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1. Introduction. The object of this note is the proof of the
following :

THEOREM. Let C be a closed Jordan curve in the z-plane which
possesses a corner of opeming wo, 0< a2 at z=0. Suppose that this
corner is formed by two regular analytic arcs v, and 7,:

et 2=AM)= Sat’; 7t 2=Bl)= S\bt’,  0=t=1, a=<0, b=<0.
v=1 y=1

If ¢=f(2) maps the interior 4 of C conformally onto the half-plane
FIE>0 so that f(0)=0, then, for every integer n,

(1) lim fre PO o LT 1) (L),

20 dz" «

for unrestricted approach, where c¢=lim[ f(z)z~"*].
z-0

This theorem was stated by L. Lichtenstein [2] and [3], but proved
only for the case that « is srrational. He remarks, however, that it
is most likely true for all «, 0<a=<2, but that his proof does not
yield this result. In the following a simple proof based on a different
approach is given for the complete theorem!.

2. Lemmas. In the proof of theorem we shall make use of the
following two lemmas.

LEMMA 1. Suppose " is a closed Jordan curve with a corner at
2=0 of opening na, 0<a<2, and that each of the two arcs forming the
corner has bounded curvature in the neighborhood of z=0. If w=g(?)
maps the interior D of I' conformally onto the angle 0< arg w<za, so
that g(0)=0, then for non-tangential approach,

(2) lim ¢ (2) =p exists and p=<0 .

20 V4

This is just a weaker statement of a well known result [4, 5]; (2)
holds under more general assumptions on the ares which form the corner

Received July 29, 1954. Prepared under contract Nonr 396 (00) (NR 044 004) between
the Office of Naval Research and the University of Minnesota.

L This note is the result of an inquiry from Dr. George Forsythe of the Institute of
Numerical Analysis regarding the validity of Lichtenstein’s theorem for all «. Dr. Forsythe
applies this result in his preceding paper on “ Asymptotic lower bounds for the funda-
mental frequency of convex membranes”.
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and for unrestricted approach [5, p. 427]. However, for the sake of

completeness we give an elementary proof of this lemma in 8§ 4.
LEMMA 2. Suppose that F(w) is analytic in an angle A: a<l

arg w< B, B—a<2m, and that in every sub-angle B of A with the vertex

at w=0, lim F(w)=,u. Then for any integer n=1, as w—0 in any sub-
w-0 0
angle B of A
. . , hen n=1
] i - )= [
(3) 1050 [w ()] 0 when n>1 .

Proof. Let B be the angle a+d6<arg w<ff—0a, 0<726<f—a. About
we B we describe a circle ¢ of radius  which is contained in and

0

tangent to a side of the angle a+—2 <argw= arg 3— g Clearly,

Tzsiné.
2

Jw| ™

We set G(w)=F(w)—pw. Then

2072-—1G(n‘(u;)= n' S G(t)wn—ldf__ n' SG(t) t’l()?z"l

2ni Je (b—w)y™ T 2mi Jo ¢ (t—w)

Since |t|<|t—w|+|w| and |t—w|=r for t on ¢, we have

|
,Z[,n-](;(n) N <7;?'

L c

G(¢) ‘ leni("_flw\)ldﬂ
t

AT
7 +1

=n! ,2 - max
Sin®(6/2) tee

G(t)l
t
and the last expression approaches 0 as w—0 in B. This proves (3).

3. Proof of the theorem. (i) We may and shall assume in the
following that C consists of two regular analytic arcs O?l and O/l’} and
a circular arc y about O through A and B. (The size of the radius »
of this arc will be restricted below). For, if D is a subregion of 4
bounded by the just described curves, and if fi(z) maps D onto the
upper half plane such that f1(0)=0, then f(2)=~2[f.(z)] for ze D, where
h({) is an analytic function in a neighborhood of ¢=0 and A4’(0)=<0.
The result (1) on f™(z) follows then from that on f{(z).

The theorem will be proved by the following statement : if w=g(z)
maps 4 onto the angle 0<arg w<ma such that z=0 corresponds to w=0,
then, for unrestricted approach,

(4) lirﬁl 9'(®)=4, 0<|A[< o, and lim[z"-'g™(2)]=0, for n>1.

The result (1) of the theorem is then obtained from (4) by use of the
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fact that f(z)=[g(2)]"®
For the proof of (4) we may presuppose that 0< a<1l; for if
1-.«w=2 we apply first the auxiliary transformation z’=2"". For [¢|=3,

N TR
where 0 -0 is sufficiently small, OA4 and OB are transformed into regular

A\ ~
analytic arcs in r=tt,. We assume » so small that OA and OB are
obtained for values of the parameter ¢=2¢.

