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1. Introduction. Let o denote a fixed integer, & > 2, and put w=exp (2mi/ ).

DEFINITION 1. The Rademacher functions of order o are defined by

¢ (x)=a® if o <x<(bk+1)/ot,k=0-.+,0c-1;
0

and for n > 0

qﬁn(x +1) = ¢, (x) =¢,(a"x).

DEFINITION 2. The Walsh functions of order o are defined by

lﬁo(x) =1,

n
L beeidan, 0™ where 0 <a; < o and ny > ny > «++ > ny,

and if n=a; a" J

then

¥, (x) =¢:: (%)« ¢:"’:(x).

For convenience we let ¥, denote the set of Walsh functions of order . We
may observe that ¥, is the orthonormal system of functions defined by Walsh
[4]. R.E.A.C. Paley’s proof that ¥, is orthonormal and complete in L (0, 1) may
be modified by the reader to establish the same properties for %,, ot =3,4,..-.
[3; pp. 242- 2441,

It is the purpose of this paper to study Fourier expansions in the sets ¥,
The results obtained here will include known results for ordinary Walsh Fourier

series, most of which are contained in a paper of N.J. Fine [1]. In fact, most
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18 H. E. CHRESTENSON

of the properties of Fourier expansions in ¥, are shared by expansions in ¥,.

The system ¥, is in fact the character group of G,, the countable product
of cyclic groups of order &, transferred to the unit interval. The operation +,
introduced in § 2, is precisely the image of the group operation. Some of our
results and many of our methods readily admit interpretations in G,, although
little mention of these will be made in the text, For example, in Lemma 1 we
prove that the Haar integral in the group corresponds to the Lebesgue integral
on (0,1).

Using an obvious abbreviation, we summarize our most important results:
(i) The Wo FS of f (x) converges to f (x) a.e. if f (x) is of bounded variation,
and the convergence tests of Dini and Dini-Lipschitz are valid. (ii) If f(x)
has variation V and if ¢; is the coefficient of ¢, (x) in the WoF'S of f (x), then
lex | < VE?! csc n/a. (iii) The continuity of f(x) is a sufficient condition
for the uniform (C, 1) summability of the ¥, FS.

2. Notation and preliminary results. Define

In k=l f(0) ={x:ha™ <x < (k+1) o™},

E=0,--+,6"-1, n=1,2,.... Then if d)n(x) is the nth Rademacher function
of order ¢, ¢ (x) = PLETE S A

The term, o-adic rational, will denote any number of the form ko™ where %

and n are integers. Thus if x has the base & expansion
oo
Zx]'O(’], 0 <xj < W,
i=

where the terminating expansion is taken in case x is an G-adic rational, we see
Xn+1
that ¢ (x) = @ .

We introduce a binary operation, denoted by +, and defined as follows: If

0 <a<land 0 <x <1, and if a and x have base & expansions
[s ] 00
2 aja” and > xjo]
1 1

respectively, then a + x will denote the number
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o0

Z y]. ol

1

where y; =4j + (mod ), 0 <y. < «. If we agree to take the terminating ex-
pansions for G-adic rationals whenever possible, it follows that for any fixed
aand all n >0 ¢ (a+x)=¢(a) ¢ (x), ae. The exceptional values occur
when a + x is the infinite expansion of an «-adic rational. It is also true that
lﬁn(a +x)= ¥ (a) (/Jn(x), a.e.

LeEmMa L. If f{x) €L(0,1) then f(a +x) € L(0,1) and

./O.lf(x)dx=./(;lf(a +x)dx.

The reader will have no difficulty in modeling a proof after the proof in the
case & =2 [1, p. 3791

If f(x) €L(0,1) and if

c,,=f0‘f(z>l7fn<t>dt

we say that 2% cn ¥, (x) is the Wo F'S of f (x). Let sz(x) denote the kth partial

sum of this series, so that

k-1

1
sk(x)=f0 A0p> t/»i(x)t,bj(t)dz:./o.lf(t)l)k(x,t)dt

where the kernel D (x, t) is defined accordingly. We will write Dy(¢) = D, (0, ¢).
Observe that for all & < a”, Dy(x,¢) =Dp(x%¢") provided only that x and

%’ are in the same I, , and that ¢ and ¢” are in the same I, ;.

