since g and g* are nonnegative on S it follows that the ex-

istence of y, x ~ y, where g(y)=0 (g*(y)=0), is equivalent to x €S, (x €5.).
5.2. THEOREM. Suppose that, in the notation of 5.1,

(a) x; ~2z; (i=1,2) implies that h{(x,x,)=h(z,2,) holds. Then the

formula
(2) hx;x,)=h(x,)+h(x;)
is valid either for all x; €S or for all x, €S.. If also

(b) there existy,, y, in S, where h(y ) > 0 and h(y,) < 0, then formula
(2) is valid on S.

Formula (2) is valid on S if (a) holds and
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(cy) for each x €S, there exists y €S such that xy €5.,
(c3) for each x €S_ there exists y €S such that yx €S,.

Proof. We remark that (a) is a necessary condition for (2) since, from (2),
h(xgxy)=h(x;)+h(x)=h(z,)+h(z;)=h(z;2,).
From (1) we obtain
g* () —g(x) = glxg) < g*(x12;) = g (w1 25) < g% () + g% (x5) — g (x3)
or
(3) h(xy)=—g(xy) <h(xyxy) < hlxy)+g* (%)

Now suppose that (a) holds. Then

(4) h(xy) <h(xixy) < h(xy)+h(xy) %y, %2 €S,
(5) h(xy)+h(xy) < h(xyx;) < h(xy) Xy,%9 €S,
(6) hxy2y)=h(x;)+h(xy) x) €S,, %, €S..

To show (4) we may assume that
g(x;) =0, g*(x;) =h(x;) (i=1,2).
Then (4) follows from (3). For (5) we may assume that
~g(x;)=h(x;), g*(x;)=0 (i=1,2),
and again use (3). In the last situation, (3) yields
h(xy)+h(xy) <h(xyxy) < h(xy)+h(xy).

Next we observe that (c;) and (c,) cannot both be false. If, for example,
(cy) is false then for some x, €S, we have x;y €S, for all y €S, which yields
(Cz )-

Suppose now that (a) and (c, ) hold. We show that (2) holds for all x,, x,
where x, €S.. By (6) we may suppose that x; €S.. There exists w €5 such
that A (wx, ) > 0. For case 1 we take w € S.. Then by (5),

h(w>+h(xx) Sh(wxl) Sh(xl) _<_0.
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This implies that 4 {x;)}= 0. Then (2) follows from (6). For case 2 we take
w €S, . This gives, by (6),

(7) hlwxy)=h(w)+h(x,),

(8) hQwxyxy)=h(wx;)+h(x,).
Now (5) shows that x,x, €S_. Then, by (6),

(9) hwsyxy) = h(w)+h(x%p).

A combination of (7), (8), and (9) yields (2).

Suppose next that (a) and (c,;) hold. Entirely analogous arguments using
(4) in place of (5) show that (2) holds for all x,, x, where x; €S,.

Now assume (a) and (b). We show that (c;) and (¢, ) hold. If (c;) does
not hold then (c,) must hold and there exists x €S_ such that xy € S_ for all
y €S. Select ¥ such that A(y) < 0. By (a) and (c, ) and the above, A(y")=
n h(y) for any positive integer n and thus y" € S.. Also

0<h(ey™)=h(x)+nh(y).
This is impossible if n is chosen sufficiently large. Thus (c, ) holds. Similarly
(C2 ) holds.
To conclude the proof we show that (a), (c;), and (c, ) imply (2). By the

above our assumptions give the validity of (2) for any pair x,, x, where either
x; €S, or x; €S.. The remaining case involves x; €S. and x, €S5,. We may
select, by (c,), w €S such that wx, €S,. If w €S_ then, as shown above,
h(xy) =0 so that (2) is valid for x;, x,. Supposing that w €S_, we obtain
(7), (8), and (9), which again yield (2) for x, x,.

We return to & (X ) and start with the following simple result:
5.3. LEMMA. Let T; € €(X) (i =1,2) have finite nullity. Then
(10) nul (7;) < nul (T, T;) < nul (Ty) + nul (7).
This follows from the fact, readily established, that
nul (T, T5) = nul (T,) + dim [T, (X)n T;1(0)].

