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The five-point difference equation described in § 1 has most of the
important second order partial difference equations as special cases and as
limiting forms of these the more important partial differential equations of
the second order. In the present paper all coefficients are assumed periodic
in the same one of the two independent variables. The purpose of the
paper is the study of the form of the general solution as affected by
the periodic character of the coefficients. This study centers around the
roots of the characteristic equation and so-called semi-periodic solutions.
The reader is referred to the theorem of §5 for a precise statement of
results.

1. General discussion. Let us be given the five-point equation
(1) ki, Dy(i—1, 5) + k.0, 9y +1, 5) + ks(@, )y, 5—1)
+ ki3, )Y, 7+ 1)+ k:(3, )y, )=0

where k,, k,, ki, k. and k; are defined for integral values of ¢ and j over
the rectangle 1<i<nw—1, 1<j<w—1 where n>1 and o >1 are
integers. This rectangle will be called the defining rectangle and will
be denoted by R. We assume moreover that

(2) kv(,l’"l_w;j):kv(?’s]) ) V=1y 2; 37 475

and that neither, %k, k,, k;, nor k, is zero at any point of R.

A solution of (1) is a function of (¢,7) defined at points of R and
at the border points (1=0, j=1,2, ---, 0—1), (i=no, j=1,2, ---, ©—1),
(G=0, +=1,2, +-+, nw—1), (j=w. ©=1,2, ---, nw—1) and which satisfies
(1) at all points of R. Notice that this second set of points, namely R
plus the border points, form a lattice which is rectangular except that
its corner points are missing. It will be referred to as the rectangle S.

A fundamental domain is a set of points of S such that there exists
one and only one solution taking on prescribed arbitrary values at each
point of the set.

All fundamental domains' contain the same number of points. We
denote this number by L. For the rectangle S
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1 For a detailed discussion see T. Fort, Amer. Math. Monthly, 62, (1955), 161.
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L=2w(n+1)—4 .

We note that all sets of L points belonging to S do not form a funda-
mental domain.

A fundamental system of solutions consists of L solutions which are
linearly independent over a fundamental domain.

If y.(3,7), ¥.(¢,9), + -+, (¢, 5) are a fundamental system of solutions
then any solution %(7,7) can be written

L
y(’&, .7)= Eoc#yy.(q:y .7)
where the ¢’s are constants.

We choose the following fundamental domain for S namely points
where

7=0, =1, 2, «++, nw—1;

7=1, =0, w, o +1, -+, 20—1, 20, 30, ---, nw;
j=2, 1=0, w, 2w, +--, Ww ;

j=w-—1, 1=0, v, 20, «+-, nO ;

j=w, t=w, 20, +++, m—1)w ,

We shall refer to this particular fundamental domain as D. The domain
D is pictured in figure 1 with w=4, n=3. The points of D have no
accompanying numeral.

To prove D a fundamental domain simply assign values for y at
each of the points of D and fill in the rectangle by means of (1). This
can be done in a variety of ways. For example, the value of y at the
points of S not in D can be determined in the order indicated by the
accompanying numerals in Figure 1.

5n % {9 0 7 8 9 3 32 33

8 17 12 4 5 6 24 29 30

6 14 11 1 2 3 3 2% 8

15 13 10 N A R
Figure 1.

We now define all coefficients to the right of ¢=nw—1 by formula
(2). We then define every solution y(¢, j) at the points (nwe, 0), (nw+1, 0),
ceo, (n+1)w—1, 0) by the formula
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y(now+y, 0)=y(r+1, 0), y=0,1, «+o¢, w—1;
and at the points ((n+1)w,j), j=1,2, -+, w—1 by the formula
y(n+1)o, 5)=y(0,7) also y(no, v)=y(, v) .

This definition serves to determine y over a longer rectangle than S, no
being replaced by (n+1)w, the rectangles being in every other way the
same. We call this the rectangle 7.

BAsic THEOREM. If y(7,J) is a solution over S then y(i+ w,7j) s also
a solution over S.

This theorem follows immediately from the periodic character of the
coefficients in (1).

