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1. Introduction. Let f(x) be a continuous function defined on the
closed interval [a, b]. It is known that if for each z in the open
interval (a, b) there is a positive number ¢ such that

[—t, z+¢]<(a, b) and f(@:ﬂ”ﬁifl}ffﬂt@

then f(x) is linear (see [2, p. 2563]). The same method of proof shows
that if there is such a ¢ for each x € (a, b) with

AL

then f(z) is linear. Suppose f(x) is such that for each z € (a, b) there
exists a ¢ with [¢—¢, z+¢]<(a, b) and

z-t

Se+t)+ fl@e—t) 1 [=+*
(1) ' —Z—tS F(s)ds.

Is f(x) necessarily linear? On page 231 of [1] it is shown that if (1)
holds for each x and all ¢ such that [x—¢, x+t]c(a, b) then f(x) is
linear. The question arises whether or not one can relax the require-
ment that (1) holds for all ¢ in the above intervals and still conclude
that f(x) is linear.

In this note a continuously differentiable non-linear funection f(z)
is given which satisfies (1) for every x € (¢, b) and an infinity of ¢’s.
The values of ¢ depend on x but they may be chosen arbitrarily
small for each ®. Conditions which together with (1) make f(x)
linear are given and the note is concluded with some remarks on the
approximation to a function by its averages

N 1 T+t
@ =2\ re) ds.

DEFINITION. A continuous function f(2) on [a, b] will be said to
have property (1) if for each xe(a, b) there are arbitrarily small
values of ¢ for which (1) is true.

2. An example. We give an example of a continuously differentia-
ble function having property (1) which is not linear. Let
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2 _. 3 cos 10 7w

(2) fl@)=>, 107

1t is clear that f(x) is not linear and is continuously differentiable.
To show that f(x) has property (1) we begin with the following

LEMMA. For every z,

lim | cos 10* 7za | =102

N->00

Since the functions cos 10*zz (n=>1) all have 1 as a period it is
clear we need only consider xe[0, 1] in the proof of this lemma.
Since there is no loss in generality we assume hereafter that we are
dealing with the interval [0, 1] and « is in this interval.

Let the decimal expansion of « be .a,a,.--. Then

107w =a,@y++ By + .G yy Bypsor+ aNd | €08 10*" 72 [=|COS(Asy 41 Dapsne+)7 | -

Suppose |cos 10* za | < 107%. Set .44 Aupyors-=.5+7r, where |r,|<.b.
Then

10> ‘ COS('“MH (1/271.,.2"‘)71' |= ‘ sin ramw ‘=Sin ’ e I = 2 Y'ut 1 ’
T

that is ;2;(7)572“‘"" Hence there is an integer b with 0<<b<<56 such
that |, [=.000b.--. Therefore,

| c0s 10"+ D755 | —| cos(.0b--+) 1 |z(1 _ &,12”1),‘5)>.9 .

Thus for every « and every =, there are integers »n>>n, such that
[cos 10*7zx | >>10-°. This proves the lemma.
For the function (2) we have

(3) o = [f@r+re-0]- L™ s

=3 1 cos 107 (e + t) + cos 107 (z—1)]
n=1 2'10h71‘ni

sin 10*"x(x 4 t) —sin 10*7(—t)

1 oo
2t = 10203 10%

From elementary trigonometric identities we now obtain

< 1 27 n Sin 10*x¢t
g(z, t)= ;?:1‘1 10 ?,;,cos 10"z [cos 10% 7t — 10“7:57'] .
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We investigate in detail the last expression for g(x, t) in (3).
Given z, let lim|cos 10*zx|=d. From the lemma it is clear there

n—>co

are an infinity of integers &k with the following properties :

(a) |cos10%*zz| >.99d .
(b) lcos10™zx|<1.01 d for n>[k/3]
(¢) k=10.

For these values of &k we show that the sign of g(x, ¢) in (3) is deter-
mined by the sign of the k-th term in its series expansion if ¢ is
chosen properly. We assume hereafter that k is subject to conditions
(a), (b) and (c).

For the given = and subject to conditions (a), (b) and (c¢) pick %k
large enough so that for ¢=2.10-%*, [x—¢, «+t]<[0, 1]. Then

( 4 ) g(x, 10—Zk)= i Ccos 19”7&6 [COS 1020 -5 — sin 102(n k)n':]

el nZlOzn 102(n lc)_[
— k—lQQS 102-n7r.’1/‘ ( 100> 4 0 108~ k)) + ( 1) EOS 10%* 71'.76+ el COSTIO‘T'"H'.%'
=1  n*10* k*10% ne=k+1 n*10*

where {6,| < 2. Now

Z COoS 10‘”72’3/( 72'.2 104(71_@_*_0”105(”—@)
n=1 n210”° 6 !

(5)

10, 1 |cos 1077z |
< = 10 =%
3 10%* =i n?