5.4. LEMMA. Suppose that T €% and f(T) > 0 (< 0). Then there exists
Ve suchthat V-T e &(X), f(T)=f(V),and nul (V) =0 (nul (V*)=0).
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The existence of the transformation V with the indicated property of the

nullity follows from [ 15, Theorem 3.131. That f (T ) = f (V) follows from Lemma
2.5.

5.5. COROLLARY. Let T; €9 (i=1,2). Then f(T,T,)=f(T,)+f(T,),
and f defines a homomorphism of the group of regular elements of € (X) - R(X)
into the additive group of integers.

We show that this result of Atkinson follows from the above. In the notation
of 5.1, set

S=%, g (T)=nul (T*), g(T)=nul (T).
Since

(T1T2 *=T2*T:<,

Lemma 5.3 shows that formula (1) is valid. For the relation T, ~ T, we take
Ty~ T, € 8(X). Lemmas 3.2, 2.4, and 5.4 and the relation

f(T)=nul (T*) = nul (T)

show that Theorem 5.2 may be applied to give the first conclusion. The second

conclusion is an immediate consequence.

Following ideas of Mackey [ 10, p. 171] we shall say that the Banach space
X is stable if there exists a continuous isomorphism of X onto a closed subspace
X of deficiency one. We say that X is stable-like if there exists a continuous

isomorphism of X onto a closed subspace X, of finite deficiency.

5.6. THEOREM. The functional f is non-trivial if and only if X is stable-
like.

Proof. If X is stable-like, consider the isomorphism T of X onto X, of de-
ficiency n. Then nul (T*) = n and nul (T) = 0, so that { (T) = n.

Suppose that f is non-trivial. Then there exists T €'© such that f (T) #£ 0.
Since T has a two-sided inverse V modulo (X), and f (V) =~ f(T) by Corol-
lary 5.5, we may assume f(T) = n > 0. By Lemma 5.4, there exists a bi-
continuous isomorphism U where nul (U*)=n. Then U(X) is a closed sub-

space of deficiency n.

Whether or not every infinite-dimensional Banach space must be stable or

even stable-like seems to be an open question (see [10, p.205]). This subject
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is pursued a bit further in Theorem 6.7 and 6.9.

If X is finite-dimensional then (10) can be replaced by the more specific

rule, known as Sylvester’s law of nullity [ 9, p. 11] which states that
max [nul (7y), nul (7,)] < nul (7, 7,) < nul (T,) + nul (T,).

We show that the validity of Sylvester’s rule for all T; € $ where X is infinite-

dimensional implies that X is not stable-like. For suppose otherwise. Consider
T,€%, f(T))=n> 0, nul (T;) = 0.

Then by [14, Theorem 3.15] there exists T; € € (X) such that 7, T, = I. Since
[ and T, €9, by [15, Theorem 5.4] we see that T, € H. By Sylvester’s rule,
nul (T;) =0, so that T, is regular in € (X) and therefore so is T,, which is a

contradiction.

Another generalization of Schauder’s theorem may be obtained as follows.
Yosida and Kakutani [16] have considered the collection D(X) of all quasi-
completely continuous transformations in € (X) i.e. the class of all T € €(X)
such that there exists ¥ € & (X) and an integer n such that || T" - V|| < L.

5.7. THEOREM. Let T €9, and let V be a two-sided inverse of T modulo
R(X). Suppose that there exists W € 7' (%,) and an integer m such that
VY —W € Q(X). Then T™ + U €9, and

FAT™ 4 U) = mf (T).

Proof. Let V™U =Ry and Ry — W = R,. By hypothesis there is an integer n
such that /- R} is of the form S| +35,, where S, €8 and S, € f(X). Since
a1 ( S/Bl) is a two-sided ideal, there exists S3 € 7! ( SBI) such that

I[-RT=S +5,.

But, by Lemma 2.5, S| + S5 €. Therefore / — R} has a two-sided inverse modu-
lo 8(X). Since

I_R;’=(I~R1)(I+Rl+---+R’l’")=(1+R1+-o-+R:‘")(1—R1)

then I ~ R, €. Since the hypothesis on U is satisfied by all a U, |a| < 1,it
follows from Theorem 3.4 that

f(I-R)=fU+R)=0.
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Applying Corollary 5.5, we obtain

fOT™+ U)=fLT™(I + R =mf (T).

