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The problem of slow shearing motion of liquid past a semi-infinite
plane, which was first attempted by Dean [1], is treated in a rather
more straightforward manner, and a different type of solution is found.
The stream-function is biharmonic and vanishes, together with its normal
derivative, at all points of the fluid boundary ‘and must be such as to
yield uniform shearing at a great distance from the boundary. It has
not been found possible to satisfy all boundary conditions exactly, but a
solution, involving an infinite number of arbitrary constants, is obtained
which satisfies most of the necessary conditions. These arbitrary con-
stants, here restricted to eight as a first approximation, are chosen to
give the best possible result. Expressions for the stream-function and
fluid pressure are obtained for specific regions, verifying known results
including those for shear flow, for flow between parallel planes and for

flow at a sharp corner. Finally, a plane elastic state analogy is pointed
out.

z-planc

7./

0

Fig. 1.

We shall here consider the slow two-dimensional flow of a viscous
incompressible fluid bounded by the infinite plane AB, and the semi-
infinite plane CD, as shown in Fig. 1. The motion at great distances
from the planes is that of uniform shearing, and between the planes
is that due to a uniform pressure gradient. W. R. Dean [1] has con-
sidered a similar type of boundary, but with the flow between the
planes at great distance from the origin being due to a constant pressure,

so that the type of motion produced here is fundamentally different, as
is the method used to solve the problem.

We have to find a stream function satisfying the biharmonic equation
Received May 23, 1955.
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328 G. POWER AND D. L. SCOTT-HUTTON

and giving zero velocities on the boundaries. We may take AB, CD
to be respectively the stream lines ¢=0, ¢=1, and we must also have

72"1’—20 on AB, CD where Aa denotes the normal derivative.
n on

That is to say, we seek solutions of

(1) vig=>0

where

(2) ¢=0 when y=0,

2.1) °Y_0  when =0,
oY

(3) =1 when y=1,

(3.1) 0 when y=1,
oy

The transformation

(4) me=w-—log w+ir—1,
where
Z=x-+1, w=u+w=re"
gives
my=v—0+m, rx=u—logr—1,

and so transforms the area in the upper half of the z-plane in Fig. 1
into the upper half of the w-plane as shown in Fig. 2, the boundaries
becoming the real axis of the w-plane.

2-plane r
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Now we have

9 _du 9 . ov 9

oy oy dw dy w

where
Therefore when

and so

L Ll

A satisfactory solution is
(5) =y'+y(V-0)+U,

provided that U and V are harmonic funections, chosen so that y(V—-U)+U
does not tend to infinity as y tends to infinity.
We easily see that on AB

(6) y=0, O=m, ¢=0, so that [Uly..=0,
and on B'CD ’
(6.1) y=1, 0=0, ¢=1, so that [V],.e=0.

Also we have

o¢ oV aU\, aU
=2y + (— — >+W——+V—U,
oy yry oy oy oy
so that when y=0, ==,

3¢  mu ol
6.2 = + V=E ,
6-2) y u—1 ow say
and when y=1, =0,

(6.3) % 0y ™ WV _y_F  say.
oy u—1 ov

The boundary conditions require that equations (6) and (6.1) are satisfied,
together with E=F=0.

It has not been found possible to find functions such that all the
boundary conditions are satisfied exactly. However, expressions are
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determined for U and V which will satisfy (6) and (6.1) exactly, and
the arbitrary constants contained in them will be chosen so that F and
I" are as small as possible at all points of the boundary. Physically
this means that in the fluid motion represented by the solution there
will be a small velocity of slip along the boundaries, which can be
made as small as desired.

Let
U=U1+U:; V=V, +V.,
where
gLz : I .
(7) Ul—*—Af'[log 2?6‘,,,,_]’ B [IOC, LTy
7/+w1/' ’b‘{"a)l/
+CF [log - J+ Dllog w—ix]
1+ w7
(7.1) U= /z%[ ] ,
1L — gt
2w ] iz
(7.2) og " og " L
+GS [log/ _‘-{—HJ logw ,
7 s el 1 wl/z n
(7.3) 2 [1+wf1":l

A4, B, C, D, H, G, a,, b, are real constants to be determined.

