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THE MEASURE RING FOR A CUBE OF ARBITRARY DIMENSION

J.M.G. F E L L

1. Introduction. From Maharam's theorem [2] on the structure of measure

algebras it is very easy to obtain a unique characterization, in terms of cardinal

numbers, of an arbitrary measure ring. An example of a measure ring is the ring

of lίellinger types of (finite) measures on an additive class of sets. In this

note, the cardinal numbers are computed which characterize the ring of Hellinger

types of measures on the Baire subsets of a cube of arbitrary dimension.

2. Definitions. A lattice R is a Boolean σ-rίng if ( a ) the family Rx of all

subelements of any given element x form a Boolean algebra, and (b) any count-

able family of elements has a least upper bound. If, in addition, for each x in

R there exists some countably additive finite-valued real function on Rx which

is 0 only for the zero-element of R, then R is a measure ring. x A Boolean σ-

ring with a largest element is a Boolean σ-algebra. A measure ring with a

largest element is a measure algebra. The measure algebra of a finite measure

μ is the Boolean σ-algebra of μ measurable sets modulo μ null sets.

A subset S of a Boolean σ-algebra R is a σ-basis if the smallest σ-sub~

algebra of R containing S is R itself. R is homogeneous of order Cί if, for every

nonzero element x of R, the smallest cardinal number of a σ-basis of Rx is Cί,

We observe that R cannot be homogeneous of finite nonzero order. If it is homo*

geneous of order 0, it is the two-element Boolean algebra.

Let Cί be an infinite cardinal, / the unit interval [0, 1], and Ia the topological

product of / with itself Cί times (the Cί-dimensional cube). L will denote the

product Lebesgue measure on the Baire subsets of 7α, and M the measure

algebra of Z/ α . Then it is not hard to see that M is homogeneous of order

Cί. Maharam has in fact shown that it is, essentially, the only measure algebra

of order Cί.

1Our use of the terms 'measure ring', 'measure algebra', unlike Maharam's, refers
only to the algebraic structure. In this sense two measure rings are isomorphic if they
are isomorphic as σ-rings.
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3. Maharam's theorem and the characterization of measure rings.

THEOREM. (Maharam [2]) . Every measure algebra homogeneous of order

OC is isomorphic to M . Every measure algebra is a direct product of countably

many homogeneous measure algebras.

Consider now a measure ring R. A nonzero element x of R is homogeneous of

order Cί if the principal ideal Rχ is so. The cardinal function p of R will as-

sociate with each cardinal Cί the smallest cardinal number pa of a maximal

disjoint family of elements of R which are homogeneous of order α.

THEOREM, The measure ring R is determined to within isomorphism by its

cardinal function p.

Proof. If, for each r in an index set Kt Nr is a measure algebra, we may de-

fine a σ-ring

rβK

consisting of all functions φ on Kf such that ( a ) φ 6 NΓ for r G K9 (b) φ = 0

for all but a countable number of indices r. Union, intersection and difference

are defined in the obvious manner. N is actually a measure ring. Indeed, suppose

that φ E /V; and that the countable set of indices r for which φr ^ 0 is arranged

in a sequence r 1 ? r 2, . For each i, let m[ be a countably additive nonnegative

finite-valued function on NΓ. having value 0 only for the zero-element of Nr.

Then the function m, defined for subelements ψ of φ by

is countably additive, nonnegative, and finite-valued and has value 0 only for

Now for each cardinal α, let {%ag} (β < pa ) be a maximal disjoint family

of elements of R homogeneous of order Cί; let Raβ be the algebra of subelements

of %aβ By the definition of homogeneity, the %a n are all disjoint, and it is

almost trivial to show that

« s ΓUα/3
a,β
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But, by Maharam's theorem, R o 2i M . Hence

R z ΠtΛί ( α )]

which depends only on the cardinal function p.

4. The measure ring of Hellinger types for the cube. Let F be an additive

class of sets. A finite measure μ on F is absolutely continuous with respect

to a finite measure v on F if all μ null sets are v null sets. If μ and v have the

same null sets, they are of the same Hellinger type. The relation of absolute

continuity furnishes an ordering of the Hellinger types under which, as is well

known, the latter form a measure ring. In this ring, the ideal of all Hellinger

types contained in the type of a measure μ is isomorphic with the measure

algebra of μ

We shall denote by R the measure ring of Hellinger types associated

with the additive class B^a' of Baire subsets of the cube 7α; and shall obtain

the cardinal function characterizing R .

/ it \

LEMMA 1. R^^ R ° for any finite nonzero a.

Proof. This follows from Kuratowski's result [1] that any two complete

metric spaces X and Y having the same cardinal number are connected by a

one-to-one Borel mapping of X onto Y whose inverse is also Borel.

In view of Lemma 1, we restrict ourselves to cardinals OC which are in-

finite.

LEMMA 2. The total number of measures on B a is equal to or less than

ca

9 where c is the power of the continuum.