6. On the images of left and right regular elements. We make here a detailed
study of the images of the sets @, @l, and @ under #. In view of Lemma 2.1,

the results also hold for the mapping 7. In particular, we show the following:

6.1. THEOREM. The canonical homomorphism m has the following proper-
ties:

(1) 7(6 0 @) =n(6)un(6)=6' v @,
(2) 7(8)=n(G)nn(E);

(3) the sets n (@), rr(@l), and 7(8") are open and closed in the sets ©,,
6!, and @,

(4) 7(8) is a normal subgroup of ©; either n(8) =8, or & /7 (8) is

isomorphic, as a topological group, to the additive group of integers in the

respectively;

discrete topology.

The interest of (1) lies in the fact that if X is stable-like, then 7 (@%) £ @f
and 7 (@) £ @: (see Lemma 6.3). And for (2), even though O = @la @ this
does not of itself imply that

7(Bta @) = 7 (8 )n 7(G7).

In the course of the proof the following notation is used. '©, is the subset
of § consisting of those T for which f (T) =0 and $, ($.) of those T for which
f(T)> 0 (f(T) < 0). The minus sign for sets in & (X)~ &(X) is used in

the set-theoretic sense. From the definitions we have #(9) = ©,.

The following lemmas are part of the proof of Theorem 6.1.
6.2. LEMMA. 7(@)={T, € C(X)=R(X)| 7' (T;) CDo}, and 7(8)=n(H,).

Proof. The second statement follows immediately from the first. Suppose that
T,=n(T), T€®. Then 7' (T,)=T + &(X), so that for each U € 7 (T,
f(U)=f(T) by Lemma 2.5. Since f (T )= 0, we see that 7(&) is contained in
the right-hand set. Next assume that T, is in the right-hand set. Let 7 (T) = T}.
Then T €%, and f(T)=0. By Lemma 2.6 there exists V € &(X) such that
T+Ve8 Buta(T+V)=T,.
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6.3. LEMMA. #(6)=6! - 7 (%)

Proof. Clearly n(®%) c @{ We shall show that 7 (%) n 7 (§.) is empty. Sup-
pose contrariwise that T, € 7(®!)n 7(5.). Then there exists T € @Y, veS. such
that 7(T)=7(U) = T,. Then there exists W € & (X) such that T = U + W. Hence,
by Lemma 2.5, f(T)=f(U) < 0. But from the definition of f, nul (T) > 0.
Therefore T cannot be one-to-one and this contradicts 7 € G!. We conclude that
7(®8) c 6l — (9.

Suppese that T, € @f ~n(9.) and #w(T)=T,. By [15, Theorem 5.4], T has
property A. Since T ¢ 9., either nul (7*) is not finite or nul (T*) < o and
f(T) > 0. Then by [ 15, Theorem 3.13] there exists V¥ € R(X) such that T + V
is a bi-continuous mapping of X into X. Moreover, by [15, Theorems 5.3 and
5.41, there exists a projection of X onto (T + V) (X). Therefore, by [ 14, Theo-
rem 3.151, T +V €®.. However, #(T +V)=a(T)=T,. Thus &' -7 ($.)C
7 (Gh).

6.4. LEMmMA. 7(8") =87 —n ().

In references cited in the proof of Lemma 6.3, dual results exist to those

used in 6.3 which enable one to conduct the proof in the same way.

6.5. LEMMA. 7($.) C (O ) and #($,) Cn(GH).

Proof. Suppose that T € .. By [15, Theorem 3.13] there exists ¥ € R(X)
such that (T + V) (X)=X. Also, by Lemma 2.4, nul (T + V) < co. Hence
[14, Theorem 3.18] shows that T+ V € @, However, #(7T + V) =n(T). The

other statement is proved using dual results,

6.6. LEMMA. 9o, ©,, ©- are open and closed as subsets of ©. These sets

are disjoint.

Proof. Since f(T), by Lemma 2.5, is a continuous integral-valued function

on ©, the sets are open and closed subsets of §.

We turn now to the statements of Theorem 6.1.

Consider (1). By Lemmas 6.3 and 6.4,
r(6ly @)= 7(8) un(§)=[8! - 7(5)] u [E] - 7 (H)].