It is assumed that the amplitude of w'* is between 0 and =/2 and
those of logw'?, logw, log (1+w'?), log (i+w'*) between 0 and =. These
expressions satisfy (6) and (6.1) exactly at any point of the boundary,

291 > 1 4 gt
i+w) 1—qw’
2wt 1=
14w 1ot

for on AB, w'*=4r'? so that the functions 10g<

real, and on B'CD w'*=", giving real values to log

Now we have

12 .
—»@—r[log 7.2w = Lo
dw t+w] 2w +w')
and
d [14—@'@01“ _ i
dwl1—aw'?] ’w”‘-’(l..iwuz)z ’

Using these results and the fact that
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U . d
=% w
9 dwf( )
where
U=_ f(w),
we obtain
¢ 1z 2
(8) _aUI — __”3 AK// ) : 1 . [10 —_'%Z() 1)}
o 2 w(i+w'"™) v 4w
1 2w
~B.s o [ﬁ ]
w(i+w'?) o 14+ w'?
_C, b apst,
2 w(t+w'?) w
oU, , < na [14—@'10'/2'"“
8.1 P g n
( ) oV n§=:1‘ 'wllz(l_iwl/‘l)‘l 1_?:w1/2J

In a similar manner, we get

oV, 3 . 7 2uw'* TP
8.2 13 45 , [10 ]
®-2) v 277 wl+wn)l % 1

- y 1/2
S v - log ,,,2_?&? _
w(l+w') 7 1+w'?

- 7 - _ ,
2 w(1+w') w
i —_— PN T e
(8.3) Ve 5 -mb"[l‘ . ] :
o "=1w1/1(1+w1/1): 1+w1/_

We note that on 4B

W=U=~—17, wl/‘.:___?:rll.' ,
and
U 3U= =r U
w—12ov r+1ow

Hence we obtain

— T 12 2
(9) m‘[?*U] _ 3Ar [bg 27‘11
r+1l 20 Jo=x 21 +7P)(147) 1 4l
- Br I:log. 2 ]_ Cr
(I+7")(147) 1+ ] 21 +r)(1+7)

_ D= - < na, > [}7__ q.z(z],t-l
(1+7') n-l(l_{_‘)-)(l_*_/rl/'.l)z 1+/r1’z .

o2



332 G. POWER AND D. L. SCOTT-HUTTON

Now put

7.1/221—“17
1+p’

then as 7 varies between 0, 1 and + oo, p takes values between 1, 0
and —1. Also we see that

14pie= 2 , 1+7~=2(1+p:f) )
(1+p) (1+py
\ 41+ 27112
1+ (1 4= , =(1-p),
(A+7") (1 +7) (14 p)’ 1+o~”2( )
i _(1=-n1+p)y i _ 1=p)1+p)y

A +r)(L+7) 41+pY) A+7r)(A 47y 3(1+p%)
leading to

9.1) Za [.BU] 3 4,07
' r+ 1L ov b= 8

p) T
1 +pz)[log(1 )]

_ BT A+D 100 1—p)—c T A+D)
1+ P i

_pEAEDY S e (1—p)(1jrp)"f_
2 (1+p‘) =18 (1+p‘)

For V, we have

2’1:7‘”2 3 2?:,),.112 2
9.2 Vilor=A_r [] ____J B [1 ar :]
(9.2) [Vils g |t 08

S al]2
+Gr [log - 2»7571— 77:\ + Hr,
142t

where

2t 7 .7 : N
log =log 244 + log (1—p)—log [((1+p)+¢(1—p)] .
1+4r 2

1/2
It is easy to see that

log [1+p+i(1—p)]= _ log [2(1+")]+i tan- 1~
2 1+p

=_f.12_ log 2+% log (1+p“)+’£(%— tan“p) :

and so

241>

lo
T

= ; log 2+ log (1—p) ——éz log (1 +p2)+i<»z+ tanﬁo)

=a+1if , say .
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(5]
[#5]
[#%}

We can thus write
(9.3) [V ]per=ABa*p— ) +2Baf+GA+ Hr

In the same way we get

(9.4) [Vz]eq:fi bn[l_irllz]w

it L1

_ss bn[ 1+p—i(l—p) ]
it L1+ p+i(1—p)

g | 2p—1(1—p%) T
S it
7z§=:1 1+9p*

Subsituting these values in the expression for F, the velocity of slip
along AB is