THEOREM. If w.(¢,7), %.(¢,7), -+, ¥:(4,5) are a fundamental system
of solutions for S then so are y.(i+w, 7), ¥(i+w,7), -, Yt +w, J).

This theorem follows from the fact that y,(¢, 7), y.3, 7), -+ -, (2, 7)
considered at the points of D constitute L sets of L constants linearly
independent over D and that, due to the extension of each solution over
T described above, y,(¢:+wo,7), ¥.(1+w®,7), -++, ¥.(¢ +,J) at the points of
D are precisely the same sets of constants as ¥,(s,7), 4.(¢,7), * -+, ¥.(¢, 5)
although the order may be different.

2. Semiperiodic solutions. We ask the question : Does there exist
a solution of (1) not identically zero over S and satisfying the relation

(3) Y@+, 5)=py(, 5)

where p=£0 is constant? We, of course, except the case where either
(i+w,j) or (¢,7) is a corner point of S since solutions are not defined
at corner points.

Let us assume a solution y.(7,7)=0 satisfying (8) and work for
necessary conditions. As previously, let u(%,3), v.(¢,7), +--, v:(3,5) be
a fundamental system of solutions for S. Then so are ¥ (?+w,j),
y(t+w, ), «--, yli +w,7). Consequently

L
yv(’£+wrj)= Zla’vp.yp.(iyj) ’ U=1; "',L,
=
where det (a,,)7%0. Moreover
L
wli,4) =S t..0, )

where not all the a’s are zero. Then
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L L L
Ui+, 5) =3,y (40, ) =3 30,00, )
w= w= =

I

3| Saan |n ) .

Also
L
yq(i’*'w’ .7)=qu(7:7 .7)=P vgl (xvyv(?:’ .7) .

We can equate coefficients since ¥,(7, 5), - -+, ¥:(¢,J) are linearly indepen-
dent over D. We get
(ap—p)a,+ aya, Feeee- + apa;, =0

Aty +H(Bp—p)At e + apa; =0

ag, + Ay, Foeeeoo+(a—p)a,=0.

But the a’s are not all zero. Hence

((1;11—,0) Ay oo (5
Ay (Gy— .o a,

(4) i (An—p) 2| _q '
ar Moy, o0 (aLL_p)

This condition is not only necessary but it is also sufficient as is seen
by retracing steps.

Equation (4) is the characteristic equation for the problem and its
roots are the characteristic values.

THEOREM. The characteristic equation is independent of the particular
Sundamental system of solutions chosen.

Consider a second fundamental system, y*(7, 7), ¥*(, 7), - - -, ¥(¢, 7).
Then

L
YR+, j) = 20,0576, 7) , v=1,---, L.
pm=1
The characteristic equation is

(bn _P) bzl M bm
b12 (bz2_p) et bLz

blL sz b (bu ‘P)
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But
L
ygzZ)(?:’j):S_{thy}h(iij) ] V=1, ""L ’
=
where det (%,.)7%=0. Hence
. N & e o E g & .
Y+, j)= ;‘1 b,y (1, ) = gll by, Zl by (2, )
- — =
L& .
= [Z bw.hp.n j|y77(1'! .7) .
On the other hand
2 . . L . . L L - .
yg )(7' +o, J)=§hvuyu(7' +w, .7)2214 h’w. 241 ap.nyn(%y .7)
- o= =
L L - -
=>, [Z by aM:lyn(%, 7).
n=1p=1

We can equate coefficients, as already explained, because ¥, ¥, ***, ¥:
are linearly independent. We have

(5) ibw,hyn=éky“a#ﬂ, 77=1)"’,L; V=1,"‘,L.

=1 m=1

Now let us form the products

I by (a,—p) Q.
o cee by an (az,—p)
and
(b, — f’) s by; hi hus
by cer (bu—p) ho v bl

If we perform the indicated multiplication and then use (5) we get
identical determinants. This establishes the theorem.

THEOREM. No characteristic value s zero.
This theorem follows from the fact that det (a;;)540.
If it were zero then y(i+w,7), w(t+w,7), «--,y.(i+w,5) would be

linearly independent over a fundamental domain which they are not.