Let z = z (%, n) be that number satisfying

(2.1) x+z=0

except when this relation determines z as the nonterminating expansion of an
d-adic rational. In these cases let the first n digits in the expansion of z be
determined by (2.1), and let the remaining digits be zeros. For all £ < o” we

have for almost all ¢
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k-1
(2.2) Dilxe) =3 l,b]-(x) Zj(t)= Zg—/)j(z) Jj(t) = ZZj(z +t)=Di(z +1).
0

If we use Lemma 1 we have the following useful result.

(2.3) sk(x>=f‘pk<z;t)f(t)dz
0

- f‘Dku;z;t)f(x;t)dz=/‘Dk(t)f<x;t>dt.
1] 4]

Unless otherwise stated all functions will be assumed to be periodic and
integrable on (0,1).

3. Convergence.

LeEmMA 2.

aif t €1, o,
D, (1) = i

0 otherwise.

Proof. We have from the definitions

al.1 n-1
(3.1) Dn(8)= 3 () =TT (14 ()+ v+ ¢> ()]
r=o r=0

If ¢t €1, ¢ each ¢ (¢) =1, while if ¢ & I, o at least one factor in the product
vanishes. (The pth factor is zero if ¢p(t) £1.)

By translating under + we see that Lemma 2 has the following equivalent
form: If p = p(x,n) is such that x €l p then

~ «" if t€1, p,
Uan(x, t) =
0 otherwise.

As an immediate consequence we have

TueorREM L. If f(x) €L(0,1) then lim,_, o0 s, ,(x) = f (%) a.e. In particu-
lar, s (x)— f(x) at a point of continuity of f(x) and the convergence is
uniform in a closed interval of continuity. If x is an U-adic rational then

s,n(x) — f (x) provided x is a point of right hand continuity of f (x).
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Additional usefulness of l.emma 2 is seen from the identity

(32) Dylx,0) = L1 (0 - g 0 ()

j=t
Doy (5 0) [1 46, (01 8, (0404 0 ) E 0]
a™y n] n] n] n]

where the base o expansion of n is given in Definition 2. To prove (3.2)

notice that

n-a™l.1

(33)  Dalm) =D (%4 3 a2, (0

r=o0

=D a (5 t) + ¢, (x) o?nl(t) D (x0).

By using (3.3) recursively we obtain (3.2).

The usual method of establishing convergence of the full sequence of partial

sums of the Wy FS will be to reduce the convergence of s,(x) to that of s , (x)
a

V<n <o+, In

the following lemma we use the notation of Definition 2, with the additional

by showing that sanl(x) —sp(x) — 0 as n — cc, where «"

convention of writing N for n.

LEMMA 3. Let v be a fixed positive integer and let x €1, ,. Then if o £ p

(3.4) lim / [Dp(x,t) = D n(x,¢)1f(¢)de =0.

n-o "l o

Ifalsoy €1y 5 and N > v, then

(3.5)

(p+1)a”?
f [Dp(x, ) =D n(x, t) M| <,
y

and in case y = p&~ ", the integral (3.5) vanishes.

Proof. In proving (3.4) we may suppose N > v. Let r be chosen so that
np > V> mpay; in case np > v take r=m. By Lemma 2 all D ;(x,¢) =0 for
t€ly,o and £ > v. Thus D,(x,¢) =Dp(x,t) ~D n(x,¢) and by (3.2) this is

a sum of m —r terms, each of which is, for t €I, », a constant multiple of
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Bt (2) - 87 (0) = By (0),

say. A carefu] inspection of (3.2) shows that the sum of the moduli of the
coefficients of JM(n)(t) is bounded independent of n. Also, M(n) — « as
n —» «. We have now reduced (3.4) to a theorem of Mercer [2, p. 171

The inequality (3.5) is proved by writing_],,’p as a sum of Iy . On each
Iy, s the integrand is a linear combination of ¢1$ (t), 0 < b < ¢t On each com-
plete Iy ¢ contained in (y,(p+ 1)c") the integral vanishes. The remainder of

the interval of integration has length less than «™", and from (3.3) we see that

. . . +
the integrand is numerically less than « N+

TueoReEM 2. If f(x) is of bounded variation and continuous from the right
on [0,1), then as n — «, sp(x) —> f(x) at every point of continuity and at

every O-adic rational. If x is an G-adic irrational which is a point of discontin-

uity, s,(x) does not converge.