)  E==34:0 D og 1—pyp-57 ¢ 10g 1)
+p :

8 4 1+p
_om (Y pa @ap) S e (1)L DY
8 1+ 2 1+9p nn; 8 P 1+

+AB@R—F)+2Bap+ G+ Hr+. s 5 b 2P _1%-1}0_5 2T,
We shall chose the constants involved so that E=0 when p=+1, and
then expand E in powers of p. Equating to zero the confficients of 2°,
p', p?, ete. we will thus obtain a set of simultaneous equations for the
determination of the arbitrary constants. By this procedure E can be
made as small as we please in the range —1<p<1. When p=-1,
we see that

p=0,
and

E=Hr ,
so therefore
(11) H=0.

As p tends to 1, we see that 8 tends to —Z—», and « can be taken to be

log,(1—p)={, say,

so that E approximates to

347 P—Brl-C™ —D +A<3f’lzz—ﬁf)+ I+GT .
g TUMTH g TN SR VARG
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Therefore we must have

(12) AT +DetCT —G ™ —0
8 2 g

Before continuing with the calculation by expanding in terms of p, it
has been found convenient at this stage to obtain a similar type of
expression for F. Along the boundary B'CD we have w=wu=7r, so that

2 =12
Now set
pRYC- 1-s
]
1+s

so that as »'* varies between 0, 1, and + o, s takes values between
1, 0, and —1. Using the relations

4s , 8s
1= e 1)1 4 117 = —
r—1 Aty (=11 4217 Arsy’
P _ (1—s)(1+s) i (A=) +s)
(r—1)(1+* ) 8s (P —1) 16s
we get
(13) (u”_“ﬂ[av}_ — =247 (L 5)flog (1L—9)F

(1+s) log (1—s)— (1+q)4

_ZI”(HS)‘-’ + f; (1= 455"
S

Again, we have

log 3_7””-——100*2+10g(1—9)—log[(1—5)+9,(1+9)]
i+
1 2 (T -1
=log2+1og(1—s)—~—-2- log(1+s)—o,<4 +tan s) ,
=O"—7;‘3 .
so that

(13.1)  [Ul-y=A(F—3@f)—2Bai—Ch—rD+.7 3 a Biizg:g]

Finally we obtain
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13.2) =20 Lllog (L= P71+ s) log (1—s)
165 8s

Grn s Hm v, < AT BT
- 1+8)'— 148+ > - b,(1—s)(1+s)s">
O =T e 3 T (L) (L

+A(3agﬂ~—ﬂs)+ZBaﬂJrCﬂJrnD—-,,i"ian[z‘ngjS') T

We must have F'=0 when s=+1, and also /' must be finite when
s=0. When s=-—1,

I'=2+=D,
and since this must vanish,
(14) D= -2/n .

As s tends to 1, A tends to =/2, and « may be taken to be log,(1—s)=I
as before, so that F' approximates to

2-3nAﬁ—Bﬂ—”G~b&+Ab”ﬁ—"1+Bﬂ+0”+nn.
2 2 1°2" 7 g 2

Using equations (11) and (14), we see that

(15) GT —CT 4+ AT =0,
2 "27 g

Also we notice that F contains the term 71’2 (,—G), and since F' is
S

to be finite when s=0, we must have

(16) b=G.

Adding equations (12) and (15) we get

17 ‘4T+Dn:0,
giving
17) a=2

We also have from (15)
(18) C=b+2 .

