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1* Introduction, In a recent paper H. L. Alder [1] has obtained
a generalization of the well-known Rogers-Ramanujan identities. In
this paper I have deduced the above generalizations as simple limiting
cases of a general transformation in the theory of hypergeometric series
given by Sears [5]. This method, besides being much simpler than that
of Alder, also gives a simple form for the polynomials Gkill(x) given by
him. In Alder's proof the polynomials Gkφ{x) had to be calculated for
every fixed k with the help of certain difference equations but in the
present case we get directly the general form of these polynomials.

2 Notation, I have used the following notation throughout the
paper. Assuming \x\ <^ 1, let

, ar, o u o2y , o t ) — • _ • •

(bϊ, s)(h2; β)•••(&,; s)

k', s)(x]/ k s)(—aη/ /c s)
(x; s){Vk) s)(--\/Jc; s)

K,.,. = Ks ^ ' b) xr

\kxr+i; s)

«-i-^+J; r j Q __ ^ krιχr* {xr~r^1) r,)
; rn) Ί-o O n)

w h e r e [α] d e n o t e s t h e i n t e g r a l p a r t of α.
T h e n u m b e r s 89r,rl9rif —-,t,tut2, ••• a r e e i t h e r zero or pos i t ive
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integers. r0 and t0, wherever they occur, have been replaced simply by
r and t respectively. Empty products are to mean unity.

3 Sears [5, § 4] has proved the following theorem :

(3.1) Σ x^'^^Xfcx/afliY Π (<hf ty\ x, kx/aly

o
oo r

= Π (k®9 kx/tyty; kx/al9 kx/a.z) Σ (kx/a^Y Π (<h, ty\ %, kx)
r = 0

x y (χ-r; tX-DW θ

έi (leaf*1; t)(x; t) * '

wrere I b / α ^ K l , k l < l and θs is any sequence. The theorem holds
provided only that the series on the left converges.

Take

> χ V k > ^ x ^ k > α 3 , cti, •<', a>jM+i; Ί

/Ίc, - V k , kxla3, kxjaί} , kx\a.LMJrλ J

( α 2 Λ f + 1 ) s

Then

(3.2)
s)(kxla.z; s) '(kxla2M+}; s) (a^ <z2Jf+1)

s

> kxlaity; kxjal9 kxja2)

Now let alf a2 , a2Mnl~+ oo in (3.2). Then we get

2

- II Vex) Σ> Tr—ϊTΓ—jfe At,rfc

And in (3.2) if we take (ikf— 1) for M, aλ^x~r and let α2, α3, •• ,α2iτ-ι

tend to co, we have

(3.4)
ί = 0

r Trtsπ

='(fcr; » ) Σ
(a;; ί)

='(fcr; » ) Σ ( - ' }
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On repeated application of (3.4) on the right-hand side of (3.3) it follows
that

0 (χ )

there being (M— 2) terminating series on the right since

(3.5)
S - 0

by Watson's transformation [(2); § 8.5 (2)] of a terminating 8φ7 into a
Saalschίitzian 4φ3.

Now it is easily verified that

I I S'Λ.w-i

can, by suitable rearrangements, be simplified to

& \ P -*!*1; t2) " i-8 B>Λ/ J

where tk==rk-\-rh+1+ +rM.2, (A=l, 2, •• ,Λί-2).
Thus on putting r-\-tι=t, we finally have

(3.6) { Γ I ( M } - ι Σ ^ ( - i ) s ^ s ^ s { α " + υ s ~ l }

Γ Mzlt'\
_ ^ fc^i3 ^A1 (^έ-2ίi+L; 2ί1)α;-2 ίi ( ί-έi ) ^ 2

T

t=o (α?; ί) ίj-o (a?; ί j w=2

This is a /b-cum-Λί generalization of the Rogers-Ramanujan identities.
For any assigned values of M and t, the repeated terminating series
can, by dividing out by the denominator factors, be evaluated as poly-
nomials in x.

Let us now write

2

LAΓ-1 JΛ y.ί-2ί,+l. Of \ / γ.-2ί 1(ί-ί 1) Λf-2

(3.7) G . » ^ 2 Σ -̂ '- - ί ? - - — Π Γ ^ .

Then, as usual, for k==l and k==x respectively, the left-hand side of
(3.6) can be expressed as a product by means of Jacobi's classical identity

(3.8) £ (-l)nα?ΛV
W = - oβ « = 1

and we get Alder's generalization of the first and second Rogers-
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Ramanujan identities in the form

and

(3.10) Π {JM+i)n + -> (,JI + l )\ + 3 ilM + On + iM-l = Σ ^ G j ί > " β -™

where GM>t(x) is given by (3.7). The polynomials GM)t(x) can be seen by
easy verification to be identical with Gk^(x) of Alder.

I am grateful to Dr. R. P. Agarwal for suggesting this problem
and for his kind guidance in the preparation of this paper.

Added in Proof If in (3.2) we take a1= — \/]cχt make a2, α3, •••,
2̂jf+i tend to oo, and proceed as in §3, we get for k=l and k=x the

respective identities

o o

ΓM-2 t

V^ Σ
(a;)t Ί ' 0

and

\~~~x 1)ίi

 n=2
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Paul Erdős and Harold Nathaniel Shapiro, On the least primitive root of a
prime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 861

Watson Bryan Fulks, Regular regions for the heat equation . . . . . . . . . . . . . . . 867
William Robert Gaffey, A real inversion formula for a class of bilateral

Laplace transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
Ronald Kay Getoor, On characteristic functions of Banach space valued

random variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 885
Louis Guttman, Some inequalities between latent roots and minimax

(maximin) elements of real matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 897
Frank Harary, The number of dissimilar supergraphs of a linear graph . . . . . 903
Edwin Hewitt and Herbert S. Zuckerman, Structure theory for a class of

convolution algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 913
Amnon Jakimovski, Some Tauberian theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . 943
C. T. Rajagopal, Simplified proofs of “Some Tauberian theorems” of

Jakimovski . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 955
Paul Joseph Kelly, A congruence theorem for trees . . . . . . . . . . . . . . . . . . . . . . . 961
Robert Forbes McNaughton, Jr., On the measure of normal formulas . . . . . . . 969
Richard Scott Pierce, Distributivity in Boolean algebras . . . . . . . . . . . . . . . . . . 983
Calvin R. Putnam, Continuous spectra and unitary equivalence . . . . . . . . . . . 993
Marvin Rosenblum, Perturbation of the continuous spectrum and unitary

equivalence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 997
V. N. Singh, Certain generalized hypergeometric identities of the

Rogers-Ramanujan type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1011
Peter Swerling, Families of transformations in the function spaces H p . . . . . 1015

Pacific
JournalofM

athem
atics

1957
Vol.7,N

o.1


	
	
	