Proof. To prove convergence it is sufficient to show that for f (¢) monotonic
1
sa(w) = sy () = [ 1Dy, 0) =D, 01 f (e —0.
0

Write this integral as

f; +/; [Dplx, ) =D N (x, ) f(e)de =Ty + 5,

v,p Iv,p

where C denotes the complement taken with respect to (0,1). By the second
theorem of the mean, there is y €1, , such that

Io=f(pa” +0) [T (D, =Dy 1de

pa?

( Ja-?
+f((p+1)o<"’—0)/pJrl [D, - D, nldt.
y

By (3.5)

(3.6) |l <alf(Cp+1)a”=0) =f(x)|+alf(x)-f(pu”+0)] < e/2

for v sufficiently large and for n > 0%, since f(x +0) =f(x)=f(x—-0). If
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x is an o-adic rational, first choose v large enough so that p&™” =x, so that
only right hand continuity is involved in (3.6). With v fixed, /, — 0 as n—
by (3.4).

Notice that for convergence at x, the hypothesis of bounded variation is

needed only in a neighborhood of x.

The proof of the second part of Theorem 2 will be omitted, except to note
that it is sufficient to consider the W FS of f(x), f(x)=0 if 0 < x <a,
f(x)=1if a <x <1, where a is an t-adic irrational. The partial sums of the
Wo FS of f(x) may be explicitly written in terms of the digits in the base « ex-

pansion of a, and the assertion follows directly.

Lemmas 2 and 3 provide a direct proof of the theorem of localization for

W, FS.

THEOREM 3. If f(x) =g(x) ae. fora—e <x < a+ € then the Wo FS of
f(x) and g(x) are equiconvergent at a. If a is an G-adic rational it is sufficient
that f (x) =g(x) ae. for a <x < a + €.

LEMMA 4. The kernel Dy(x, t) satisfies

1

(3.7) f[)k(x,t)dt=1,
0

and for 0 <t <1

(3.8) IDE(e)| < o/t

Proof. The first assertion is obvious.

For a proof of (3.8) the reader is referred to Fine’s paper [1; pp. 391, 392].
THEOREM 4. If for a fixed x,

f(t)—c

- € L(x ~ 8, x + 8) for some 6 > 0,
-x

then s,(x) — c.

Proof. Suppose the base & expansion of x does not end in an infinite se-
quence of ones. Let z be determined by (2.1). Then we have, using (2.2) and
(3.7)
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snlx) =f|t-x|<h< () = e10,( 4 0)ds

+./‘lt_x|>h [f(t)—C]Dn(x,t)dt___]l +]2 .

One may verify that
(3.9) |lx—¢] < alz +e).

Thus, with (3.8), we have

Ul‘s(ﬂ/ Mdt<€

le-x|<h |t —=x|

for & sufficiently small, With 4 fixed, /, — O by Theorem 3 and the remark be-
low equation (3.6),

In case x is of the form excluded in the argument above, the proof must be
modified. We put z = z(x,n) where z (x,n) is defined in § 2. Inequality (3.9)
may not be satisfied on a set F, C{(x — &, x + 8). One may show that F, is a

subset of an interval of length ™", so

(¢) -
171 gcﬂfl il -el +an 1) —eldi=t? +17,

t-x|<h |t—-x]|

I/ < ¢ as before, and with A fixed,

7 <nc<'"/l; M dt— 0

v n |t_xl

and / — 0 as n — .

Lemma 1 and equation (2.2) provide a proof that

f‘ \Dk(x,z)m:f‘ 1D,(¢) |de for all x € (0,1).
0 0

We put Ly, = fol | D;.(¢) | dt, the kth Lebesgue constant of the system ¥, .

