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PERTURBATION OF THE CONTINUOUS SPECTRUM

AND UNITARY EQUIVALENCE

MARVIN ROSENBLUM

l Introduction. Suppose that A and B are self-ad joint operators
in a Hubert space H such that B—A=P is a completely continuous
operator. We shall concern ourselves with the problem of finding con-
ditions sufficient to guarantee that B is unitarily equivalent to A.
Clearly a necessary condition is that the spectrum of A (considered as a
point set on the real line) is equal to the spectrum of B. However
this condition is not sufficient; von Neumann [8] has proved the follow-
ing result

1.1. Let A and C be bounded self-adjoint operators in a separable
Hiϊbert space, such that the spectra of A and C have the same limit
points. Then there exists an operator B that is unitarily equivalent to
C and such that B — A is completely continuous.

Thus we see that perturbation by a completely continuous operator
can radically alter the multiplicity of the spectrum. Even if A and B
have pure continuous spectra on the same interval, it does not follow
that B is unitarily equivalent to A.

Our present investigation continues along lines begun by Friedrichs
in [1] and [2]. He considered bounded operators A that have continu-
ous spectrum of finite multiplicity, and worked in the representation
space where A corresponds to a multiplication operator. One of Fried-
richs ' results is the following.

1.2. Let H=U( — l, 1) and let A be the operator that sends any
function f(x) of H into xf{x).. Let P be the integral operator with the
hermitian kernel p(x, y)=p{y, x), where p satisfies certain Lipschitz
conditions. Then if ε is a sufficiently small real number, there exist
unitary operators Uζ and Vs such that

( i ) e-KA+*pv>eiAi converges strongly to U2 as t -> oo;

( i i ) e-KΛ+spϊteiAi. conveTges strongly to Vζ a s t-> — oo;
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and

(iii) U*(A + dP)Uz=A and V

The operator S=US*VS is the scattering operator, which is of in-
tersect in quantum mechanics; see H. E. Moses [5] and Kay and Moses
[4].

We shall make the following assumptions.

Assumption 1.3. ^-=1 zdxEx and B=\ -xdxFx are (possibly un-

bounded) self-ad joint operators and B — A=P is a completely continuous

operator such that the trace of \P\ is finite1.

Assumption 1.4. The spectral measure of A is weakly absolutely
continuous, that is, {Exf, g) is an absolutely continuous function of x
for all /, g in H.

We want to find conditions on B that will guarantee that B is
unitarily equivalent to A, that is, that there exist a unitary operator
U such that BU=UA, or equivalents, that (FxUf, g)=(Exf, U*g) for
all /, g in H. Thus a necessary condition is given in

Assumption 1.5. The spectral measure of B is weakly absolutely
continuous.

We shall show in this paper that this condition is also sufficient.
In fact, we shall prove the following.

THEOREM 1.6. Suppose that 1.3, 1.4, and 1.5 hold. Then as ί->oo,
or t-> — oo, e-iBt

e

iAt converges strongly to unitary operators U and V re-
spectively, such that U*BU=A and V*BV=A.

By von Neumann's theorem (see 1.1) Theorem 1.6 is no longer true
if P is allowed to be an arbitrary completely continuous operator. It
should be noticed that we have imposed no smallness condition on the
norm of P, and that A may have continuous spectrum of any
multiplicity.

1. Sketch of the proof. Actually, to prove Theorem 1.6, we have
only to prove the following (seemingly) weaker result.

2.1. Assume 1.3-1.5 hold. Then αs£->cχD, e-«"βw« converges weak-

1 For any self-adjoint ^4=\ λdEκ we define \A\ = \ \λ\dE\
J -co J-oo
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ly to an operator U such that BU=UA and || Uf 1HI/II for all f in H.

Proof. We shall deduce Theorem 1.6 from 2.1. We assume that
the hypotheses and conclusions of 2.1 are valid. Recall that if a sequence
{gn} of elements of H converges weakly to a limit element g, and if
II 9n II -* II9h then gn converges strongly to g.