Proof. Ia is the set of all functions φ on a set H, of cardinal number OC,

to [0,1] . Let P denote a basis for the topology of Ia consisting of all subsets

of la of the form

E(φ£la

9 φβejβ for all β in G)

Φ

where G is a finite subset of H, and, for each β, Jβ is an open interval in /

with rational endpoints. Since CC is infinite, it is easily seen that the cardinal

number of P is OC.
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Now suppose μ and v are two measures on β ' α ' which coincide on P. I claim

they must then be equal. If this is so, the lemma is proved, since the number

of real functions on P is c α .

Since P is closed under finite intersection, it is easily seen that μ and v

must coincide on finite unions of sets in P. Now let A be a closed Baire set

in Ia; A must then be a countable intersection of open sets. But, between A and

any open set containing it, we may by the compactness of /α, place a finite

union of sets in P. Passing to the limit, we find that μ and v have the same

value for A, Now by the regularity of μ and v, their coincidence is assured for

all Baire sets.

LEMMA 3. For each cardinal γ which is either 0 or infinite and for which

γ <_ α, there are at least ca disjoint measures on Z? whose measure algebras

are homogeneous of order γ.

Proof. With each point φ in Ia associate the measure μ , of a unit point

mass at φ. Any two such points φ and φ can be separated by Baire sets, hence

the Hellinger types of μ, and μ, are disjoint. Since there are c α points in 7α,

the lemma is true for γ = 0.

For any infinite cardinal y, divide //, the index set of Ia (see proof of Lemma

2), into two disjoint parts M and /V, of cardinal number γ and Cί respectively.

Let / and K be the γ- and CX-dimensional cubes with index sets M and N res-

pectively. Since M u N = H$ two points φ and φ, in / and K respectively, define

a point of Ia which we call φ u φ, for which ( φ u φ)r = φr or φr according as

r G M or r E N. We fix φ in K; and for each Baire subset A of /α, let Tφ{A) be

the subset of / consisting of those φ for which φ u φ £ A.. I claim that Tψ is

a σ-homomorphism of B^a' onto all Baire sets in /.

That Tψ is a σ-homomorphism is evident. Now B^a* is the smallest additive

class of subsets of Ia which contains P (defined in the proof of Lemma 2).

That every Baire set A in Ia maps into a Baire set in / will follow if sets in

P go into Baire sets; but the latter is evident. A corresponding argument in /

shows that all Baire sets in / are maps of Baire sets in /α. Hence the claim

made for Tψ is correct.

Now let I / 7 ' denote the product Lebesgue measure defined on the Baire

sets of /. For each φ in Kf and each Baire set A in /α, put

Evidently the measure algebras of μ, and Lry' are isomorphic; the former is
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t h e r e f o r e h o m o g e n e o u s of order y. F u r t h e r , if φί9 ψ2 £ K9 r E /V, ψ^ir) j^ ψ2(r),

and A i s t h e B a i r e s e t of a l l φ in / α w i th φ(r) = ψιir), we s e e t h a t

It follows that μxpι and μψ2 are disjoint whenever ΦlfΦ2 ^ ^ a n <^ Φι ^ Φ2

The fact that there are ca elements in K completes the proof of the lemma.

THEOREM. If Cί is an infinite cardinal^ the cardinal function p characteriz-

ing the measure ring R of Bellinger types of measures on the Baire subsets

of the Cί-dimensional cube is given by:

ca if γ is a 0 or infinite cardinal with γ <_ Cί;

0 otherwise.