Using these results, the velocities of slip on AB and B'CD become
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19  E=-30FDnoeq pp o pT APl 001 p)

7 (1+p?) 4(1+p)
1 A+pyB=p)  p[5_7 (1+9) 3
T4 ) +bl[’9 8 (1+p )]Jr = (Ba?f—F)+2Baf

75 2p—i(1~p”)] S P (1+p)
s bn T, n 1 ’
IR [ Em e

@) F—— 2 UEPnega_gp-pT 1+ 14015
2r s 8 s

b a= Tty +2 4 8 sap- )+ 2Bag
16 T

nw - 25—!—7(1—9)]
+ ba(1—s8)(1+ [
L

As a first approximation, we will restrict the infinite series to four
terms each. We will expand these results for £ and F' in powers of
p and s, equate to zero the coefficients of »°, p!, 9% and s, s!, s*, and
ignoring the remaining terms of O(p®), O(s*), we will get a set of
simultaneous equations for which a,, a,, a;, b, b, b,, are determined in
terms of a,, b, and B. The conditions at infinity will give the values
of a, b, in terms of B. If greater accuracy is required more terms
may be included in the series and higher powers of » and s neglected.
Expanding £ in powers of p as far as p*, we have

E=—=(p)+ BZ (p + ; p2> + 311— (3+5p—2p’)

T T 5 85 l;z]}'_ 2 T
+b1[4+p 8(1+3p+2p)]+ gtls +p<t 2t>

+ 2(”—”t—2t>] T3y 37 el 23[ <f— >
P\a™2 64 16p AN Ty
—p(T+1) [ra T 2p-p) b, T 0+ 2)+3 T ap

—by(1—2p*)—b,Ap +by(1— 180" + b,8p ,

where
1
=__log,2
9 2

Equating to zero the coefficients of 7°, »', »*, we have the equations
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bia T 5 t? T
1) b1<§—-1)+—8~a1+b3=- o-6L-t2B,

=—0.69802—0.54441B ,

2
(22) b,(l—S—"—)+Z— a+ 7 a,—4h— —-2517——737<8—t. —4-5—; )

T Fro T
+B<—Zf——2t>—8b4 ,

= —0.44416 4+ 0.09224B—-8b, ,

(23) b1(2——~—z)——1863——~g~a1+—g—az+3 = 3.+.; _§,<,,27~4 L 16

T

i T\ T

+ 8 +B<2+—ﬂf——j—n‘>,
i 2 8

=1.76168+0.821938 .
Similarly expanding I in powers of s, as far as s*, we get

3 cli T 29\ 1 2
Fe — 5 (s+4g* BA<1 ) 1,2
g STANFB Lt st )b o+

+bl[z +s—1’%(1+3s+332)]+b2.,’8?(1+2s)+b%(s+2sﬁ)

. . 8 , 7T T ST om
b~ "+m{3[t‘ L+ (tg—_t>+.3< ——ft—Zt)}
oS T T T
Vel i T ) [ T ( T z(n‘ >i}
T 37 3T eliop tT pslt— " )—s( T +1
64 “16° °4°) 4" 4> "\ 4
—a,(1—2¢")—4a,s—a,(—1+18s*)+8as .
Equating to zero the coefficient of ¢, s', s*, we get
1 t* 1 7 s
24 87 b+ " b—tytay—— 1 —6 7 4 -B( +t )
(24) 16 g T ATET T om0 LT T g Ty
=—0.44802—0.937118 .
; 7 3/1 t* t
25 b1<1—3 T>+”b, 87 b, — da,— ( 8 ,+4,,>
(25) 1 g B3 b e 8

6 m \2m * 7

a5,
2 16

=0.32121—-0.49681B—8aq, .

w2

)
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(26) =37 0+3 7 bi+20,— 180, f(f +al

T

+16 f)
-

/L

+B<2— 5 7r>—- T b,
48 4

=1.56564+1.672758 — g—b‘ )

Solving the equations (21)-(26) we obtain

(27.1) a,=2.41918 4+ 3.29530B + 0.88575a,+ 2.18575b, ,
(27.2) a,=0.32523 + 0.60601B + 2.24986a,+ 0.67766b, ,
(27.3) a,=0.09389 + 0.17611B8+ 0.08255a, + 0.24184b, ,
(27.4) b,=2.83764 +3.30740B + 0.98227¢,+ 1.64053b, ,
(27.5) b,=0.52365+0.59576 B + 0.57194a, + 2.489220, ,
(27.6) b;=0.07535+0.17003B + 0.24870a, + 0.13799b, .

The coefficients a, and b, will be found in terms of B by considering
the conditions for ¢ when |w| is large. B will be chosen so that E and
F are small at all points of the boundary.

