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CONVEXITY OF ORLICZ SPACES

HaroLp WILLIS MILNES

In a paper [1] which appeared in 1936, J. A. Clarkson defined a
property of Banach spaces known as uniform convexity. Let |f| denote
the norm of an element f of such a space and let {f,, f.,} be any
sequence of pairs of elements such that |/7]=]f"|=1 and lim3|f,+ f.|=1.

The space is said to be uniformly conver if these conditions imply that
lim|f,—f.]=0. It has been shown [2] that an equivalent definition is

one in which the condition |fi|=|f.]=1 may be replaced with the
weaker |/ <1 and |f,]<1. Clarkson has been successful in showing
that the Lebesgue spaces L, are uniformly convex if p5~1 and that
L, is not uniformly convex. The convexity properties of more general
classes of Banach spaces have been investigated by M. M. Day [3], 1.
Halperin [4] and E. J. McShane [7].

A concept of convexity related to uniform convexity has been de-
scribed and is termed strict convexity. It is defined in the following
manner. ot /0 " be any pair of elements in a Banach space such
that |f|=|f"]=1 and .+ f.]=1. The space is said to be strictly
convex if these conditions imply that |f'— f”|=0. In a Euclidean space,
strict convexity corresponds geometrically to the property that the unit
sphere |f]|=1 does not contain a segment. We remark that, if a space
has the property of uniform convexity, then it possesses that of strict
convexity as well; however, the converse implication is generally untrue.

The principal objective of this paper is to investigate the conditions
which an Orlicz space [9] must satisfy to be uniformly convex. Also
the related problem of determining the conditions for strict convexity
is considered. A solution to both of these questions has been presented
which may be regarded as complete in the sense that both the neces-
sary and sufficient criteria are developed.

We begin by formulating the definitions of Orlicz spaces in accord-
ance with the notations to be used subsequently. Except in minor
details we shall adopt the standard conventions. Let v=¢(u) be a
monotonically nondecreasing function not identically zero, defined for
all 0 <wu such that ¢(u)=¢(u—) and ¢(0)=0; also, let @(u) denote the
associated function ¢(u)=¢(u+). Let u=¢(v) be the function inverse to
¢(u) which is defined by the relations:
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(i) ¢(0)=0,

(ii) ¢w)=u if ¢(u)=v and u is a point of continuity for ¢(u),
(i) ¢v)=¢-),

(iv) if ¢(u)7=¢(w), then ¢(w)=u for all ou) <v<"g¢(w),

(v) if lim ¢o(u)=1I0< oo, then ¢(v)=+ o for all I <w.

Also, let ¢(v)=¢(w+). Since ¢(u) and ¢(v) are monotonic functions they
are Lebesgue measurable and their indefinite Lebesgue integrals define
the functions:

@(u)zg:go(ﬁ)dﬁ and ?F(v)=S:¢(77)d17 :

Let 4 be a measure space with a o-finite nonatomic measure gz and a
o-ring of measurable subsets. Let f(x) be a p-measurable function
defined on 4; then, the functions ¢(|f(2)]), ¢(If(z)]), ¥(F(x)]), etc., are
also g-measurable on 4. For each function f(x), we define:

Ifls=sup | Lr@lote)ds

where the supremum is taken for all g(x) >0 satisfying SAW(g) de < 1.

The Orlicz space L,=L4(4, #) is defined to be the collection of all fune-
tions f(x), #-measurable on 4, for which |f],< . It may be shown
(Zaanen, [10]) that the space L, is a Banach space with the norm |fJs.
If &(u)=u?, 1<p< o then L, is the classical Lebesgue space L,.
Necessary and sufficient conditions for both types of convexity will
be expressed directly in terms of the functions ¢, ¢, ete. For strict
convexity of L, these conditions are simply that ¢(v) and #'(v) should
be continuous in the extended sense. By this we mean that if V, is

defined by V,= supv then ¢(v) and ¥(v) are continuous for v <V, and
Pv)<Lee

lim ¢(v)=o and lim F(v)=oco. Of course, requirements additional to

vV - vV —

those for strict conveuxity must be satisfied to imply uniform convexity.
It is found that these conditions are alternative according as 4 is as-
sumed to have finite or infinite measure. If 4 is of infinite measure it
is necessary and sufficient that the space satisfy the following require-
ments: not only must the functions ¢(v) and ¥(v) be continuous in the
extended sense but the function ¢(x) may neither increase too rapidly
nor too slowly. Precisely stated, there must be a constant 0 <N <
such that @2u)/@(u) < N for all 0 < u (or what is readily shown to be
an equivalent statement, that there exist a constant 0 <N < such
that ¢(Qu)/e(w) < N for all 0< u), and also that for each constant
0 < e<(1/4 there is a corresponding constant 1< R,< o such that if
0 <u then R, < ¢(u)/¢((1—e)u). When 4 is of finite measure, the func-
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tions ¢(v) and ¥ (v), as before, must be continuous in the extended sense;
however, slightly less stringent conditions apply to the functions ¢(u)
and &(u). It is required merely that the conditions stated for 4 of
infinite measure apply only in the limiting sense; namely, that there
exist a constant 0 <  N< oo such that lim sup @(2u)/@(u) < N and that