Proof. Since P, a σ-basis of B (see proof of Lemma 2), is of cardinal

number Cί, we must have p = 0 for y > Cί. If y is 0 or infinite, and y <_ Cί,

Lemmas 1 and 2 prove the existence of a maximal disjoint family of elements

of R homogeneous of order y, of cardinal number exactly ca. That ca is the

smallest possible cardinal number of such a family, follows easily from the fact

that no element of R intersects more than a countable number of disjoint

elements of R{a\

R E F E R E N C E S

1. C. Kuratowski, Sur une generalisation de la notion d'homeomorphie, Fund. Math.,
22 (1934), 206-220.

2. D. Maharam, On homogeneous measure algebras, Proc. Nat. Acad. Sci., 28 (1942),
108-111.

CALIFORNIA INSTITUTE OF TECHNOLOGY





PACIFIC JOURNAL OF MATHEMATICS

EDITORS

H.L. ROYDEN

Stanford University
Stanford, California

E. HEWITT

University of Washington
Seattle 5, Washington

R . P . DILWORTH

California Institute of Technology
Pasadena 4, California

* Alfred Horn

University of California
Los Angeles 24, California

ASSOCIATE EDITORS

H. BUSEMANN

HERBERT FEDERER

MARSHALL HALL

P.R. HALMOS

HEINZ HOPF

ALFRED HORN

R.D. JAMES

BφRGE JESSEN

PAUL LEVY

GEORGE POLYA

L J . STOKER

KOSAKU YOSIDA

SPONSORS
UNIVERSITY OF BRITISH COLUMBIA

CALIFORNIA INSTITUTE OF TECHNOLOGY

UNIVERSITY OF CALIFORNIA, BERKELEY

UNIVERSITY OF CALIFORNIA, DAVIS

UNIVERSITY OF CALIFORNIA, LOS ANGELES

UNIVERSITY OF CALIFORNIA, SANTA BARBARA

MONTANA STATE UNIVERSITY

UNIVERSITY OF NEVADA

OREGON STATE COLLEGE

UNIVERSITY OF OREGON

UNIVERSITY OF SOUTHERN CALIFORNIA
STANFORD UNIVERSITY
UNIVERSITY OF UTAH
WASHINGTON STATE COLLEGE
UNIVERSITY OF WASHINGTON

• * *

AMERICAN MATHEMATICAL SOCIETY
HUGHES AIRCRAFT COMPANY
SHELL DEVELOPMENT COMPANY

Mathematical papers intended for publication in the Pacific Journal of Mathematics

should be typewritten (double spaced ), and the author should keep a complete copy.

Manuscripts may be sent to any of the editors. Manuscripts intended for the outgoing

editors should be sent to their successors. All other communications to the editors

should be addressed to the managing editor, Alfred Horn, at the University of California

Los Angeles 24, California.

50 reprints of each article are furnished free of charge; additional copies may be

obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September,
and December. The price per volume (4 numbers) is $12.00; single issues, $3.50; back
numbers (Volumes 1,2,3) are available at $2.50 per copy. Special price to individual
faculty members of supporting institutions and to individual members of the American
Mathematical Society: $4.00 per volume; single issues, $ 1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to the
publishers, University of California Press, Berkeley 4, California.

Printed at Ann Arbor, Michigan. Entered as second class matter at the Post Office,
Berkeley, California.

During the absence of E.G. Straus.

UNIVERSITY OF CALIFORNIA PRESS BERKELEY AND LOS ANGELES

COPYRIGHT 1955 BY PACIFIC JOURNAL OF MATHEMATICS



Pacific Journal of Mathematics
Vol. 5, No. 4 December, 1955

Richard Horace Battin, Note on the “Evaluation of an integral occurring in
servomechanism theory” . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 481

Frank Herbert Brownell, III, An extension of Weyl’s asymptotic law for
eigenvalues . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 483

Wilbur Eugene Deskins, On the homomorphisms of an algebra onto
Frobenius algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 501

James Michael Gardner Fell, The measure ring for a cube of arbitrary
dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 513

Harley M. Flanders, The norm function of an algebraic field extension.
II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 519

Dieter Gaier, On the change of index for summable series . . . . . . . . . . . . . . . . . 529
Marshall Hall and Lowell J. Paige, Complete mappings of finite groups . . . . . 541
Moses Richardson, Relativization and extension of solutions of irreflexive

relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 551
Peter Scherk, An inequality for sets of integers . . . . . . . . . . . . . . . . . . . . . . . . . . . 585
W. R. Scott, On infinite groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 589
A. Seidenberg, On homogeneous linear differential equations with arbitrary

constant coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 599
Victor Lenard Shapiro, Cantor-type uniqueness of multiple trigonometric

integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 607
Leonard Tornheim, Minimal basis and inessential discriminant divisors for

a cubic field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 623
Helmut Wielandt, On eigenvalues of sums of normal matrices . . . . . . . . . . . . . 633

Pacific
JournalofM

athem
atics

1955
Vol.5,N

o.4

http://dx.doi.org/10.2140/pjm.1955.5.481
http://dx.doi.org/10.2140/pjm.1955.5.481
http://dx.doi.org/10.2140/pjm.1955.5.483
http://dx.doi.org/10.2140/pjm.1955.5.483
http://dx.doi.org/10.2140/pjm.1955.5.501
http://dx.doi.org/10.2140/pjm.1955.5.501
http://dx.doi.org/10.2140/pjm.1955.5.519
http://dx.doi.org/10.2140/pjm.1955.5.519
http://dx.doi.org/10.2140/pjm.1955.5.529
http://dx.doi.org/10.2140/pjm.1955.5.541
http://dx.doi.org/10.2140/pjm.1955.5.551
http://dx.doi.org/10.2140/pjm.1955.5.551
http://dx.doi.org/10.2140/pjm.1955.5.585
http://dx.doi.org/10.2140/pjm.1955.5.589
http://dx.doi.org/10.2140/pjm.1955.5.599
http://dx.doi.org/10.2140/pjm.1955.5.599
http://dx.doi.org/10.2140/pjm.1955.5.607
http://dx.doi.org/10.2140/pjm.1955.5.607
http://dx.doi.org/10.2140/pjm.1955.5.623
http://dx.doi.org/10.2140/pjm.1955.5.623
http://dx.doi.org/10.2140/pjm.1955.5.633

	
	
	

