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The Casimir operator is an important tool in the study of associative
[4], Lie [4] and alternative algebras [7]. However its use has been for
algebras of characteristic 0. We give a new definition of the Casimir
operator for associative, Lie and alternative algebras, which keeps
desirable properties of the usual Casimir operator and which is useful
for arbitrary characteristic.

We show that under certain conditions our Casimir operator is the
identity transformation and for non-degenerate alternative (or associative)
algebras we show that it is the transformation into which the identity
element of the algebra maps. We apply our results to obtain the first
Whitehead lemma for non-degenerate alternative algebras of arbitrary
characteristic. We also obtain a special case of the Levi theorem for
Lie algebras of prime characteristic.

1. The Casimir Operator. Let 2 be an associative, Lie or alter-
native algebra with basis e, e,, ---, ¢, over an arbitrary field ¥. For
uniformity we use the notation z — S, for a representation of 2, where
if A is alternative we mean the S, part of a representation x— (S,, T.).
If % is a Lie or associative algebra, f(wx, y)=1(S,S,) where ¢t is the trace
function, is an invariant symmetric bilinear form. In [7, p. 444] it is
shown that if 2 is alternative this form is invariant if & is not of
characteristic 2. For arbitrary characteristic we have

£(S,S,.)=#(S,S,S, +S.T,S, —S,S,T,)
—#(S.S,S, +8,T,8, — T,8,S.,) =1(S,,S.) .

Similarly ¢(7,T,) is invariant.

We call A non-degenerate if t(R,R,) is non-degenerate where R is
the representation of right multiplications. It can be shown that this
is equivalent to the non-degeneracy of the bilinear form #(L,L,) of the
left multiplications. It is well known that if 2 is a non-degenerate alter-
native (or associative) algebra it is a direct sum of simple algebras.
Dieudonne [3] has shown that this is also true for Lie algebras.

If A is semi-simple and § is of characteristic 0, the usual Casimir
operator I'¥ for the representation S is defined as follows: Let 9 be
the set of all z of 2 such that ¢S,S,)=0 for all y of A. Then A=NPE
where N and € are semi-simple ideals of A. Let ¢}, e, ---, ¢, be the
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complementary basis to a basis e, e, ---, ¢, of € such that* #(S,S))=4d;;
(Kroneker’s delta). (Note that the complementary basis depends on the

k
representation.) Then I'y= Y S,5].
=1

For arbitrary § we define a new Casimir operator /"y for each non-
degenerate A. This will include every semi-simple 9 of characteristic
0, since 2 is non-degenerate in this case. We use the same comple-
mentary basis ¢, e, - - -, e, such that #(R,R;)=4d,, for every representation
(or anti-representation) and define

(1) re=X88;.

If 9 is alternative we also define / 'T=Zw, T.T; .
i=1

Unlike I'§, I's does not automatically reduce to zero when #(S,S,)=0
for all z, ¥ of 9. In fact it follows from Corollary 3.1 below that for
alternative algebras "¢~ 0 if S-%0. We note also that for the repre-
sentation « — R, we have I'}=1I,.

Analogous to the corresponding result for 7'¥ for Lie and associative
algebras [4, p. 682] and for alternative algebras |7, p. 445] we have
the following theorem.

THEOREM 1. Let I'g be the Casimir operator (1) for a representation
x— S, (x—(S,, T,) of a non-degenerate Lie or associative (altermative)
algebra A over an arbitrary field. Then I’y commutes with S, (and T,)
for all = of A.

Except for the commutativity of /¢ and 7, which will be proved
along with Lemma 3.2, the proof is similar to those in the references.

We also have the following result which follows from the properties
of the complementary basis.

THEOREM 2. Let U be a non-degenerate associative, Lie or alternative
algebra over an arbitrary field. Then the Casimir operators I', and I,
of the right and left multiplications of W are both the identity transfor-
mation.

2. Application to alternative (and associative) algebras. Since every
associative algebra is an alternative algebra, the results of this section
hold for associative algebras.

In place of the identities (4) of [6] used in the definition of a
representation o — (S,, 7',) of an alternative algebra 2, we will use the

2 Tor simplification we write Sp,, as S; and S'/fi as Si.
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equivalent (except for characteristic 2) identities
(2) S;=S, Ti;=T,: for all & of ¥,

in order to insure that the semi-direct sum [6, p. 3] or split null ex-
tension ©=2A+ MW of A and the representation space M is an alternative
algebra for arbitrary characteristic.

THEOREM 3. For every representation S of a mnon-degenerate alter-
native algebra WA, I's=S, where e=2e,e; is the identity element of U.

The proof follows from Theorem 2 and the properties of the com-
plementary basis.

COROLLARY 3.1. If S£0 the matriz of I'y can be taken to have
the form diag (I, 0). Hence if in addition the representation s -
reductble, 'y is the identity transformation.

Proof. By (2), S!=S, and the result follows.
COROLLARY 3.2. [I'4S,=S, for all = of AU.

Proof. Assume S0 and take [’y to have the form diag (I, 0).
Then the matrix of S, must have the form diag (S, S;) where I and
S, have the same order. By identity (4) of [6] we have T.["y—I"yT,=
S,—S,I's. Hence S,=0 and T,=diag (T,, T.") and so S,['s=S,. This
completes the proof of Theorem 1, for we also have 7. ["s=I",T,.

Evidently all of the above results also hold when S is replaced by
T.

