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1. Introduction. We shall be interested, in this paper, in the
following question: Given a biorthogonal system (x,, f,) in a separable
Banach space B, under what conditions can one assert that the sequence
{x,} constitutes a basis? The system (x,, f,) is called a biorthogonal
system if

z,€B, foeB* and [, (€n)=0umn.

We shall assume throughout the paper that |{z,]||=1 and the se-
quence {x,} is fundamental. When the sequence {,} constitutes a basis
it will be called regular otherwise wrregular.

2. Irregular systems. Let {x,} be an irregular sequence. (For ex-
ample the trigonometric functions for C(—m=, =)). The following defini-
tions will be used.

oul) =32 f ()

tzlll= sup {llg.(@) ]|, n=1, 2, 3, ---}
Compare [4]
Ey= {z|lim ¢,(x)=x}
E = {a| |l|lo]l|<e}
B, = {o|lim[| (@) [| = o}
Ey={z| lllzlll=} .

We have E,CFE, and E,CE;. For regular systems E,=E, =B
and E,=F;=¢ where ¢ is the null set. The system is regular if and
only if the sequence {|l¢,||} is bounded [2], and if the sequence {||¢,||}
is not bounded the set

Nl lle@) <K}

is nowhere dense [2], hence for irregular systems the set
E=U N\ (@] lle.@) | <K}

is of the first category. Also E,=B—E, is dense and of the second
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category. In the case of regular systems there exists a number K>1
such that if ||z||=1 then 1<|||z|||< K. The existence of such a bound,
K, is equivalent to the equiboundedness of {||¢.(x)||}|lz||=1 and there-
fore for irregular systems for any number a, there exists a point z
such that ||z||=1 and |||z|||>>a, moreover such a point might be found
in the linear manifold generated by {x,}. (Equiboundedness of {||¢.(x)||}
on a dense subset of the unit sphere would imply equiboundedness on
the unit sphere.) It is interesting to note that for every number a>1
there exists a point x such that ||2||=1 and |||z]|||=a. There exists a
point y, satisfying

v=Sa@y llvll=1, lgll>a.

On the other hand ||z,||=1 and |||a;]l|=1. Let 0<¢<1, then (1—¢)x,+
ty,7#0. Define

%( (A —t)a, +ty, >H T

9.(6)= 1A=+ tya |

The functions g¢,(t) are continuous in ¢, and so is ¢(¢) where
9(t)=sup {g,(t) | 1=r=n} .
9(0)=1
and
9= sup {{leu(v,) 11 <y <n}=llly.lll >a.
There exists a number ¢, such that
0<¢t<<1 and g(t)=a.

This following generalization of Baire’s theorem [1] will be used :
Let {u,(x)} be a sequence of real valued continuous functions defined on
a metric space ¢, and limu, (x)=u(zx), |u,(x)| <M, then the set of points
of discontinuity of w is of the first category.

THEOREM 1. The set E, is of the first category.

Proof. Define the functions u,(x) by

Il @n() |l

D= @)

We have 0<u,(x)<1 and if e E,\J E, then

lim u,(z) =u(x)
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where u(z)=1 for ze E, and

_ =zl
u(x)-m»“~ for xe E,.

If E, is a set of the second category then there exists at least one point
of continuity of u. Let us denote such a point by x,.

The set £, is dense in B. Let {y,} by a sequence of points in E,
with limy,=x,, then

Nyadl &l

w(w,)=lim u(y,)=lim Tl = Lt ilmll

The set E, is dense in B. If xe E, and ye E, then +ye E,. Let
{#,} be a sequence of points in E, with lim z,=2,, then u(z,)=1 and

ol _ Y _
Wii{i—il[;oil l u(x,)= limu(z,)=1

which is absurd.

THEOREM 2. Let S be a subset of B such that each point xe S is
the limit of some sequence {y,}, y,€ B, and the sequence {|||y. |||} is bound-
ed, then S is of the first category.

Proof. Define the functions v,(x) by

- el
D= @)l

then 0 v () o)X - <1, If e B let limv,(x)=v(x). v(xr)=1 for
z€ E, and the set E; is dense, hence v(x)=1 at every point of continuity
of v. Let = be a point of continuity of » and {z,} a sequence with
lim z,=w, then

lim v(z,)=v(x)=1

therefore the sequence {|l|z,|l[} is unbounded. Thus the set S is con-
tained in the set of points of discontinuity of » which is a set of the
first category by Baire’s theorem.

3. General criteria for regularity. From Theorems 1 and 2 we
derive the following criteria.

THEOREM 3. A necessary and sufficient condition for the regularity
of the system (z,, f,) 8.



1068 S. R. FOGUEL

sup (@@, n=1,2, +++ } =
wmplies
lim ||¢(@)||=c0. (or E,=E).

Proof. If the system is regular, then E,=FE;=¢. On the other
hand, if the system is irregular E, is of the first category and E, of
the second category.

Let g (@)= S alz,
i=1
denote the point nearest to 2 on the subspace spanned by
{wlv Xzy Lzy >, xn} .