When w is large, we have the following expansions:—

2w ap 1 32
log 1+w(/é=10g 2—[@0 R 5 ¥ '+ O(w=? )1 ’
]2
log _2-@piﬁslog2—[iw‘”z+ Loy O(w“”’z)] ,
T+ w'* 2
B 2201“ ? D) 1/2 -1 319
log 1+ u}ﬁ:l =(log 2)*—2log 2w=""*+ (1 +log 2)w="'+ O(w~*?) ,
Nog 20" T o -2 -1 =32
og T =(log 2)*—2i log 2w-"*— (1 +log 2)w~"+ O(w=*"?) ,
L
~ 2
log 2w' _{rz(log 2)*—3(log 2)*w="* + [ 3 (log 2)*+ 3 log Z]w‘1
L 14w 2
+O(w=*") ,
- P
log @’LT: (log 2)*— 3i(log 2)w""* —[ 3 (log 2)' +3 log z]w*l
L7 i 2
+O(w=*") .

On setting L=log 2, and neglecting terms O(w-*"?), we get
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V= U=, f{ B 13(i — 1) Lo~ 4 3(L2 + 2L)w "]
8

+ B[2(5—1)Lav="* 4+ 2(1 4 L)w 1+ b, (¢ — Dw =+ w~"]

+727|:?:w_1/z+}_w-1:l} +_,2_(ﬂ—-7r) ,
2 T

T

LZ

7'["S

= fu(i- 1)[24 +2LB+ bl] 12y
T

T

HU_I[ZZ%(UJFzL)+2(1+L)B+b1+—1 ]}Jr 2(0—m) .
Fra T

Again we have

1— u)ll:’.:]n ﬂl-l — ,LU—l/z—l/z
ol =(—=1 Y,
[1+w”2 (=1) _1+w‘”2_j

=(—1)"[1~2nw 2+ 2n*w= + O(w™*)] ,

and

N 127n
[ 1”“’1/] = (= 1)1 — 20w~ — 2n2w" + O(w=*"2)] ,
— W

so that
V,—U,=_7{(2b,—4b, + 6b,— 8b,)w~"* — (2a, — 4a, + 60, — Sa, )i~
+ w~'(2b, — 8b, + 18b, — 32b, + 20, — 8a, + 18a; — 32a,)} ,
neglecting O(w™*?). Also when y is large
Uos—2(0-n).
s

Now we know that ¢ must tend to »* when y is large. This means
that the coefficients of wyw~'* and dyw-'"* in YW V,—U,+V,—U, must
vanish. We therefore have

(28) 24L L orB+b,+ 2 —(2a,—4a,+6a,—8a) =0,
T T

and

(29) 24T L 2LB+b, — (2b,— 4b,+ 6b,—8b) =0 .
w

Using equations (27) these last two equations become
(28.1) 0.2546140.52952B—15.71491a,+1.471375,=0 ,
(29.1) 0.82323+0.55824B+0.18671a,—15.488415,=0 ,
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which give

(30) a,=0.02120+0.037128B,
and

(30.1) b,=0.05341+0.03641B .

Also y_Zw=' is proportional to sin*0 when y is large, so that we see
that the stream function tends to

¢:y2+y(2ga—2>+(00nstant) sin?0+4-2—2 ¢ ,
T T
- v .y 0

=yl 2> —y )+ (Constant) sin*9+2—-2 " .
T T

Now when y is large ﬁj»—»y, so that the most important term in the
T

stream funetion is 7*, the other terms being always finite, thus giving
uniform shearing motion above the points A and D.

With the values of @, and b, given by (30) (30.1), the other coef-
ficients are

(31.1) 4,=2.55469+3.40794 B ,
(31.2) 0,—0.40912+0.71426 B,
(31.3) ,=0.10855+0.18799 B ,
(31.4) h,=2.94607 +3.40372 B ,
(31.5) b,—=0.66870+0.70782 B ,
(31.6) b,=0.08799+0.18430 B .

With these values of a,, b, n=1, 2, 3, 4 the velocities of slip at
different points on the boundary are caleculated in terms of B. Table
1 gives the values of £ and F' at the points

P, S : +0.1, +0.3, +0.7, +0.8, +0.9.

