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l Introduction, The functional equation for the Riemann zeta
function and Hurwitz's series were derived by a formal application of
Poisson's summation formula in some previous papers [9], [10], [12, p. 17].
The results are correct although obtained by equating two infinite series
whose regions of convergence exclude each other. It was shown later
that this difficulty can be overcome if a generalized form of Poisson's
formula is used [6]. It is the purpose of this note to show that the
application of Poisson's summation formula in its ordinary form to the
more general case of Lerch's zeta function [1], [2], [3], [5, pp. 27-30],
[8] does not present the difficulties with respect to convergence which
arise in its special cases. Thus a very simple and direct method for
developing the theory of this function can be given. It may be noted
that Hurwitz's series can be obtained immediately upon specializing one
of the parameters, (cf. also [1]).

2. Lerch's zeta function Φ(z, s, v) is usually defined by the power
series

(la) Φ(z,8,v)= Σzm(v + mys \z\<l, vφO, - 1 , -2, .
m=0

Equivalent to this is the integral representation [5, pp. 27-30]

(lb) Φ(z, β, v)=— v~s + \Γ(v
2 Jo

+ 2 ("sin (
Jo \

\z\<\,

which can be written as

(1c) Φ(z, 8, v)=—v- / iv- A-V]osτΐ
:-Γ(l-s)(logi) -̂ -V-5 Σ V; r^4-

4- 2 f °° sin f s tan- 1 -^— t log ^Vv2 4- t2)-sIZ(eZiίt - iyιdt
Jo V v /

upon replacing the first integral on the right of (lb) by the second and
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third expression on the right of (lc). Hence it follows that the point
2 = 1 is a singular point of Φ such that

( 2 )
*->i L o \

2 s—1 Jo V v/

by Hermite's formula [5 p. 26]. This relation was first proved by Hardy
[7] in a different manner. For ^ s > l , (2) is obviously a consequence
of AbeFs theorem. We apply now Poisson's summation formula [4, p. 33],
Lll, p. 60]

( 3 )

where

( 4 )

to the function

( 5 ) f(x)

According to (4)

( 6 ) <?(*)= ( (α + iy)-seίytdy==2πe-αtl~ \p~septdp.
J 27ΓΪ J i

The last integral multiplied by (2m)-1 is the inverse Laplace transform

of p"s and is equal to ^ - . Thus for
Γ(s)

(7) G(t)=-pLt'-*e-« , ί > 0 ,

= 0 , ί < 0 .

From (3) to (7) we obtain

(8) Σ ^ ^e
Γ(β)

or, with s replaced by 1—s

( 9 )
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The last restriction means no loss of generality since both sides of (9)
are periodic in a with the period 2πi. We write (9)

(10)
m=o

=r(i-s)n y - + y
' Ln=i(a + i2πnγ-s ^ι{a~i2πn)ι-s J

where according to the condition in (5) for %=1, 2, 3,

-^- + m)<-]Ur, —iτr<arg(^—
2π / 2 2 V 2τr

Hence,

a r g ( — ±in)=±~π + a r g ( n ± a~)
\2π ) 2 V 2πiJ

and consequently

Using (la) we obtain finally from (10)

(11) Φ(e~«, s, v)-Γ{l-s)e*«as-1

= -i(2πy-iΓ(l-s)e°
ί(2itnv

ey _*
ήr! / s» \i-s

which may be written as

(12) Φ(e-«, s, v)-Γ(l-s)eυoύas-1

J )2πιJ \ 2π%)

™\ l-s, 1 + — )
27

27W / J

This is Lerch's transformation formula and (11) corresponds to Hurwitz's
series. Now it follows that the right hand side of (11) is also regular
for a=0. If in (11) we let a tend to zero, the left side becomes ζ(s, v)
by (2) and the right hand side becomes Hurwitz's series. Thus
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(13) ζ(s, v)=2(2π)s-1Γ(l-s) Σ ns-1 sin
n=l

REFERENCES

I. T. M. Apostol, Remark on the Hurwitz zeta function, Proc Amer. Math. Soc, 2
(1951), 690-693.
2. , On the Lerch zeta function, Pacific J. Math., 1 (1951), 161-167.
3. E. W. Barnes, On certain functions defined by Taylor series of finite radius of
convergence, Proc. London Math. Soc, 4 (1906), 284-316.
4. S. Bochner, Vorlesungen uber Fouriersche Integrate, Leipzig, 1932.
5. A. Erdelyi, Higher transcendental functions, vol. 1, New-York, 1953.
6. A. P. Guinand, On Poisson's summation formula, Ann. Math., 4 2 (1941), 591-603.
6a. , Some formulae for the Riemann zeta function, J. London Math. Soc, 22
(1947), 14-18.
7. G. H. Hardy, Method for determining the behavior of certain classes of power series
near a singular point on the circle of convergence, Proc London Math. Soc, 3 (1905),
381-389.

8. M. Lerch, Note sur la fonction K{w,x,s)^ Σe2iίίkx(w+k)-s, Acta Math., 11 (1887),

19-24.
9. L. J. Mordell, Some applications of Fourier series in the analytic theory of num-
bers, P r o c Cambridge Phil. S o c , 2 4 (1925), 585-596.
10. —— , Poisson's summation formula and the Riemann zeta function, J. London
Math. Soc, 4 (1929), 285-291.
II . E. C. Titchmarsh, Introduction to the theory of Fourier Integrals, Oxford, 1943.
12. , The theory of Riemann9s zeta function, Oxford, 1951.