Let feH. Uc=e~imelM is unitary, so

lim« UJ 1=1/11=1 Uf\\.
t-*oo

But, since Utf also converges weakly to Uf, it follows from the pre-
ceding paragraph that as t -> oo, Utf converges strongly to Uf. Also
/ | | = | | Uf\\ implies that

(f, f)=WΨ=Wffr=(Uf, Uf)=(U*Uf, f), so U*U=I.

Now, 2.1 holds for all choices of A and B that satisfy the Assump-
tions 1.3-1.5. Since B—A=P we see that A—B=— P. Thus we can
substitute A for B, B for A, and —P for P, and we can infer from
2.1 and the preceding paragraph that e~

iAteίm converges strongly to
some operator W, and W*W=I. Since (e~imeiAt)'¥ = e~iAteiBt we deduce
that W=U* and that UU* = U*U=I, so that U is unitary and U*BU
=A.

It is also true that — B — ( — A)=— P, and if we substitute —A for
4̂ and —B for Z? in 2.1 we can repeat the above arguments to prove

that as t -> oo, eime~iM converges strongly to a unitary operator V such
that V*BV=A.

In the remainder of this paper we prove 2.1. Prom now on we
assume that assumptions 1.3-1.5 hold. We know that P=B~-A has a
representation

where the φj are orthonormal and

Σ UJ\ < -
.7 = 1

We put Ut=e~ίmeiΛt. For any complex-valued Lebesgue-measurable
function K(x) that is almost everywhere finite we can define the normal
operator K(A) by specifying that

(K(A)f g)=\ K{x)d{Eφ g)dx
J aax

for suitable / in H. In particular, (e~iAtf, g) is the Fourier transform
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of d{Exfy g)jdx. The letters /, g shall denote arbitrary elements in H.
The following sketch of our method of attack may prove instructive.
We first derive the representation theorem

3.3. (ί) (UJ, g)={f g) + \-\{e~iBxPeiAxf g)dx .

We wish to take t -> oo and thus exhibit an operator U such that Ut

converges weakly to U. But the integrand in 3.3 (i) is not necessarily
integrable over (0, oo). However, we show in 4.4 (i) and 4.7 that there
exists a function w(x) that is finite a. e. and such that when / is in
the domain of w{A) and g is in the domain of w(B), then the integrand
in 3.3 (i) belongs to L(0, oo). Using this fact we prove in part 5 that
Ut converges to an operator U such that BU=UA.

Now we have to show that || Uf | |=|ί/l We proceed in an indirect
fashion. Rather than work with Ut we consider the operators Kn(B)Ut,
where the Kn{x) are a sequence of characteristic functions such that
Kn{x) -> 1 and such that the integrand in the representation

(Kn(B)UJ, g)=(Kn(B)f g)+ 1\\κn(B)e-^Pei^f g)dx
% Jo

belongs to £(0, oo) for a dense set of / and all g in H. We show
that, for each n, Kn(B)Ut converges strongly to Kn{B)U, and thus

lim li

By means of representation Theorem 3.5 we show that this iterated
limit is also equal to |j/|l, and thus || E£T|[=||/||, a n ( * 2.1 is proved.

3, Derivation of the representation, theorems.

LEMMA 3.1. If s is a complex nuπώer with nonzero real part, then

(i)

(ii)

Proof. Since B — A is bounded it follows that A and B have the
same domain Zλ Then, for any/e i ϊ , (s-hiB)-fe D, and

(ii) follows similarly.
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LEMMA 3.2. If s is a complex number with nonzero real part, and
if L is a bounded operator that commutes with (s+ iZ?)"1, then

(i)

Proof, By 3.1 (i),

By 3.1 (ii), this last expression equals

L{sΛ-iA)-ι-i{s^iAγιLP{sΛ-iAγι

It can be similarly shown that

Lemma 3.2 follows upon subtracting this last equation from the preced-
ing equation and using the commutativity property of L.

In the following representation theorems all operator integrals are
understood to be defined in the weak sense.

THEOREM 3.3. For any real number t,

(i) Ut = / + - * \e-
lBxPeiAx dx , and

i Jo

(ii) b ιm==e~ίΛt -f —I e ίBχpe

iA(.χ-t) dx .
i Jo

Proof Let s be a complex number with positive real part. Then
3.1 (i) holds and

for any self-adjoint operator A. Hence by the Laplace transform, con-
volution and uniqueness theorems as found in Hille [3], chapter 10, we
derive (ii).