Using the method of least squares, the mean value of B is —0.52,
and the velocities of slip are shown in Table 2.

The values of E and F' are small, and can be made still smaller if
more than four terms are included in the series for U, and V..

It will be noticed that F' is exactly zero at the sharp edge C where
s=0. The values of the coefficients are given in Table 3,
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.32042 B
56262 B
53530 B
.03768 B
.00196 B
.00214 B
00930 B
.00444 B
.00286 B
.00014 B

0.9 13946+
C0.8 | 22416,
0.7 | .18632+.
L 0.3 1 00738+
0.1 0 .00078-
~0.1 00313 +
~0.3 00128+ .
| =07 | .00303+
~0.8 | 00711+
~0.9 } 00487 +
Table 2.
P ! E
0.9 | —0.0272
0.8 ~0.0684 |
0.7 ~0.0920 |
0.3 ~0.0122
0.1 ~0.0002 |
~0.1 0.0020
-0.3 0.0036 |
~0.7 0.0007 |
~0.8 0.0056
~0.9 0.0048 1

341

Z}n,

1. 14148
0.30063
—0.00788
0.03462

Table 1.

‘ s ‘ r
09 | 0.22003-+0.32776 B
08 0.32998+-0.50692 B
0.7 ] 0.33664--0.55284 B
03 | 0.05672+-0.08351 B
L0l ‘ 0.00148+0.00192 B
L —0.1  —0.00065—0.00122 B
- -0.3 ~0.00503 ~0.00958 B
. =07 —0.00063—0.00100 B
0.8 | -0.00088-0.00152 B
L -0.9 | —0.00013~ ~0.00105 B
—

—0.0504 Table 3.
0.0664 S —
0.0492 L ch" ﬂ\,
0.0133 1 07827 1
0.0002 2 0.03771 |
~0.0001 31 o.01080 |
~0.0001 P4 | 0.00190 j
—0.0001 e —
~0.0001

0.0004

The motion between the barriers at a great distance from 0 is con-
sidered next, that is to say the motion in the region w=0.
When |w| is small, we have the following expansions

2u'?

Io
g1+ww

2w

log it

= ; log w+log 2—

= % log w+1log 2+ O(w'?) ,

1 . I
74+ Oy .
5 (')

Alsé when |w| is small, the transformation (4) may be taken as

az=—logw+ir—1,

which gives

1/2
log 2w

14w

1
2

(im—1—z2)+ O(w"?),

=log2——% (1+72) + 732”(1—y)+0(w1/2) ,
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1/2 .
log 2" —log2+ ; (L) = g+ O(™).

T+ w

We thus have approximately

+Bn(1——y)(log 2— ; - ”2““’»)+ ”2(;(1—?/) ,
a3 oz = 7o} i)
- —Czn y—Dny,

and

1 = Crn Crn Gr
+B [1 o 1_ .]+ ( +Dr— )+ ,
TLO8ET T o [T g THTT 9 )T

since all other terms tend to zero as w-—0 because Lt w'*logw=0.
w0
The stream function thus becomes

¢'=y“’+A’g [—y+ 3y”—2y3]+y“[ CV;E'+Drr~— C;”}ry[G” —C-g —Dﬁjl )

2
Now
A =1 and Cr +Dr— Gn =1,
8 2 2
and so we have
(32) ¢=3y'—2y°, Y 6yl -,

oy

This is the stream function for the flow in an infinite channel under a
uniform pressure gradient with

¢=0 when y=0,
¢=1 when y=1,

- 89" -

oy
We will now consider the motion near the sharp edge C. In this region
z is nearly ¢ and w is nearly 1, so that if we put

and vanishing when y=0, y=1.
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(%]
g
(%4

2=i+z, y=1+y, wr=1+¢,

then 2', ¥ and ¢ are small.

The stream function must be found to order ¢*. To this order the
transformation gives

(33) a(Z +i)=1A+¢)y—-2log (1 +&)+in—1,
, . 2.
=9¢t— “ s
n2 =2{ 3C )

and so y" is of the order .
Now
d=A+yy+1A+y)(V-U)+U,
=1+yyY+y(V-0U)+V,
so that we have to find V to order ¢* and V—U to order ¢.