L.EMMA 5. The Lebesgue constants satisfy Ly =O(log k), where the 0
depends upon .
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Proof. By Lemma 4, |D(¢)| < min («/¢, k). Thus
/k 1
L, 5/“ kdt+f o/t di = 0(log k).
0 alk
In the statement of the next theorem, W (5;f) is the modulus of continuity

off(x);

W(s;f) = sup lf(x+h)—f(x)].
lr{< 5, 0< x< 1

THEOREM 5. If f(x) satisfies W(8;f)=0((log §')"') as 6§ —0, then
splx) — f(x) uniformly.

Proof. For this proof, write n =atk + k” where 0 <a < &, 0 <k’ < ok

Since

Sn TSk = (s, _saak) + (Saak —Sak) =5 +S,,

it is sufficient to show that §; — 0 and S, — 0 uniformly. By using Lemma 2
and (3.3) we obtain

Sa ='/I‘ ) [¢k(X) (Zk(t) +oeee +¢k'l(x)¥k'l(z)]akf(t)dt’

k,

where p is chosen so that x €ly, p. Since f (x) is uniformly continuous, S; — 0
as & —> o«c. Again using (3.3),

1 —_
5= 1 g F O D0 F0)
Replacing ¢ by ¢ + ba"%!, we have
1 —
5= 1 4p I FOD (e 1 bt ar,
so by subtraction

511 -0 = 2(e) [ Dy G, DB () - bk ar,

abl 23’/2

If b is chosen so that |1 — @ , this becomes
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1S, 18% < W(ak; £) Lys =0(1),
where we have used Lemma 5.
4. Fourier coefficients.

THEOREM 6. If
f(x) ~ Z cn ¢n(x),
0
then

flatx) ~ 2 dnh(x)
0

where d, = c, l/Jn(a).

Proof. This is a consequence of Lemma 1 and the relation l//n(a Yx)=

',lln(a) l/'n(x), a.e.

By using Theorem 6 and the scheme from the proof of Theorem 5 we may

establish the following.

THEOREM 7. If
f(x) ~ Z ¢j I/J](x),
0

then

len | <3%W (o —1)/ns f).

There is a similar result with W replaced by the integral modulus of con-

tinuity.

As a corollary to Theorem 7 there is the following.

Tueorewm 8. If f(x) €Lip(n), then ¢, =0(n"") where the O depends

upon .

For the next lemma we define
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)= [* 0
0

and we write n = a0 + k%, where 0 < a < o, 0 < :” < ok

LEvMMA 6. Forn > 0 and all x,
[J.(x)| < nlese n/a.

Proof. If x €1}, , we have, from elementary properties of gbn(x),

(4.1) l]n(x)\=|fx ) ¢n(t)dt|:
par

¢k,(po<"‘)fx . ¢ () de
pa-

If 7is defined by the relation x €/;+,,,, we have by a direct calculation

Ta-k-1 a (7+1)a"k-1 a
< max [oa'k ¢k(t)dt , lj;a-k ¢k(t)a’t|

1- ,a('r+1)
< max { o "F! _r
l -w

[ drtoa
pa

1 - wa'r
, a-k-l

l-«w

-k-1

<o esc 1/ < n~'ese w/a.

THEOREM 9. If f (x) has total variation V then
len | < Vnt ese w/a.

Proof. Since [,(0) =/,(1) =0,

(4.2) cn=_f‘ﬁ(x)df<x),
0

and the theorem is now seen to be a consequence of Lemma 6.

For « =2, Theorem 9 was proved by N. J. Fine [1,p.383] and in this case
csc 7/ = 1. That this factor is necessary when ¢ > 2 is seen from the follow-
ing example. For an arbitrary positive integer k define n = ak*t 1, Let b
denote the integral part of /2 and put (= ﬁa'k'l and {=¢+ B/ Let f(x)
represent the characteristic function of the interval [ {, ). By using (4.1) and
(4.2) we may calculate cj. It turns out that
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leg | =[B(a)/21? «™'esca/a V,

where B (o) =max, . ., Il——wblso that 37 < Blu) < 2.

5. (£, 1) summability. Let oj(x) represent the kth (C,1) mean of {s,(x)},
and define the kernel,

k
Fi(x,0) =k 37 D,(x, 1),
1

We will write Fj,(0,¢) = Fi(¢).
LEMMA 7. Fork > 1, [' Fi(x,t)dt =1, and for 0 < ¢ <1, | Fi(e)] < o/e.