Lk/3] -
g10 lo_zk( ki ! 1 _10%- Ic)) 103d+(10>10—zk< kzl _10%n- Ic))l 01d
3 n=1 N* ne[x/3] 1

where we have used the lemma and property (b) of £ to get the last
inequality.
For the first sum in the last inequality of (5) we have

N 2)(k/3)
(6) nz,l nl 10~ k>< nz='1 102(n K< 10- 430k~ nl- 1(1()10)i
<(1.01)10-436-1)
To get an estimate on the second part of the last inequality of (5),
recall that if Sn=ﬁ «,
then =

m
n?ranﬂn Z Sn(ﬂn ﬂn+1)_sr—-ll r+3mﬂm+1 .

n=r
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Letting «,=10""-% 3 =1/n* we get

ni[kE M nefa] 1-10% /\n? (n+1)
1—10-2 1-107%%-»\ 1 21
— 107 wo1-»( ] o ) UkisE + 10 )<
1-10-* IL/3] 1-10-* lc”<102 K

at least for £2>10. Using the estimates obtained in (6) and (7) we
get

10 | cos 1077z | [1 .01 10
8 —2.10-%* < L -1 () -¢/3%-D+4 ”7\7]
(8) 3 n% 210 10vL g Ty D

<2g.. 1  tor k=10,

10 &*10*
Furthermore
S @}Qm’m 2n-ry___ Sin 102" ® 7 :‘l
(9) nédlww[wmo nwjﬁﬂ;
<iotg 5 L 04 1 1 1

W ST110%0? (o 1)F 10°6+D 1 — 102 10752102'6‘

From (8) and (9) we see that the k-th term of the series for
9(x, 10-*) is greater in absolute value than the sum of the remaining
terms. Hence the signs of g(z, 10-%*) and —10-*k-*cos 10*zx are the
same. For t=2.10"* the k-th term of the series for g(x, 2.10-%) is
10-*k~* cos 10*rx and in the same manner as above one can show that
the signs of g(x, 2-10-*) and the k-th term are the same. Since
10-*k-* cos 10%nx and —10-%*k-% cos 10%*nx are of opposite signs, g(x, t)
vanishes for some te (10-%,2.10-%*). But for ¢(x, t) to vanish means
that f(x) satisfies (1). Since for each a there are an infinity of &’s
satisfying (a), (b) and (c), there are (for each &) arbitrarily small
values of ¢ for which the f(x) of (2) satisfies (1). Hence this f(x)
has the property (1).

3. Sufficient conditions for a function to be linear.

LEMMA 1. If fiz) s continuously differentiable and f''(%,)2<0, then
g(x,, t) is of one sign for some open interval (0, &) (t,>0).
Under the stated conditions we may represent f(x) by

10)  f@=rf@)+f @) @—z)+L @wawmm )]

Using (10) and the definition of g(z, t) gives
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1) gla, =" EHDLLO0 D
@) o) - L[ o
={rer+ T o)~ o I L + 1w e—a)

+ 7 ol(u— m)l}du— o F @) +o(E).

Thus if f'(2)=<0, it is clear g(x,, t) is one-signed for sufficiently small
values of ¢.

THEOREM 1. If f(x) has property (1) and f’'(x) is absolutely con-
tinuous then f(x) is linear.

For f''(x) exists almost everywhere and by Lemma 1 it is zero
everywhere it exists because f(x) has property (1). Hence f'(x) is a
constant and f(x) is linear.

THEOREM 2. If f'(x) s continuous, monotone increasing and not
constant in any sufficiently small symmetric interval about x, then g(x,, t)
28 one-signed in an interval (0, t,).

One has

Fet=f@—0+ (" rwdu

0
and for any xe€ (x,—t, ,+%) we get
(12) f@<f(@—t)+ f @) (@—z+1), f(@+)=f(@)+ [ (@) (@+t—2)
where at least one of the inequalities is strict by the hypothesis of

Theorem 2. From (12) one obtains

(13) (@ =20+ 8).f (o + 1) ;t @—=2+0)f@—t), r()

It is obvious from (13) that g(w, ¢) is positive. Clearly this result
with the inequality reversed holds if f’(x) is monotone decreasing.

We do not know if property (1) and bounded variation of f’'(x)
imply linearity for f(x). In view of the two preceding theorems it
seems quite likely.

4. Remarks on the approximation of a function by its averages.

Suppose f(x) is a continuous function defined on the interval
(@—38, b+0) (6>>0). We make some remarks on the approximation to
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f(x) by its averages

@ =11 reodu (O0<t<2) , el b

If f(») is linear then f(x, t)=f(z). If f(x) is not linear in any
subinterval then there is an everywhere dense subset of points x at
which the approximating functions are all either above or below f(x).
Otherwise the conditions of the theorem of [2, p. 2563] are met and
f(x) would be linear.

One might ask if there are necessarily points at which f(x, ¢) ap-
proaches f(r) monotonely. From the results of §2 above this can be
seen to be false. For t>0, f(x, ¢) is continuously differentiable funec-
tion of ¢ and

Sz, t)z,,li {f(xi-@%-f(fv-t) 1 Smi:f(u)dul,z

-g(x, ).
0 o1 ). g(x, t)

o |

From this it is clear the function of §2 gives an example of a con-
tinuously differentiable function which at no point is approximated
monotonely by its averages.
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