We now use the expansions

log w=Ilog (1+¢)*

_—_2((:_%2,4_%{.{_ ) ,

2wt _ ¢
10g1+w1/2—10g(1+(;) log(1+2)
=4CA_§_2 7 S eene
2 SC+24C ’
2w 1 T - _ 1—4
log M = log2—i” +log (1+) 1og(14 " c)
1

~§10g2—7}%+%(1+@')+----

To order ¢ on putting t=%10g82, we obtain

et A3l o]

_B[(t—i Z)E(t-i%)(lm)c]
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and to order &*

R L O PO TUT . P )

T

Again we have

RS ECCHY

so that

=J’{ —b, ( ¢ .¢.c > +0b, (i - 4:) —b, %3 } , approximately.

Also we note that

i 1+q§w”2}“ _ [ 1+i+id ]“

1 —dw'? 1—9—2¢
=1"[14+niC +0(&)] ,

and so

4 1+ e
U=~ Ean[ 't?%;,:]
=1 1 —gw*

=7 {ad(14+13C) — a(1 + 2i¢) — ayi(1 + 3e¢) +a(1 +44¢)}, approximately.

Therefore to order &, we have

, , - 8 1\ 3 .7\ .
=142y + J&{~ ,[(ze- >+ (t-, ) 1+ ’:]
¢ ) +y o i U (1+2)

—B[(t—z’ ;)+ (t—d—i—)(l%—i)(}!—b@( : —g)+f_ (3-@')—523."7;—1;1 g

— (L 4+30) + (1 + 28+ (L +3i8) — (1 + 4z'c)}

T

(=550 en(§-)ng)
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Now from equation (33),

3
so=larsS

so that subsituting for .7 ¢ in the last equation, we get

. 3 t’ T 1 37 7
=1+ <— - 6- ,+Bm<t ) b+ b, —a, +a
¢ Y =g tO +BL (I JH bt gbhma as)

./ 15 12<2 71') ( n) b, jl o
+ — P+t )—=Blt+ | )=t o —3as |
Y (4ﬁ iy 5 2 )" T3 | AL
. 12/, = 1 T b Py
+y [— o (tz—é t)— i —B(t— 4)+2a2—4a1— 2]]/ e

LT mrbob b e,
T~ 24 8 6 8

It is easily seen from equation (24) that the coefficient of % in the
above equation for ¢ is zero. A little calculation shows that the coef-
ficients of .7 ¢, y_~»1ig, #& respectively, are given by

1=0.68720 , C,=—0.66384, C,=0.28182.

So ¢ is now of the form
=14y S (Ci+iC) +Cs. 7.

Now set
2=1i+2 =i+7r'(cos ¢ +isin ),

so that 7, 6 are then polar coordinates with C asg pole, where we

assume 06 <2z, From equation (33) we have as a first approxi-

mation

’ l~ ’ 4
Cz[”;]“(cos Z +1 sin 02> ,

and so in lerms of these polar coordinates
N7 s CN\ . 30 C,. 8 . {?
:1+< "T,) 3”[(2”_0 *> T +2C; sin* . cos ]
¢ 9 () 23—1—2 sm2 2sm2 1 81 9 5
This must be a biharmonic function which is equal to 1 on the bound-
aries =0, 27z and whose normal derivative vanishes on these bound-

aries. In order to satisfy these conditions, we must have

3;,cg+2(12=0 .
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Subsituting the values previously obtained for C,, C;, we find that the
error is only 0.0003.

We also find that ¢=1 when 0'=144° 18 and this gives the angle
at which the stream line ¢=1 leaves the barrier.

The pressure p is given by the equations of motion

op 0 _,
= — - ’
et /ayvsb
op 0 .o,
=g -,
oy /axvy

where ;¢ is the coefficient of viscosity of the fluid. That is to say, p is
the function conjugate to pvy*¢.
Remembering that U and V are harmonic, we have

