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1. Introduction. In our previous paper [3], we consider the general norm
Ni/k(og Xy +ooe + 0 X))

of a finite extension K of an algebraic field k. We proved that this form is the
(n/m)th power of an irreducible polynomial in £[X], where m is the maximum
of the degrees of the simple subfields % (6) of K over k. The proof of this result
used a considerable amount of the heavy machinery of the theory of algebraic
extensions: the maximal separable subfield, conjugates, transitivity of the norm,
etc. Using only the fact that the general norm is a power of an irreducible, we
obtained a characterization of the norm function Nk, in terms of inner proper-

ties.

In the present paper we shall approach these matters from a different point

of view. We shall give an entirely different proof that the general norm is a

prime power~this one based on very little field theory and completely rational.

From this, as noted above, the intrinsic characterization of the norm function
bl b

follows. We shall then use this to derive certain theorems in field theory, such

as the transitivity of the norm.

Section 2 contains some preliminary results on polynomials and their norms
and the details of proof for certain results used in [3]. In $'3 we prove the main

result and in §4 we give some applications.

2. Tool theorems. We shall be dealing with polynomial rings & [X ]in inde-
terminates X = (X,,+++,X,) and shall take for granted the fundamental fact that
such rings are unique factorization domains [1,p.39]. The following is well
known, but we include it—as we do several of the results of this section=for

completeness.

LeEmmA 1. Let f(X), g(X) €kLX] and suppose f and g are relatively prime.
Let k < K so that k[X] < K[X ). Then f and g are still relatively prime when
considered as elements of the extended ring K1 X ).
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For the case r =1 of one variable, this is so because of the Euclidean

greatest common divisor algorithm,

In general, we suppose H(X) is a common factor of f and g, H(X) € K[X ],
Without loss of generality, we may assume that H has positive degree in X,.

We form the fields of rational functions,
K =K(x19"'sxr-l); .k_=/f(x1,- . '9xr-l)s
and the polynomials

]T(T)=f(xl,---,x,--1,T), g(T)=g(xx,--~,x,-_1,T)

of the ring k[T These polynomials have a non-trivial factor H (x, _fl:) in K[T],
hence by the case r = 1, they have a non-constant factor h;(x, T) €E[T]:

FOT) =hylx, T) f(T), &(T)=h(x T)g,(T).

Here hy, f,, g are polynomials with coefficients rational functions over k in

% ={xq,+++,%,.1). Multiplying by a suitable denominator ¢ (x), we obtain

() f (%, T)=h(x, T)f, (2, T), q(x)glx,T)=h(x,T)g,(xT),

where all terms are polynomials. This implies

g (Xp ooy Xeo D F(X) = RO £, (X)), g(Xpyeeey X)) g(X) = R(X) g, (X)),

Since h(X) actually involves X,, it follows from unique factorization that some
irreducible factor of A must divide both f and g.

LEMMA 2. Let k be a field, o an integral domain such that k < 0, and such

that if o is considered as a linear space over k, then 0 is finite dimensional.

Then o is a field.

Proof. Cf. [2, p.75). If a €p and a #0, then the mapping b —> ab is a
one-one linear transformation on o into 0. Since b is finite dimensional and
rank plus nullity equals dimension, it must map © onto 5. Thus 1 = ab for some

b then a has an inverse,

LEMMA 3. Let [K:kl=n and wy,+++,0, be a basis of K over k. Then
[K(X): k(X)) =n and (@) is a basis of K(X) over k(X).

Proof. Let
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0 =k(X)aoy + e+ (X)) w,.
Then b is a finite dimensional integral domain over 4 (X) and
E(X) <o < K(X).
By Lemma 2, o is a field; since
K=ko;+++++ko, <o,
we have
K(X)=K k(X)) <o,

hence 5 = K(X). It follows that (w) spans K(X) over £(X). But it is clear
(by equating coefficients) that (w) is linearly independent over the rational

function field & (X).

We introduce the norm in this way. If [K:%1=n and 4 € K, then Nk, ;4 is
the determinant of the linear transformation B — 4B on K over k. Specifically,

if wy,+++,wy, is any basis of K over %, and

Aw; = Za,-j w;
then

Nk/kA = lagjl.
We similarly define the trace

Sk/kd = Z ay

for later purposes. The rules

NK/k(AB)=(NK/kA)(NK/kB), SK/k(A +B)=SK/kA +SK/kB,

Nk/k(a)=a", Sk/kla) =n + a,

follow immediately.