(ί) follows from (ii) by operating on the right with eiAt.

THEOREM 3.4. If L is a bounded operator that commutes with every
bounded function of B, then

(i) e-iAt'LeίΛt= L + X [e-ίΛx(LP-PL)eiAx dx ,
i JJ
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Proof. We start with 3.2, parallel the proof of Theorem 3.3, and
derive the formula

i Jo

3.4 follows by operating on the right with elAt.
We shall use 3.4 (i) in the following form.

COROLLARY 3.5. If K is a projection operator that commutes with
every bounded function of B, then

(i) 1 KUJf-lff=(ίK- l]f, /)+ A \\e-"'(K-I)Pe"*f, f)dx
% JO

-~λ.[\e-ίΛ*P(K-I)eiΛxf f)dx
i Jo

Proof. We set L=K—I in 3.4 (i) and take inner products. Then
the right hand side of 3.4 (i) is equal to the right hand side of 3.5 (i).
But,

so the left sides are equal which proves 3.5.

4, Definition of the KJx).

THEOREM 4.1.

(i ) o^diEφϋ^ oo f^ almost all x
dx

(iiί) \" d{E*f> g)dx=(f, g); and
J-~ dx

(iv)
dx

dx dx

Proof, (i) follows from the fact that (Evf, f) is a monotone increas-
ing function of x;
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(ii) is true because the total variation of (Exf, g) is <CJ|/|| || g ||,
(see Riesz and Nagy [6, p. 340]).

(iii) holds because £^=1 and £-^=0 .
We shall now derive (iv). If A is a nonzero real number, then

h

which by the Schwarz inequality is

Taking h to 0 completes the proof.

LEMMA 4.2.

(ί) \~J(eiAxf,

(ii) Ii

, g)
dx

dx

Proof. If d(Exf, g)ldx is not square integrable, then the right
hand side is infinite and there is nothing to prove. If d(Exf, g)/dx is
square integrable, then its Fourier transform is also square integrable
and (i) is an equality.

(ii) is a consequence of 4.1 (ii) and the Riemann-Lebesgue lemma.

LEMMA 4.3. If Q is a bounded self-adjoint operator, then

(i) j " j \P\iQe^fΐdx^_2π^J±\λJ\d(ExQφ , Qφ^

^2ττess supcZ(#r/, f)!dx±\*A WQφjϊ

(ii) j J \PψQe™*ffdx _̂ 2πJ^[g \λ3\d{FxQφj} Qφ,)/^]d(Fx/, f)ldx dx

Proof. In this proof we have nonnegative integrands and thus we
freely commute integration and summation.

Γ 1 \pfQe^ffdx=[° ±\λ,\ \(e^f, Qφtfdx,

which by 4.2 (i) and then 4.1 (iv) is

xf Qφ^dxfdx
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-< 2τrj_ [ Σ 1̂ 1 d(ExQφjf Qφj)ldx ]<*(#,/, f)ίdx dx .

The remaining inequality in (i) is readily derived from this and 4.1 (iii).

4.3. (ii) follows similarly.

LEMMA 4.4. If QL and Q2 are bounded self-adjoint operators and
— oo<gs, t<Loo, then

(i) [jj(e-ω*Pβ"*/, 0)|ώ?J^jj| \P^eiAxffdx\^ \\ \P\hiB*gf dx

(ϋ) [J "_ Ke-^PQ^f, /)! dx~j

Proof. Let C be the operator A or the operator B. Since for any

self-ad joint operator P we have the decomposition P=|P | 2 " sgn P |P|^,
we have

y, ^HKe-'^Q^PI* sgn P|P|*Q,e"*/, flf)]

which by the Schwarz inequality and the fact that |j sgn P || ̂  1 is

By the Schwarz inequality for integrals and the above calculation
we see that

Js
dx

If we put Qi=Q2=/ and C = S we see that we have derived (i). If we
put t=c&f s= —oo, C=A1 and employ 4.3 (i), we derive (ii).
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D E F I N I T I O N 4.5.