) oV U
y—2+2(2 -,
vy oY 8_7/)

so that

P9 T (v-uy,
oY oxdy

and

P _ 0y (VoU)=212 (V-U).
o oy’ ox*

Therefore, apart from a constant,
e}

p=2p = (V-=U).
ox

If V-U=_7f(w), then we have

) d
—our ™ ,
R C)

and using the expressions for V and U, we obtain

p _ 1 { [ Q12 ] T 2wl ] )
= - 34| log --- | +2B| lo . +G
2pum (1 + ") (w—1) & |98 iz ]
y 12 2 B 12
-7 . ! 3A[log 2w :\+ZB log - 2% ‘,r]+c}
2(i+w')(w—1) | i+w' L% i
D R nb,w'* [1—7,0"2 Tt
- F -7 nt0
w—1 %‘1 (L+w'P(w—1) L1+w"
-7 3 ina,w'"? [ 14w :]““‘
T (L= (w—1) L 1—qw'
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We will now calculate the pressure along the curve u=0, which inside
the channel approximates to the central line.
) 1/2
Now when w=re™* then w”2=i; 2 (14+7)=p(1+17) say, and w=2ip".

The expression for the pressure p can be simplified as follows.
Let

log 13“;:/2 =244y, say,
then

2+ir=log 2+log p+log (1 +¢)—log (14 p+ip)
so that

AZ; log - 1+§5’f¥§p4 r=tan™ 1+20

Similarly we have

Again we see that

1 1+p—1ip

L+w) 1+ 2p+2/»

% _ 14p+ap

i+ W 1+2,o+20‘ ’

1/2 1 12 Tm-1 4—2
e R B b e Sl
(1+w) 14+w (1+4p) L 1+2p2+2p

=e,+10, say,

and

' Fldae s
(1— iy L1~ o

Therefore terms of the type

1 2w T 2w'?
e 81 8

are the difference of two conjugate quantities, and putting in the
values of 4, C, D, and G, the expression for p is
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4 2w ', 2B 2
34) P ={/[ 2 (1 >+ 2B pg 20
64 ALy \NE Q)] T (L) OF 1

b, ] i 1 [z i ]
+ 2. L} T —
14w } . { w—1) + (w=1) Lz a@E+w)
+ { 1 [ S ey (b, — @) +1 S, na,,(bﬂ+an):l}
w—1 n=1 n=1

An arbitrary constant could be added to this expression, but as the
formula stands p is zero when |w| is large, and so it denotes the
excess of pressure at any point above that at a distant point outside
the channel.

It can now be verified that at a distance from 0 outside the barriers,
the pressure is approximately a linear function of .

We have the exact relation between z and p

ar=24p"—log 2¢p*+ir—1,
giving
zx=—log 2—2log p—1.
When |w| is small the pressure is given approximately by

po__ 24, ‘"‘[310 2410 }—B”
our | x¢ glg OBETIBM|TE

and substituting for log p in terms of & we get
12 ,
p=12px + M(1—2log 2)— Br*n,
w

that is to say
p=12p2+3.66/ .

It has been shown that in this region ¢=38y*—2y*, and it can be
seen that 12 is indeed the pressure gradient required to maintain the
motion given by this stream function in an infinite channel. This factl
provides a check on the calculated value for p for large x.

Figure 3 shows the graph of p/¢ potted against @, as calculated
from formula (34), with n=4.

It has been assumed in our work that the distance between the
barriers is unity, and that ¢ is the stream function of the undisturbed
motion, giving 2 as the undisturbed velocity at a unit distance from
the infinite boundary. If the distance between the barriers is a, and ¢
is the undisturbed velocity at a distance ¢ from the infinite boundary,
then we have to apply a factor ¢/2a to our results.
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P 1224 3.66
P

Fig. 3.

Since the equations of slow steady flow of a viscous incompressible
fluid are the same as those of an equilibrium state of an incompressible
elastic solid, the previous results can be immediately used for the solu-
tion to a certain two-dimensional elastic problem, if one simply replaces
velocity and coefficient of viscosity by displacement and shear modulus.
In the fluid problem there is ideally no velocity along the boundaries,
so that in the corresponding elastic problem the boundaries could be
free from tractions. A method of obtaining solutions to a large number
of two-dimensional viscous flow problems from known elastic fields has
been discussed by Goodier [2], who pointed out that an elastic stress-
function, being biharmonic, could be regarded as the stream-function of
a viscous flow, and that the boundary conditions on the elastic stresses
could be related to those on the fluid velocity.
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