We now impose a further restriction on 6 and thus on ». There
exists a p>-0 such that z=A(¢) and 2z=DB(¢) have analytic and univalent
inverse functions t=a(z) and t=0b(2) in |2|<p. We take é so small that
N N\

OA and OB are contained in [z|<p. Thus, »<p.

—_

(i) Consider the maps of 4 by means of t=a(z): OA is transformed

~\ N\ N\
into a segment O.A, of the real ¢-axis and OB into an arc O.B, which
N\
makes an angle of opening ma with O,4,. The circular arc y: AB is
N\ \
mapped onto an arc 4A,B,. If r is sufficiently small, the ares O,B; and
N\

A.B; will lie in the upper half of the ¢-plane’. We assume that » has
been so chosen (third and final restriction on 7). Let 4, denote the
image of 4 in the t-plane.

Suppose that w=d¢(t) maps 4, onto the angle 0<argw<za such
that ¢=0 corresponds to w=0 and A4, to w=o. The segment 0,4, is
then transformed into the positive real axis of the w-plane. We reflect
the arc O.B,A, with respect to the positive real axis and denote the
image of B, by B,. By Schwarz’s reflection principle the funection
w=q¢(¢t) maps the region bounded by the Jordan curve I': 0,B,A.B0,
conformally onto the angle —ra<arg w<lza.

We apply now Lemma 1 to the curve 7', which has a corner of
openmg 2an, 0<2a< 2, at t=0, formed by the regular analytic arcs

0131 and OIB Hence, for non-tangential approach,

lim o(t) _ 1
t-0 { )4

exists and O0<{Ju|<e. Next, observing that the mapping w=q¢(t)
preserves angles at ¢t=0 and applying Lemma 2 to the inverse F(w)
of ¢(t) we find that in any angle —ra+e<larg w<zma—e (0<e<nat):

lim F'(w)=p, lim[w"-'F" P(w)]=0, for n>1.
w—-0 W)

Hence, in any sector |argi¢|=zf, [t|=7, where 0<3<a and 7 is
sufficiently small,

(5) lim ¢/ ()= 1, Lm[r-¢™(#)]=0, for n>>1.
t -0 /l -0

*We assume here that 0,48 follow in counter-clockwise order along C.
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Since pa(z)]=g(2), it follows from (5) that, for 1= _ 1
7 1oy

(6) limg’(z)=2 and, lim[z"-'g®P(2)]=0, for n >1,
20 z-0

N\
wn any curvilinear angle in C+4 formed by OA and any Jordan arc j in

o
4 which has a tangent at O making the angle =3 with the tangent to OA
at O.

(iii) By applying the same argument in which the arc O/E takes
N\
the role of OA we find that (6) holds in any curvilinear angle formed

by OB and any Jordan arc j° in 4 which has a tangent at O making
an angle 73 with the tangent to OB at O. Since /2 may be taken so
that the two curvilinear angles overlap, we obtain (4), and this
completes the proof.

4, Proof of Lemma 1. We can construct a Jordan curve [,
contained in D+ /" and one /°, exterior to D, each consisting of two
circular arcs intersecting at the angle za at z=0 (and at another
point). The interion I(I";) of I'; is in D, and we may assume that the
exterior E(I',) contains D. If 2,(2) and %.(z) are the bilinear transfor-
mations which map I(I’;)) and E(I',), respectively, onto the angle
0<arg w<ra, such that %,(0)=#%.,0)=0, then clearly

lim#®) =2, and 1im"®) =,
=0 2 =0 2

exist for unrestricted approach, 0<(|2;|, |4,/< . The function {=h)%z)
maps E(I',) onto . [£]>>0, /" and /', onto closed curves /™* and /1'%,
respectively, which lie in .. [{]>>0 and are tangent to the real axis at
¢=0. Let ¢(2) and ¢,(£) map the interiors of /™* and /';*, respectively,
onto the upper half plane, so that ¢(0)=¢,(0)=0 and, for a point ¢,
interior to I'*, ¢(C,)=¢«(&,). An application of the Wolff-Carathéodory-
Landau-Valiron lemma [1, 5] shows that

lgggfﬁégkz , 0=i< oo,

exists for non-tangential approach. Since
dO)=hi"“Th* ()] ,
where 2;' denotes the inverse of 4,, it follows that

F

for unrestricted approach. Hence, (=>{2,2;%}Y*>0.

as ¢—0
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Finally, we note that

g9(2)={p[h.'(2)]}"

and hence

lim 9) g3,

z-0 pa

for non-tangential approach. This proves the lemma?.
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