Proof. These properties follow directly from the corresponding properties

of Dy (x,t).

LEwmMA 8. There is a constant M such that for all k > 0

1
f |F e(x, ) |de < M.
0

Proof. Write n in the form n = a0 + & where 0 < @ < « and 0 <k’ <k

By a somewhat tedious calculation involving repeated use of (3.2) we obtain

(5.1) nF,(t)=[1+-... +¥k"(z)]akFak(t)+_<5,‘;(t)k’Fk'(t)

141+ G (T4 et [l e+ ¢22(0) Tk Dy (1)
{14+ @R D (o).

If we take " = o and @ = ¢t — 1 in (5.1) we obtain

(5.2) WFTVF e (8) = Ry(2) 6F F 4 (2) + Qpe) a*D 4 (2)

where

o if ¢, (2) =1,
(5.3) Ry(e) = %

0 otherwise,

and
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aloa—-1)/2 if ¢, (¢)=1,

(5.4) (¢) = _
Qule /(1 —¢k(t)) otherwise .

By applying a simple induction argument to (5.2) we obtain

(5.5) cck“FakH(t)=Ok(t)o<kDak(t)

k
+ 30 Rp(Rppar(8) -+ R0 Qry () ™1 D_pey ()

r=t

k
+ [T &Ao).
r=o

Let

a~1

S=Z‘1—wr"l,
r=1

then equations (5.3)-(5.5) enable us to show that

k
ak“/l |Faerr () |de < o*[(a=1)/2 481+ 1+ [a~1)/2-8] F o™,
0

1

from which the lemma follows.

Observe that by setting £ =0 in (5.2) we see that for « > 2 the kernels
Fak( t) are not positive. Fine showed that in case « = 2, Fak(t) >01[1,p. 3061

LEMMA 9. If t is not of the form t =da™™, m > 1, 0 < d < q, then
limk_,m Fk(t)=0.

Proof. Let ¢ be given and choose n so that o™ < t < """, Write k=po*+ ¢
where 0 < g < o™ Then

p-1 a® q
FEUD) = 3 5 Don () + 30D, (0).
r=0 s=1 s=1

One can show that Draﬂ+s

(¢) =Da“( £)D(a) + l//r(O("t )Ds(t). This gives

D

ran+

s(::)=$r(c<"t)Ds(t),
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so that

EF(e) = a™F () Dp(a”e) + lzp(O(nt)qu(t).

Put b equal to the integral part of «™¢ Since 0 < a”¢—5b < 1, we have by

Lemma 4
|Dp(a™e)] < ula™e—b)".
Using Lemma 7 we obtain

|EFL ()] < o™ 2 (e = b)) +qart,

from which the conclusion follows.
TuroreM 10. If f(x) is continuous then o _j(x) — f(x) uniformly.

Proof. It follows from (2.3) and Lemma 7 that

(5.6) a,,<x)-f(x)=/0‘ B f(xdt) = (o) Ve

By applying Lemmas 7-9 together with a standard argument we can show that
1 .
fo 1Fu ()] [f(x30) = f(x)|de —> 0 uniformly.

TueEoREM 11. If f (x) is continuous then o,(x) — f (x) uniformly.

Proof. Let the base « expansion of n be given in Definition 2. From (5.1)

we obtain the estimate
" nr 1 nr
(5.7) InFn(L)ISZ {a, ]Fanr(t)|+§ar(a,-+l)a Danr(t)}.

r=i

Let € = €x{x) represent the larger of
/‘makm[ 1 (x3e) = f(x)de
0

and
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f‘paku) [ (x40 = f(x)de,
0

so that by Theorems 1 and 10 €, — 0 uniformly. Using (5.6) and (5.7)

lon(x) = f(x)]| <« Z:ara”rn—l €n, =0,, say.

r=1
One may readily verify that the transformation which sends { €} into {5, } is

regular, so that 8, — 0 uniformly, and the theorem is proved.

It is interesting to note that by virtue of a well known consequence of the

Banach-Steinhaus theorem [5,p. 991, Theorem 11 implies that [} | F, (¢) |de <M.
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