± 5, φs)ldx\.

THEOREM 4.6. For almost all x, w(x) is nonnegative and finite.

Proof. From 4.1 (i) and the definition of w{x) it follows that w(x)
is nonnegative a.e.

d(Exφ3j φj)/dx dx+[° d(Fxφjy φ5)\dx dx\

oo

which by 4.1 (iii), is 2ΣM*|. This last term is finite by assumption.

Hence w(x) is integrable, and thus is a. e. finite.

LEMMA 4.7. If f is in the domain of w{A), then

(i) Γ II \P\K^ffdx^2π(w(A)f / ) .
J-βo

If f is in the domain of w(B), then

(ϋ) J"J |P|V**/12 dx ̂  2π(w(B)f f) .

Proof. By 4.3 (i)

^_ji j , f)\dx dx,

which is

^27rf°° w{x)d{EJ, f)idx dx=2π(w(A)f, f).

(ii) follows similarly.

DEFINITION 4.8. For every positive integer n, let Kn(x) be the
characteristic function of the set of real number x such that w(x)=oo
or w{x) <I n.

THEOREM 4.9. For every positive integer n,

( i ) Kn(x) is a measurable function

(ii) [Kn(x)f==Kn(x) and Kn(x) is real;
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(Hi) limKn(x) = l; and
n~>oo

(iv) 0 <1 w{x)Kn{x) <I n for almost all x.

Proof, (i)-(iii) follow immediately from the definition of Kn(x).
(iv) is a consequence of 4.6.

THEOREM 4.10. For every positive integer n,

( i ) Kn{A) is a projection operator such that

(ii) 0^w(A)Kn(A)<^n;

(in) lim (Kn(A)f, g)=(f, g); and

(iv)

(i)-(iv) also hold when A is replaced everywhere by B.

Proof, (i)-(iii) are direct consequences of 4.9. (iv) follows from
(iii).

THEOREM 4.11. Let n he any positive integer. Then as t-> oo,
Kn(B)Ut converges strongly.

Proof. For / in the domain of w{A) and all g in H

\(Kn(B)[Ut-Us]f, g)f=\([Ut-UsV, Kn{B)g)ϊ,

which by 3.3 (i) and then 4.4 (i) and 4.7 (ii)

PelΛr, Kn(B)g)dx*
% is

\ \P\ieiAr\fdx-(w(B)Kn(B)g, Kn(B)g) .

But by 4.10 (ii) this is

^2π\\ \pfielAxffdx-n-\\gf.
Js

Now set g=Kn(B)[Ut — Z7s]/in preceding inequality. When then have
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But, by 4.7 (i) the integrand in this last expression belongs to £( — oo,
oo). Thus lim \\Kn(B)[Ut-C/J/iμo.

S,t->oa

We have proved that for all / in a dense set, Kn(B)Utf converges
strongly. Since \KJβ)Ut\<Ll, it follows that 4.11 is true.

5. The Operator U.

THEOREM 5.1. As £->oo, Ut converges weakly to an operator U.
For any f, g in H,

(i) (Uf9 g)=(f, g)-i\im\t(e-i**PeiΛ*f, g)dx.
J

Proof. We know from 3.3 (i) that

(UJ, g) = (f, g)-i\\e-iB*PeiA*f, g)dx.
J

The estimates 4.4 (i) and 4.7 assure us that the integrand in this ex-
pression belongs to L(0, oo) for all / in the domain D1 of w(A) and all
g in the domain Z)3 of w(B). Thus the bilinear form

b(f, g)=b(f, g)=lim(Utf, g)

is defined on A x A Since ||Z7J=1 this form is bounded and it follows
from the Frechet-Riesz representation theorem (see Stone [7], p. 63)
that there exists a bounded, everywhere defined operator U such that
(Uf, g)*=*b(f, g) for all/, g in DxxDt. In fact, since the Ut are uni-
formly bounded it is the case that (Uf, g)=lim(Utf, g) for all /, g in

H. Thus 5.1 (i) holds.

LEMMA 5.2. For all f in H, l im| |PβU ί/H0.
t-±oo

Proof. Let ε^> 0. Since P is completely continuous there exists
an integer n and an operator

Σ

such that | | P - P n | ^ e . Then

PnWΛtf\\ ^ \\PneiMf\\ + \\(P-Pn)eutf\\

But
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which, by 4.2 (ii), goes to 0 as t -> <χ>. Since ε is arbitrary, the proof
is complete.