for each constant 0< e<1/4 there is a corresponding constant 1 < R, <«
such that R, <lim inf ¢(u)/¢((1—e)u).

We begin the demonstration by establishing first the statements
relative to strict convexity.

LemMA 1. If f(a)e L, s a step function, then
Iflo=sup | I7lgdp
9(@>z0 JA

where g () dn <1 and where g(®) is also a step function with the
A

same regions of constancy as f(x) and g(x)=0 whenever f(x)=0.

Proof. Let |f(x)|l=f, on sets ¢, of measure p(e;)=4, >0 7=1, 2, +- -,
n. Let #(x) >0 be any function such that S ¥(hydp <1. Define:
A

9'(90)=1{1§ Wz)de=g, on e .

Since ¥(v) is the integral of a monotone nondecreasing function, it is a
convex funection so that by Jensen’s inequality [10]:

i v an=v(in| medn)=r@)
Gi /3i
and therefore:

| roan=Sren<t| vordn

=S w(h)dp <1.
A

On the other hand:

| \Plodn= Srga= S r (3| nau)

| 1rwap.

It is clear that we may take g(x)=0 where f(2)=0 since the
integral S I flgdp will remain unaltered in value while S T(g)dp can
A A
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only become smaller.
THEOREM 1. If ¥ (v) ¢s discontinuous, then Le 1s not strictly convezx.

Proof. Since ¥(v) is defined as the integral of a positive function,
the only type of discontinuity which can arise is of the form ¥ (V)< o
while ¥(V,+)=00 where 0 < V,< . (It is to be remarked that the
definition of the space L, excludes the case V,=0 as trivial). Let
A< min [p(4)/2, 1]2¥(V,)] be a finite number, A < 4, B< 4 be two sets
such that AN\ B=0 and p(4)=pB)=21. Define f'(x)=1/1V, on A and
0 elsewhere, f”(x)=1/2V, on B and 0 elsewhere. By Lemma 1, if ¢,
¢” represent positive numbers:

’

I/ le=sup ler ¢ where T(d)<< ;i

1 1
"e=su ¢’ where U(¢)<--.
I l=sup GEE

Since ¥(V,)<1/22 and ¥(v)=o for V,<v the largest value of ¢ or
¢’ that may be chosen is ¢/=c¢’=V,. Thus |fo=|f"].=1.

But L f'(x)+ f"(x)|=3f" (@) —f"(x))=1/21V, on A\JB and 0 else-
where, so that by Lemma 1:

“ S 1
2

= gup ————-24¢c
'320p ZI{VO

2

f’~f,’i|

@

where ¢ represents any positive number with #(c) <<1/22. As before,
it follows the largest value of ¢ it is possible to choose is: ¢=V, so that

7+ =3~ =1
THEOREM 2. If ¢(v) is discontinuous, then L, is not strictly convex.

Proof. Let v,— supv, V,= sup v. By Theorem 1 it may be assumed
¢(v)=0 Plv)<oo

that ¥'(v) is continuous in the extended sense, so that lim ¢(v)=co.

vV~

Two cases are distinguished according as ¢(v) is or is not continuous at
v=1,.

(A) v, is @ point of discontinuity for ¢(v). Let v, < B<V, be a
point of continuity for ¢(v) and choose j large enough so that the re-
lation ¥'(8)=1/4 defines 1< p(4)/2 and A< oo. It is then possible to
determine sets A< 4, BEZ 4 such that: p(A)=p(B)=2 and A\ B=0.
For each value of a parameter 0< p<{1 define a,=[1—pd(v,)v,]/5,
b,=pd(v,) and
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Y on A4,
A
K@=\ o B
0 on (AUB).