We form the fields K(X), k(X) so that also [K(X):45(X)]=n and we

may discuss

Nk (x)/k(x)[R(X)]
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for R(X) € K(X). We shall use the abbreviation

Nk/k=Nk(x)/k(x)
as we did in {3] since this can hardly lead to confusion.
LEMMA 4. Let

F(X)€KIX]1 and f(X) =Ng/pF(X).

Then
f(X) eklX]
and F(X) divides f (X) in the ring K[ X 1.

Proof. We write

F(X)= Z 49 Xy

where 4(*) € K and X(q) is a monomial in X = (X,++.,X;). We have

A(a)cui = Zaﬁ.ﬂ w

. ag‘?)Ek,
] )

hence
F(X)w; = Zag}l)X(a) wj = Zfi].(X)m-,
where fij € k[ X], Thus

f(X)=NK/kF=lfij]Ek[X]:

which settles the first point. We may also write
Z(F(X)8, ~f;)w; =0,
which implies
|F(X)8, ~f,|=0.

On expanding the determinant we soon see that F(X) does indeed divide f (X).

LEMMA 5. [If
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F(X), G(X)eKI[X], h(X)eklX],
and
F(X)=G(X) (modh(X)),
then
Nk /kF(X) =Ng/,G(X)  (mod h(X)).
Proof. We may write
F(X)=G(X)+h(X)Q(X)

with Q(X) € K[X] As above, we have

F(X)w; =2 fi].(X)a)]-, C(X)w, = Zgi].(X)w].,
0N o, = Lq, (N,
with f,., 8ij» 9ij €kLX] Thus
fij = 8ij * >
and therefore

NCE) = 1f; 1= gy +hayl = lgy | =N(G)  (mod A(X)).

LEMMA 6. Let F(X) be an irreducible polynomial in K[X) Let f(X)=
Nk F(X) and suppose that g(X) is any non-constant divisor of f(X) in
EUX). Then F(X) divides g(X).

The case r = 1 is given in [4, p. 191

Proof. If r=1 and F(X) does not divide g(X), then we can find polyno-
mials U(X), V(X) € K[X] such that

UX)F(X) +V(X)g(X)=1.
Thus

UX)F(X)=1 (mod g(X)).

By Lemma 5 we obtain
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w(X) f(X)=1 (mod g(X))

which is clearly impossible.

In the general case we may suppose that the degree of F in X, is positive
and pass to the rational function fields k& = £ (x), K = K(x), where x = (2qyeee,
%r.1). The usual unique factorization argument shows that F(T) = Fxyq, -,

xr.1, T) is irreducible in K[ T]. For the norm we have

NE/FF(T) =7(T) =f(xh“‘axr-1, T)-

The polynomial g(T)=g(x;,++,x..1, T) divides T(T) in k[ T); it follows
from the case r =1 that F (T) divides g(T):

g(T)=F(TYH(T).

We multiply by the denominator of H to arrive at a relation of the form
g(Xyyee, Xp ) g(X) = F(X)H(X).
Since F(X) is irreducible, this implies that F(X) divides g(X).

THEOREM 1. Let F(X) be irreducible in K{X). Then f (X) = Nk, F(X)

is a power of an irreducible polynomial in k{X 1.

Proof. If p(X) and q(X) are irreducible factors of f (X) in k[X], then by
Lemma 6, F(X) divides both p(X) and q(X). This implies, by Lemma 1, that
p(X) =q(X). Hence f (X) has only one distinct irreducible factor.

NoTE 1. In the proofs of both Lemma 1 and Lemma 6, the reduction of the
case of general r to the case r =1 could have been effected by the Kronecker
device of substituting suitable powers of a new variable T for the X;, since in
these statements we dealt with only a finite number of fixed polynomials and

their divisors, all of bounded degree.

NoTE 2. Lemma 1, for the case in which [K:%]=n, is an immediate con-
sequence of Lemma 4. For if H(X) € K(X) and H(X) is a non-constant common
divisor of f and g, then we have f=HF;, g = HGy, and thus

fP"=N(f)=N(H)N(F), g"=N(HIN(G,).