LEMMA 5.3. For all real s, e~iBSU^Ue-iΛs.

Proof.

which by 3.3 (ii)

i f *

i J<>

Thus

\(e~lBSUtf, g)-(Ute-iAsf, g)\

By the preceding lemma and the bounded convergence theorem this
last term goes to 0 as t —• oo. Since Ut converges weakly to U we
have {e-iBSUf, g)-{Ue~iAsf, #)=0, or 5.3.

THEOREM 5.4. BU^UA.

Proof. By 5.3, (e'tB'Uff g)=(Ue'tAsf g), or

e-ixsd{FJJf g)jdx dx=[°° e-^diUEJ, g)idx dx.

By the Fourier integral uniqueness theorem, (FJJf, g) = (UExf, g), and
thus BU=UA.

6. Conclusion of the proof.

6.1. We know that as £->oo, Ut converges weakly to U. Since
Kn(B)Ut converges strongly (Theorem 4.11) it follows that it converges
strongly to Kn{B)U. From this we deduce that for all / in H,
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\im\Kn{B)Utf\\=\\Kn{B)Uf\\,

ί—>oo

and by 4.10 (iv),

(i) \im \im\\Kn(B)Utf\H\Ufl.

7J->oo ί-»oβ

We shall use 3.5 (i) in the form

(ii) \\Kn(B)Utff-lff=([Kn(B)-r]f, f)
+ l.X(e-iΛ*{Kn{B)-I]PeiA*f, f)dx

% JO

Γje^f, f)dx,

to prove that

(iii) lim lim \\Kn(B)Utf\H\f\\,

and thus show that | |ί7/| |=||/| |. When this has been done we will have
proved 2.1, and Theorem 1.6 will follow from the argument after 2.1.
It is clear that it is sufficient to show that (iii) is valid for all / is a
dense set.

DEFINITION 6.2. Let D be the set of all / in H such that d(Exf, f)jdx
is essentially bounded for all real x.

THEOREM 6.3. D is dense in H.

Proof. Let / be an arbitrary element in H. By 4.1 (i) d{Exf>f)ldx
is almost everywhere finite. Let Mn(x) be the characteristic function
of the set of all real numbers x such that d(Exf, f)jdx <2 n or d{Exf, f)\dx
= CΌ. Then Mn{A)f is a sequence of elements of D that converges
strongly to /. Hence 6.3 is true.

THEOREM 6.4. IffejD, then 6.1 (iii) is true.

Proof. We shall consider each of the terms on the right hand side
of 6.1 (ii). By 4.10 (iii), Um(lKn(B)-I}f, / ) = 0 .

By 4.4 (ii)

[(e-iA*lKn(B)-Σ}Peuγ, f)dx
% Jo
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which by 4.10 (iv) goes to 0 as n-> oo. Thus it can be shown that
all the terms on the right hand side of 6.1 (ii) go to 0 as n —• oo, and
thus 6.1 is true, and our proof of Theorem 1.6 is complete.

We conclude this paper with an interesting representation theorem
for F{B)-F{A).

THEOREM 6.5. Assume 1.3-1.5 hold and that F{x) is an essentially
bounded function. Then

(i) lim (e-iAtF(B)eίMf, g)^(F(A)ff g) and
ί-»σo

(ii) ([F(B)-F(A)]f, g)=\imί\\e-iA*[F(B)P-PF(B)leiAy, <j)dx .
t Jθ

Proof. (e-lAtF(B)elMf, g) = {UΐF{B)Utf, g) = (F(B)UJ, Utg). Since
UJ and Utg converge strongly to Uf and Ug respectively and U is
unitary we have

lim (β-iAtF(B)eiAtf, g)=(F(B)Uf, Ug)={UF{A)f, Ug)={F(A)f, g) .

(ii) is a consequence of (i) and Theorem 3.4.
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