NATIONAL BUREAU OF STANDARDS



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. L. ROYDEN

Stanford University
Stanford, California

E. HEWITT

University of Washington
Seattle 5, Washington

R. P. DlLWORTH

California Institute of Technology
Pasadena 4, California

E. G. STRAUS

University of California
Los Angeles 24, California

E. F. BECKENBACH
C. E. BURGESS
H. BUSEMANN
H. FEDERER

ASSOCIATE EDITORS

M. HALL
P. R. HALMOS
V. GANAPATHY IYER
R. D. JAMES

M. S. KNEBELMAN
I. NIVEN
T. G. OSTROM
M. M. SCHIFFER

J. J. STOKER
G. SZEKERES
F. WOLF
K. YOSIDA

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
OREGON STATE COLLEGE
UNIVERSITY OF OREGON
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF UTAH
WASHINGTON STATE COLLEGE
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
CALIFORNIA RESEARCH CORPORATION
HUGHES AIRCRAFT COMPANY

Printed in Japan by Kokusai Bunken Insatsusha
(International Academic Printing Co., Ltd.), Tokyo, Japan



Pacific Journal of Mathematics
Vol. 6, No. 1 November, 1956

David Blackwell, An analog of the minimax theorem for vector payoffs . . . . . 1
L. W. Cohen, A non-archimedian measure in the space of real

sequences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
George Bernard Dantzig, Constructive proof of the Min-Max theorem . . . . . . 25
Jim Douglas, On the numerical integration of quasilinear parabolic

differential equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
James Michael Gardner Fell, A note on abstract measure . . . . . . . . . . . . . . . . . 43
Isidore Isaac Hirschman, Jr., A note on orthogonal systems . . . . . . . . . . . . . . . . 47
Frank Harary, On the number of dissimilar line-subgraphs of a given

graph . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Newton Seymour Hawley, Complex bundles with Abelian group . . . . . . . . . . . 65
Alan Jerome Hoffman, Morris Newman, Ernst Gabor Straus and Olga

Taussky, On the number of absolute points of a correlation . . . . . . . . . . . 83
Ernst Gabor Straus and Olga Taussky, Remark on the preceding paper.

Algebraic equations satisfied by roots of natural numbers . . . . . . . . . . . . 97
Ralph D. James, Summable trigonometric series . . . . . . . . . . . . . . . . . . . . . . . . . 99
Gerald R. Mac Lane, Limits of rational functions . . . . . . . . . . . . . . . . . . . . . . . . . 111
F. Oberhettinger, Note on the Lerch zeta function . . . . . . . . . . . . . . . . . . . . . . . . . 117
Gerald C. Preston, On locally compact totally disconnected Abelian groups

and their character groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
Vikramaditya Singh and W. J. Thron, On the number of singular points,

located on the unit circle, of certain functions represented by
C-fractions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

Sherman K. Stein, The symmetry function in a convex body . . . . . . . . . . . . . . . 145
Edwin Weiss, Boundedness in topological rings . . . . . . . . . . . . . . . . . . . . . . . . . . 149
Albert Leon Whiteman, A sum connected with the series for the partition

function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
Alfred B. Willcox, Some structure theorems for a class of Banach

algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177
Joseph Lawrence Zemmer, Some remarks on p-rings and their Boolean

geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

Pacific
JournalofM

athem
atics

1956
Vol.6,N

o.1

http://dx.doi.org/10.2140/pjm.1956.6.1
http://dx.doi.org/10.2140/pjm.1956.6.9
http://dx.doi.org/10.2140/pjm.1956.6.9
http://dx.doi.org/10.2140/pjm.1956.6.25
http://dx.doi.org/10.2140/pjm.1956.6.35
http://dx.doi.org/10.2140/pjm.1956.6.35
http://dx.doi.org/10.2140/pjm.1956.6.43
http://dx.doi.org/10.2140/pjm.1956.6.47
http://dx.doi.org/10.2140/pjm.1956.6.57
http://dx.doi.org/10.2140/pjm.1956.6.57
http://dx.doi.org/10.2140/pjm.1956.6.65
http://dx.doi.org/10.2140/pjm.1956.6.83
http://dx.doi.org/10.2140/pjm.1956.6.97
http://dx.doi.org/10.2140/pjm.1956.6.97
http://dx.doi.org/10.2140/pjm.1956.6.99
http://dx.doi.org/10.2140/pjm.1956.6.111
http://dx.doi.org/10.2140/pjm.1956.6.121
http://dx.doi.org/10.2140/pjm.1956.6.121
http://dx.doi.org/10.2140/pjm.1956.6.135
http://dx.doi.org/10.2140/pjm.1956.6.135
http://dx.doi.org/10.2140/pjm.1956.6.135
http://dx.doi.org/10.2140/pjm.1956.6.145
http://dx.doi.org/10.2140/pjm.1956.6.149
http://dx.doi.org/10.2140/pjm.1956.6.159
http://dx.doi.org/10.2140/pjm.1956.6.159
http://dx.doi.org/10.2140/pjm.1956.6.177
http://dx.doi.org/10.2140/pjm.1956.6.177
http://dx.doi.org/10.2140/pjm.1956.6.193
http://dx.doi.org/10.2140/pjm.1956.6.193

	
	
	