3. Roots distinct. Let the roots of the characteristic equation be
P1, Psy *++, ;. and assume that no two are equal. Let corresponding
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semiperiodic solutions be ¥,(%,7), -« -, ¥.%,7), that is y,(i+ o, 7)=p, @, 7),
v=1,2, ---, L and assume, as we can, that no one of these is identically
Zero.

THEOREM. The solutions y,, +--,y, constitute a fundamental system
of solutions.

To prove this theorem we assume first ¥, ---, y;,—, are linearly
dependent over D but that y, ---, y,-,-, are linearly independent over
D, Then

L-k
(6) 23 1t ) =0
over D with at least one #%~0. Replace ¢ by (i+w). Then
Ky . .
(7) v}:o/lvy (t+w,j)=0

over D. This is true because solutions linearly dependent over D are
linearly dependent over all of T.
From (7)

~

=

( 8 ) = #»Pv%(i, .7)=0 .
But g, —k=£0 else y,, -+, Y;-x-, would be linearly dependent. Eliminate
Yr-r between (6) and (8). We get

L-k-1

/lv(pv_pl,—h)yv(iy j)=0 .

v=1

The only way that this can be true with the linear independence of
Y, ***, Yook is that

(o= o) = 12— Pri) =+ * =ty (P11 — Pr-x)=0 .

If p=p,=++o=p;_,.,=0, then p,_,y;-(¢,7)=0. This is not the case
since ;-0 and y,-.(¢,7)=£0 over D. Consequently p,_, must equal
some other p. This contradicts our simple root hypothesis. Hence,
Y, -++, Y, are linearly independent over D and the theorem is proved.

4. Multiple roots; special discussion. Let us assume that p, is a
double root of the characteristic equation but that all other roots are
simple. Let #,(?,7) be as before ; namely u.(i+ o, j)=pw.(%, 7)=0 and let
U3, 9), 942,9), -+, ¥¢,5) be so chosen that v, %, ¥ -+, ¥, form a
fundamental system. We have the relations
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(9) ?/1(?'+w,.7)=P1y1(”',.7) ’
L
yv(?’ + o, .j)zcvlyl(/b’ .7)+ Z CWLZI,J,(?/, .7) ’ V=2’ ct L .
=2

The characteristic equation is

(P.—p) 0 0 .- 0
(10) ey (Cn—p) €5 --- G =0 .
Cry Cry Cpg **° (CLL—p)

Since p, is a double root of (10),

Cn Cp crr (Cpz—py)

Hence from (9) the solutions #,(¢+ o, j)—c, (%, 5)— P03, 5), v=2, «++, L
are linearly dependent.
This means that

7 2 I
vgzcv:{/v(i + o, 7)=u(1, J) 212 CvaL'{‘Plvg; Co9(1,7) .

Let incw=n and K(@',j)=i€vz}v(@',j). We note that Y,(¢, j)5%0 since
Y, ¥sy + -+, Y, are linearly independent over D. Then
(11) Y"-’(?;)_Fw’j):plyl(i’ 7)+ey(, 3) .

This is a difference equation in Y, as a function of ¢ with difference

interval w. We shall solve* for Y,(¢+ pw,j). Let U(i+ pw, 7) be a solu-
tion of the difference equation
(12) Ui+, 5)=pU(, j) .

Then Ui+ po, j)=ptU(t, 7). Moreover U(s, ) is arbitrary so we assume
it different from zero. Then

A9 Vit )= Gt i 50D e ) |

We note that y,(i+rw, j)=py(i,7). With this in mind (13) yields
n(m/«»,j){g i, )+ UG, D) i) ot
1

2 T, Foft, Finite differences and difference equations in the real domain. Clarendon,
1948, p. 117.
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We rewrite this®

(14) Y, (i4 o, j):[:. i )+ YA, ) |t

1
This is an interesting form for Y,(¢+ prw,7). We note particularly the
p in the first term of the bracket.

THEOREM. The solution y,(3, 5), Y.(¢,7), ¥s(¢, ), *++, (3, 7) form a fun-
damental system

To prove this theorem assume the contrary, namely linear depend-
ence :

(15) (i, )+ .Y (e, 5) + es(i, )+ - - - +eys(3, 7)=0 .