But # divides N/ H, hence N(H) is non-constant. This is clearly impossible

when f and g are relatively prime.
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Once Lemma 1 is proved for finite extensions, it can be proved for arbitrary

extensions by the use of a transcendence basis,

3. The general norm. Let [K:%4)=n and let @y,+++,®, be a basis of K

over k. As in [ 3], we form the general element

urI

= X+ +w, X, €EKIX]
and the general norm

Ny/p(E)eklX]
which is a form of degree n.

THEOREM 2. The general norm is a power of an irreducible polynomial in

ELX]1.

Proof. The general element = is a linear form in K[ X ], hence irreducible;

Theorem 1 now applies.

From this now follow the results of $3 of [3]; we state the following in-

stance,

THEOREM 3. Let [K:kl=n and let ¢ be a function on K into k with the

following properties:

(1) ¢(4B)=¢(A)b(B).
(2) ¢(a)=a™.
(3) ¢(Zai@i)=f(ala"‘san)’

where f is a polynomial of degree at most n. Then ¢(A) =Nk /A for all A in
K.

4. Applications. Let & < L < K, where K is a finite extension of %, and

consider the function

A —“’NL/k [NK/LA]

on K into k. Evidently this satisfies the properties (1,2,3) of the theorem

above, so we obtain

Ng/k=Nr/koNk/L
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Next, let [K: k] =n and let A € K. The field polynomial of 4 is

AT =fy /(T =N/ (T = A).

It is clear that f,(4) =0 and that f4(T) is the minimum polynomial of 4 in
case K =% (A)=since 1,4,.++,A™" is a basis in that case. If K > L > k,
then

fA,K/k(T) =Ng/p(T-A4)=Np 1 INg, L (T-4)]

=NL/k[fA,K/L(T)]‘

Especially if 4 € L, then

fa k(T =fy p p(my L
Here is another consequence; if K > L > k and 4 € K, we have

Sk/k(A) =S/ Sk, L (A)].

For if [K:k] =r, then

fA,K/k(T)=Tr_SK/k(A)Tr-1+,..

Our statement follows at once from this and the following lemma,

LEMMA 7. Let [K:k]l=nand

f(TY=T +A, T" ' +.e. + A, €KIT].

Then
Ng/if(T) =T" + Sk i, (AT 4 oo 4 N/ (4,).

This is proved by slightly modifying the proof of Lemma 4.

Finally we derive the familiar expressions for the norm and trace in terms
of conjugates. et [K:k]=n and let K < U. Suppose oy,+++,0, are n not
necessarily distinct isomorphisms over k on K into U with the property that
whenever A (X;,+++,X,) is a symmetric polynomial in k[ X] then A (0, (4),---,
0,(A4)) €L for all A € K. We consider the mapping

A—0,(4) «¢v0,(A4)
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on K into k. This satisfies properties (1) and (2) of the last theorem. To show
that it also satisfies the third property, we let w;,+++,w, be a basis of K over

k and let A = 22 a; ®; be an element of K, a; € k. Then

gl(A)...on(A)=le: aioj-((u,-)] =f(a1,-..,an)

i=t | =1

where [ is a form of degree n in ay,+++,a, whose coefficients are, until we
say more, in U. If k£ is infinite, one finds that these coefficients are in % from
the fact that f (aj,+++,a,) €k for all vectors (ay,+++,a,); when k is finite,
then K =%(B) is simple over %, and we may use 1,B,+++,B™ ! for a basis.
Then the coefficients of f are symmetric in o,(B),+++,0,(B), and hence are

in k. At any rate we obtain

Ng/k(A) =01(A4) «vva,(4).
If F(T)=2 A4; T we set

FO(T)=20(A)T!

and make the obvious extension to rational functions. A similar argument to

that above implies that

R(RTMN(T),««,R°(T)) € k(T)

when 4 (X) is symmetric in X = (X;,+++,X,), A(X) €k[X], and R(T) € K(T).
It follows that the formula for the norm as a product (of conjugates) is also

valid in K(T) over £(T), hence in particular

faxyu(T)=(T =01 (4)) (T =0, (4)),

and by comparing the second coefficients,

Sk/k=01(A) + v e +0,(4).
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