Now for a non-degenerate alternative algebra U with neither S nor
T=0 we may apply Corollary 3.1 and Theorem 1 to take

Iy=diag (1D, I®, 0, 00) , I'y=diag (I, 0, I®, 0®)
(3)
S,=diag (S, 82, S8, 0) , T,=diag(T, TP, T, 0)

where the superscript (¢) indicates the matrix has order k; and each I
is an identity matrix and S®=0®, T¥=0®, Also - (S, TY),
(=1, 2, 3) are representations of Y with respective Casimir operators

IP=rP=10; [P=I®, =0 ;
(4)

qusg)zo(‘s) , F(ﬁ):]('s) .

Thus the representation space M can be expressed as W=, + M,
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+ M+ M, where M, is an invariant subspace of dimension k; and hence
is an ideal of the split-null extension ©=2+3IM. It also follows that
M, and W, are in the nucleus [2] of S.

We are now able to obtain the following generalization of the first
Whitehead lemma (see [8]) for alternative algebras of characteristic zero
[6, Theorem 3].

THEOREM 4. Let U be a non-degenerate alternative algebra over an
arbitrary field and let x—(S,, T,) be a representation of N acting in «
space M. Let & be the split null extension S=UA+M and let h(z) be a
linear mapping of A into WM such that

(5) Mawy) =ah(y) + h(@)y=1(@)S, + ()T,

for all z,y of N. Then h(x) is an inner derivation of ©. If U is not
of characteristic 2 then®

(6) Ww)=[w, g1+ 7 AR Rucp 1+ L))

where g s in the nucleus of & ; R, L are right and left multiplications
in S and e, €, -+, €, are a complementary basis to a basis e, e,, -+-, ¢,

of U.

Proof. 1If either S or T is zero the theorem follows similarly to
the associative characteristic zero case, so assume neither is. Since I, is
invariant,

Mx)=h(x)="h(x)+ () + hs(x)
where 4,(x) is a linear mapping of 2 into M, (M,;=IN) such that
bef@y)=ah () +h,(@)y=hx)S,+h,W)T. .
Then we have

B = 3 {hwedei—ah,(e)-ei} = 3% {hy(e)(eim)—ahfe)-ci} .

Consequently for 7=0,1, 2, 3

( 7 ) k](x)[15:m 2'; {L;th(ei) _—th(ei)R;} .
Similarly
(8) h(@) = g; {R;th(ei) _Lh].(prz,} .

3 We use [P, Q] to denote the commutator PQ—QP.
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By (3) and (4) we have
Wx)=h (@) s+ h () s+ hy) 7 .
Hence by (7) and (8) A(x)=xD where
D=3 ALiLu,ep =B pRi} + 35 ALinycep = Rigee pRi}
+ 5;4 {RiBnye) — Lo pLi}

To show that D is inner it suffices to show that for , v in &,
L.L,—R,R,is in the Lie algebra ¥(&) of linear transformations generated
by the right and left multiplications of &. This is true since L,L,—
R,R=2[R, L1+L,—R,.

Now let A have characteristic =2 and use (7) and (8) to get

M5t Ty =2{ SRl Rucep] + ST L]}

Then by (7) and the nucleus property of IR, we have! A, (x) =[x, v,]
where v,= 3\ h(e)e; is in M,. Similarly A x) =[x, v;] where », is in
i

M,. But
@)+ I'y) + ko) s+ h( @) =20 ()

hence

We) =L, g1+ 2 { L SR Rucpl+2 S i Locop] |

where g= é (v.+v;) is in the nucleus of &.

As is the case for similar theorems, the first part of Theorem 4
can be stated in the following form.

THEOREM 5. Let U be a non-degenerate subalgebra of an alternative
algebra B over an arbitrary field. Then any derivation of U into B can
be extended to an inner derivation of B.

3. Application to Lie algebras. We obtain the following special
case of the generalization of the Levi theorem to algebras of prime
characteristic.

THEOREM 6. Let ¥ be a Lie algebra over an arbitrary field with
radical N~ L such that LR=0 and ¥/N is non-degenerate. Then there
is an algebra & (which is isomorphic to L/N and s « direct sum of

4 This actually = — v,z since xv,=0.
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stmple algebras) such that ¥ is the direct sum L=S P R.

Proof. Let e, e, --+,e, be a basis for & such that e, ¢, -+, e
are a basis for a subspace B and e,,,, -+, ¢, are a basis for . Then
the right multiplication of each z of £ has the form

(9) R B O]

where P,=Q,=0 if z is in R and P, is the right multiplication of the
k

image & of « in {/R. Now if I',= 3, P,P; is the Casimir operator (1)
i=1

for the representation P of ¢/R, then by Theorem 2, /', is the identity
I and hence

I‘=2RiR;=[I Q].
0 0

By using the properties of the complementary basis of £/R and the
fact that the Lie algebra of right multiplications of the elements of B
is isomorphic to ¥/R it can be shown that I' commutes with R, for all
z of &,

We now show that the associative algebra £* generated by the R,
for all » of & is isomorphic to the associative algebra [3* generated by
the P,. Certainly by (9) there is a homomorphism of £* onto *
which maps any polynomial »(R,, R,, --+) into p(P,, P, --+). Now
if o, R, ---)=0 then pP,, P, --+)=0 since I' commutes with
»(R,, B, ---). Hence ¢* 2~ P*.

Now /R is a direct sum of simple algebras and therefore [1, Lemma
2], B* (and hence ¥*) is semi-simple. Consequently [1, Lemma 2] ¥ is
a direct sum of an algebra &, which is a direct sum of simple algebras,
and an abelian algebra R,. But we must have R,=NR completing the
proof.

It is to be noted that it is easy to give examples of prime character-
istic where all but the non-degeneracy of ¥/ of the hypothesis is
satisfied but for which the conclusion is false.
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