By Lemma 1, |f,].= §1>10p (a,6+b,7) where ¥(§)+¥(5)<1/2. Since ¥(v)
720
is the integral of a positive non-decreasing function not identically zero,
7'(v) increases continuously to infinity; hence, it is possible to replace
the condition Z(&)+¥(y) <1/2 by ¥(6)+¥(9)=1/2 with é¢=>v,, >, for
it &, » satisfy ¥(&)+¥(y,)<1/2 it is always possible to find & =>¢,
7,=7, so that ¥(&)+¥(,)=1/4 and & =wv, 7,=>wv, while a,6,+b,7, >
a5 +b,7.. Thus np=x(¢) is determined as a single-valued function with
v L& f. If I(§)=a,E+b,7(&) then || f)l.= sgpﬁ L(8). But I,(¢) assumes
v,sks

its maximum subject to v, < €< either for &=wv, £=pf or at points
for which d*I(¢)/dé and d-I,(¢)/dé simultaneously change their signs,
where d*/d¢, d-|/ds denote respectively upper and lower derivatives.
That is, the maximum must be assumed either at a boundary of the
interval »,<X € <{f or at a turning value or a cusp. But

d=y_—9(&)
as  ((8))
so that

CLE) _ oy 9O _1[1_ 5 FIGEAYS
de T E) ﬂ[ b M)(“’”W@(e))ﬂ

If p is any value 0 <'p <P where

0 << P<min [1, (¢(vo)v,+¢(F)B) ]

then d-I,(8)/de>0, v,< < f; and since [,(v,)< I,(P) it follows: |f,|,=
L(p)=1 for all such p. Choose 0 <9’ < p"” < P/2 and define

S'@)=rv@,  Fr@)=rf ().

Then (f'(@)+ f"(z))=%Sp+p(2) so that |fo=]/"lo=3f"+f"]s=1. On
the other hand |f'(x)— f"(x)| is different from zero on B and therefore
its norm is not zero. Thus L, fails to be strictly convex in this case.

(B) w, 4s a point of continuity for ¢(v). Let a be a point of dis-

continuity for ¢(v) so that ¢(a) < ¢(a)40. Also, let « < f<V, be a
point of continuity for ¢(v) and choose /# large enough so that the relation
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T(a)+ ¥ (B)=1/2 defines 2T p(4)/2 and 0< 1< oo, It is then possible
to determine sets A < 4, B< 4 such that p(A)=p(B)=2 and AN\ B=0.
Consider the equations

ada+b'f=1

@' $(B) ~b'P(a)=0

e+ b =1
gy —p P+ $a) ) _
arg() =y (1) 0.

Since ¢(F) = () >0 it follows that the determinants of these equations
do not vanish; therefore, the equations may be solved and it may be
observed that the wvalues of «', ¥, o, b’ are all greater than zero.
Define

¢ on A ® on A
A A
F@=1 _ p S@= g
A A
0 on (A\UBY 0 on (A\UBY

By Lemma 1, |f|,= sup (0’6 +bn) where T(E)+¥(n)<X1. As in (A)
120

above the condition ¥'(¢)+ ¥ () < 1/2 may be replaced with (&) + ¥ ()=1/2

and § >wv,, 1>, and these relationships determine £=£(») and 7=17(¢)

as single-valued functions with v, <{£é<é and v, <7< respectively

where ¥'(6)=1/2. If d*/d&, d-|d¢ denote respectively upper and lower

derivatives, it may be seen:

d*p __ ) dy__ o
dé (%)’ ¢ P(7(8)
d*¢ _ _ d() d¢_ _ 9
dy (@)’ dy P(E(m))

where ¥'(£)+ ¥ (y)=1.
If I'(¢)=a’e+b'7(§) then |f'],= SungI’(E). As in (A), I'(¢) assumes
its maximum subject to v, <¢€ g&o_ei_ther for &=w,, £=4 or at points

for which d+*I(§)/d¢ and d-I(¢)/d¢é simultaneously change their signs.
Now

lim [d‘é@]: ' + b’[ d%g*i) Lv; —a — %0)) b=a' >0

.\l—'—»vg'

since =¢ when £é=wv, and ¢(6) >0. Thus, I'(¢§) increases in the im-
mediate neighborhood of é=v, and é=v, cannot give a maximum. Also



CONVEXITY OF ORLICZ SPACES 1457

lim [d+l’(§)r}= a’ + b’[ fi+77(5)] =a' —b lim g(i)f: —
E->87 dé dE E58 5—»8; ¢(v)

N7,
since & > 0. Thus I'(¢) decreases in the immediate neighborhood of £=¢

to the value I'(d) and £€=4 cannot give a maximum.
Now

CTE_ gy 90 g GTE _y_y HE)
ds ) ds 908

Since a/'¢(B)—b'P(a)=0 and the condition ¥(&)+¥(7(£))=1/2 implies that
as £ increases, » cannot increase and conversely, a critical examination
of the expressions above establishes the following relations:

. d*I'(&) d- I’(E)
f th =2 AR <0, <0,
it &>« en g = iz

if €=a then ql:(%”f)~>0, @'gé(f): ,

if £<a then d+l’(5) >0, @:!:@,> 0.