By Lemma 6.5,

7(§) Crn(6"), 7($,) cn(6h,
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so that
7(8) ur(8)=6!ver.

As for (2), note first that 7 (@) = 7(§, ) by Lemma 6.2. By Lemmas 6.3 and
6.4,

7(@)n 7(6) = 6! 0 G —[(5) v n(§,)].

But @ll n@ =8 =n(8). Also the sets #(9,), 7($.) and #(§,) are disjoint
since if, for example, T, € n(§ Ina (), T, =n(T), T € ©,and T, =7(V),
Ve, then n(T=V)=0 so that T~V € 2(X); whence, by Lemma 2.4,
f(T)=f (V) which is impossible. llence

(6 n 7 (8 = n(9) = [7(S) un(H,)]=7($o) =7 (F).

The mapping 7 is a continuous linear mapping of the Banach algebra € (X)
onto the Banach algebra € (X)~ R(X). Consequently it takes open sets into
open sets. Since @, @, g, @1’ @f and @I are open (see, for example, [12])
the statement of (3) on openness follows. Likewise, from Lemma 6.6, 7 ('9.)
is open in @1 C @f. Since

(84 = 8L~ 7(§.)

by Lemma 6.3, 7(®) is closed in @f. Similarly #(@") is open and closed in
@;. Now

Gy =n($)=n($o) un($.)un(S§,)

and (as noted above) the latter sets are disjoint and also open by Lemma 6.6.
But 7 (8) = 7 (o) by Lemma 6.2. Thus #(®) is open and closed in &, and the
proof of (3) is complete.

Only (4) remains to be shown. Either 7(®)= @&, or 7(8) is properly con-
tained in @,. Suppose that the latter holds. By Lemma 6.2, 7 () =7(@). But
7($)=8,. Thus $ #%, and the function f defined on § (and on #(9)) is
not identically zero. Since f is integral valued there is an integer m > 0 and
T €5 such that |f(7T)|=m and m is minimal with respect to this property.
By Corollary 5.5, f is a homomorphism of 7 ()= @, into the additive group J
of integers. If we define f, on @, by the rule f = m”'f then f, is a homomorphism
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of @, onto J. The kernel of this homomorphism is 7 () = 7 (@) (Lemma 6.2).
If J is given the discrete topology then f, is an open mapping. Since the kernel
is open in @, by (3), the inverse image under f, of any subset of / is open in
©,. Hence, [11, p.64], 8,/7(€) is isomorphic, as a topological group, to J.
This completes the proof of Theorem 6.1.

6.7. THEOREM. The following statements are equivalent:
(1) X is not stable-like; (2) © =54 (3) n(6)=6,.

Proof. The equivalence of (1) and (2) is given by Theorem 5.9. In the
course of the proof of Theorem 6.1 it was shown that if 7( &) £ @, then © £9,
so that (2) implies (3). If #(@) = @, then, by Lemma 6.2, #($,) = #(H). This
shows that any element T of § differs from an element of ‘©o by a completely

continuous transformation in © (X). Therefore, from Lemma 2.4, = ©,.

6.8. DEFINITION. We say that X is projection-stable if there exists an
isomorphism in €(X) of X onto a proper closed linear manifold :t where there

is a (continuous ) projection of X on M.

Clearly if X is stable-like then X is projection-stable. Whether or not the
converse is true is an open question. The notion just defined is connected

with the notions of Theorem 6.1 by the following result.
6.9. THEOREM. The following statements are equivalent:
(1) X is not projection-stable;
(2) 6'=6"=6;
(3) #(8)=06, and 8, =G} =067

Proof. 1f X is not projection-stable then, by [14, Theorem 3.15], @ c @ so
that ®! = ©. But then also ® = @; for if T € &, TU = I, then U € @ and
T=U'c@. Thus (1) implies (2). Assume (2). By Theorem 6.1 we see that

7(@)=7(ByE)=6lvE.
But 7(&) C @, . Hence
Gl =67 =0, and #(6)=0,.

Assume (3). If X were projection-stable then by [14, Theorem 3.15] there
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exists T € 8, T ¢ 6. But #(T) € 6! = G,. Hence T €. By its nature
f(T) > 0. However, from Theorem 6.7, § = §,, which is a contradiction.
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