THEOREM 4. The system (x,, f,) ©s regular if and only if the sequence
{a@) ||} is bounded for each x.

Proof. If the system is regular, then there exists a positive number
K, such that |||z|||<K]||z||. Then
@) IS K| gu(@) | <K ([l ]| + || — (@) [|) < K2]|2l,

hence the condition is necessary. Sufficiency is clear by Theorem 2.

4. Biorthogonal systems in Hilbert spaces. In this section we assume
that B is a Hilbert space. In order to use Theorem 4 let us compute
@)l . ¢u(x)y=" ara, and the coefficient af may be computed from
the equation

(x—ia?xu wk)=0 k=1’ 2: e,
i=1
or
(=, xk):_iazn(xiy @) see [5].
i=1

We introduce the following notation
(@i, T)=cu
C,=(c;;) 1Zi<n 1ZEkZn
(@, @), (@, @), ++-, (@, .))=(1)n
(at, @i, « -+, a)=(a),

Then
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(r)n = (a)ncn or (a‘)n = (T)nC; !

since C;! exists. Now
J J J—
I zE; aja | ==i %_]la?a?écw = (a’)nEJ"CnE?(a'))r‘:

where E7 is the matrix (e, ,) with

1 1=m<j
€1,m
0 otherwise

Cr=C, and (a),=(7).C;' hence
132712 = (), C B G} 5 )i

Orthogonalizing the sequence {z,} by Schmidt’s process we get the
sequence {y,} with
k

T1=Y1 XTp= dlc,wyw
a=1

where

(s Ya) a=Zk

0 a>k

ko

and d,=1 see [3].
Let D, denote the triangular matrix

(dio) 1=<a<n 1ZkZn.
(@, @)= >d, .d,;, or C,=D,Dj.

The matrix D, can be computed from this relation.
Let (a=((, w1)s @, 1), *--, (@, ¥))
(@ 8)= @, 1o O ()u=(0),D3
and hence
15 ate,[*= (), Cr BC,EICs (1) = (0),Di CREC, B} C D (0

- =(0)u(D5 EiD,)(Dy E; (D)) (0)x
Let 47=D,'E?D, then
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Il (@) Il = max {(0),47(A7)*(9)x 11 <7 <}

The triangular matrix A7 is an operator defined on the Hilbert space.
If

XT== iazya
i

then
AMx)=(6,, +++, On)AL.

By Theorem 4 and the above computation the system is regular if and
only if for each x

sup {|| /@) [[[1<j<nn=12 ... } oo

or by the uniform boundedness theorem.

THEOREM 5. The system is regular if and only if the double sequence
{1AZ1l} 4s bounded, or, in other words, if and only if the set of charac-
teristic roots of AP(AZ)* is bounded.

We shall use Theorem 3 to derive the following theorems.

THEOREM 6. The system (x;, f3) is regular and S5, |fi(@)|*< e of
and only if for every x € B there exists a real number a=«a(x) such that

(1) 2R(S SLf ) (@} >
Proof. If the system is regular and
S f@)|*<eo then
2|l S1£ @)1= SF k) (@le.
—2R (S @ (@)eu)

Therefore the necessity of condition (1) is verified. Assume that con-
dition (1) is satisfied then

emn@IP= S fi(@)f 2)es;

ij=1

— @I+ 3 7@+ 2R3 S f (@) @)
= leua)|*+2a
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Therefore sup ||¢,(x)|| = implies lim ||¢,(x)||=c. According to Theo-

rem 3 the system is regular.
Moreover

SF@) P=llgn@)P 2R { 3] e, (@)f (=)
<Nzl —a<e.

An immediate consequence is the following. The system is regular if
Sizslci;1< oo and the sequence {||f;||} is bounded.

Professor R. C. James called my attention to the fact that this
may be proved directly and without the assumption of boundedness of
the sequence {||f;||} as follows. We may assume without loss of gen-
erality that #Z}[cul =r<1

liaia—jculgmax laz&;l . Tgil%m‘
i#s iz
H_;latxi szg‘;‘% I*+ %azaczj§2;laz |?
Hence
n+p n+p n+p —
1> @, ||*= Zlat I*+ 0,040
i=1 i=1 e
n+p n
Zg;l% 12(1—7')2; la;[*(1—7r)

> 1-r ’
- 2

n
>
=

and by [4] the system is regular.
Using the same method as in Theorem 6 we arrive at the following.

THEOREM 7. The system is regular if and only if for each x

(2) inf R {3, 3 fi@)f (2o} >— oo

Proof.
IS F@e P =I5 f@e i+ 1 3 f @l
RS f @, 3 F @)

If condition (2) is satisfied then according to Theorem 3 the system is
regular. If the system is regular then
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n n+p
(Cri@e, 3 Fi@a)l <2l
As a simple application we note the following.

If ¢;;=0 when [4—j|>N then the system is regular if and only if
the sequence {||f;l|} is bounded.
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