Then increasing ¢ by o yields
(16)  c.p(3, 3) + ekyi(2, 7) + €01 Y (3, 3) + Cspsys(d, 5) + + + + +€10,9,(¢, 5)=0 .

Now ¢, is not zero else y,, y;, ++-, y; would be linearly dependent
which they are not. We eliminate Y,(7,j) from (15) and (16). We get

c.kYi(T, 7))+ c(Ps—p)Ys(%, J) + « - - +el(pr—p)y:(e, 5)=0 .

But ¢;, -+, ¢, are not all zero. If they were we would have y.(, ) and
Y.(¢,7) linearly dependent. They are not since Y,(¢.j) is linearly
dependent upon (¢, 7), *++, ¥, 7) and by hypothesis #,(7,7) is not. It
results that p, must equal at least one of p,, ---, p,. This contradicts
our hypothesis.

We now assume p; a triple root but that other roots are distinet.

We consider #,(%,7) and Y,(4,4) of the double root discussion and
note that they are not linearly dependent. We then define #;(7,5), +--,
¥:(1,7) so that y.(3,7), Y.(4, 7), ¥s(¢, ), *+ -, 4:(¢, ) form a fundamental sys-
tem. The characteristic equation takes the form

(pl_P) 0 0 0 .- 0
ea (P1—p) 0 0 .- 0
Cs1 Cp (C—p) € --- ¢ |=0.
Cn Crs €z Cp -+ (Cp—p)

Since p, is a triple root of this equation we have

-1
3 The convention used in (13) is v§of(v):0'
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(Css—p1) € =+ (437
A7) e e e e e e e e e =0

Cis Cu o (Cp—p1)

It follows from (17) that #,(i+ o, J)—cuh(s, J)— .Yy, 5)— P03, ), v=3,
««+, L are linearly dependent. Let constants determining the linear

L
dependence be 7s, 74, +++, 7. Then let k,=> r.c., v=1,2. Let
p=3

)1
Ys(i’ j)=’§37’ygu(i’ j) .
Then
Y(i+ o, j)=ra(3, 7) +£.Y.(5, 5) + . Y33, 5)

This is a difference equation in Y, as a function of ¢ with difference
interval . We solve precisely as we solved (11).
As previously we choose U(7,7) not equal to zero then

w1 . . . .
Yy(i+ po, §)=Uli+ po, j )[v2=1 L 1%(%:2]”{:;3()5%'91{11 (zj;r ¥0,9) 4 oG, j)} :

Now substitute y,(¢+vw, j)=py.(7, j) and
i+, 3)=p 5 6, 0)4 Y:6,9) .
1
we get

Yy(i+ po, 5)=pt "k, (4, 5) + Kk, #‘2*‘—(’;3{ l)yl(fé, 7)

.

+ e Y0, 9) + P Y (3, 5)

5. Multiple roots ; general discussion. The work that we have just
done is easily generalized. Details are ommitted but can be readily
supplied by one who has read §4.

THEOREM. If p, is an «,-fold root of the characteristic equation
there exist solutions of (1) which we call Y{"(3,7), Y"@,7), «--, Yf,‘l)(z', 1),
were

YiP(i+ po, ))=ptYi°(, 5) ,
YiP(i+ po, j)=pilep Y120, )+ Y200, )1

VPG + o, )=t {o? -2 DY, ) 40 1006, + Y260 |
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Yo (i+ po, 5)

— il Jalap cap (11 —1) (w)f‘(/%‘“l)j"(ﬂ*al"*-Z) (s 5
pll:{cl vp+ ™ 21 + + lel_lf- W(’C’(:f)’”r*"*”yl (1, .7)}’

(@) e L pl@D #(F—l)"'(#‘a1+3)} W7 1.
+{C"‘11 ¢©+ +Cwi__3 (al-—z), z Y2 (q,,j)_[_ .e

(@) . . . .
et B Ve, D)+ Y6, |

If the roots are p, of order ay, p, of order «,, -+, p, of order «,;
then the solutions Y, YV, «« ., Y;"’f, Y, eee, Y&, 000, Y2, o0 Y;’j form
a fundamental system of solutions.
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