Since that d+I'(¢)/de, d-I'(¢)/dé can change sign only once, it follows
that the value é=a, 7=4 gives unique maximum to I'(¢§). Thus |f],=
aa+b'p=1.

If I"(6)=a"6+0b"7(¢) then an analogous argument leads to the re-
lations

it £>a then FLE) o a7 ¢

de de
. a*1"(€) a-1"(g)
f =« then ¥4 &~ 6 2LK 0,
if 6=« en i > e <
if £<a then 9”1(5)> @“CIZ';(EBO,
so that |/ ,=a"a+b"F=1.
Consider
o' +a” on
22
S'@)+S"(@) _) 2
R AR

0 on (AUBY
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Let
a on A
g($)={ﬁ on B
0 on (AUBY
then
| 7@ ar—ir@+w@n-1
and
S+ r a+a’ VY
”42 2 EH Mt

D

Thus by the triangle inequality 3|/ + f"/|,=1

A consideration of the defining equation shows that 8’ £b”. There-
fore | f"(x)— £”(x)| is not zero on B and it may be concluded immediately
that |/~ f"].%0. Thus L, fails to be strictly convex in this case
also.

LEMMA 2. If ¢(v) is continuous in the extended sense and 0v <V,
0v <V, then T (V') =T () +¢(0)(0 —v).

Proof. If v=2" then the relation certainly holds. If »< v’ then
r@)=|" )5 = | $@ds + | 9@)a = 10) + 901w —0)
If »>" then

rw)={ 9@ s ={"9@)d5 - || g@ido = 1)+ )0 -0

THEOREM 3. If

(i) Tw) is continuous in the extended sense,

(ii) ¢(v) 9s continuous in the extended sense,

(i) Sf(x)e L, and |f(x)|=esssup|f(x)|=M <o on some set of posi-
tive measure and also, when 4 is of infinite measure, f(x) vanishes
outside a set of finite measure; then there is a constant 0<_C,; < co and

a function g;(x)>>0 such that |f ||Q,=SAf(x)gf(x)dp, where J(g,(x))=C,| f(x)|

and S v(g)dp=1.
A

Proof. We first establish the existence of a constant C; and a
function g,(x) which satisfy the last two relations of the theorem. Let
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E=E[|f()|>0] and let S=S[|f(z)|=M] with (S)=06-£0. Since

¥(v) is continuous in the extended sense and increases from zero to
infinity, there is a value v <V, such that 7'(v)=1/0. With C'=¢(')M-*
define g'(x)=v" for e S and ¢'(x)=¢(C’|f(x)]) for xe S’. Then ¢(¢'(x))
=C’|f(z)| and

1< | v < wE)o <o

Two cases will be distinguished according as

) KRGS
or
(®) [ recirman>1.

(A) For each value of the parameter 1 <k < o define

oCf(@))) for xzeS',

gk(w)z{min[kgp((]’!f(x)\), v] for wzeS.

The family of functions g¢.(x) is then a continuous one satisfying
I(gx(x))y=C'|f(x)] and increasing with & from g(x)=¢(C’|f(x)]) to ¢'(z).

The integral I(k)zS V(g,)dp increases continuously from value <1 to
A

values >1. There is then a value %, such thatg 7(gy,)dpr=1. The
A
function gy (#)=g,(x) and the constant C’'=C, are those of the theorem.

(B) Let C,=inf C where SAW(SP(C‘f(w)l))d#:Z 1. Since

lim ¢(C1f @))=¢(Col f(@)])

C»—)CJ‘

it follows by Lebesgue’s theorem that
| r@Cir@hin=1.
Again, let C’=sup C where
RGEHODLESE

By the continuity of ¢(v) it follows that C°=C; and since
lim ¢(Clf(@))=¢(Colf (@)

C—»CJ
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then by Lebesgue’s theorem g T(e(Colf(x)))dp <1. For each value of
A
the parameter 0 <% <1 define

9:(@) =1 =k)p(Cilf (@)]) + ke(Col f (2)))
then the family of functions g,(x) satisfies ¢(gx(x))=C,lf(2)| and increases
continuously with k& from ¢(C)|f(x)]) to ¢(Colf(x)]). The integral I(k)=

S V(g,)dp increases continuously from values <1 so that there is a
A

value k, such thatS ¥(gr,)dpr=1. The constant C,=C, and function
A

gx,(@)=g,(x) are those of the theorem.
It is easily seen in either case (A) or (B) that 0<C; for if C;,=0

then the corresponding function g,(x) < v, and hence S Y (9,)dp=0 which
A
is a contradiction of the proof already made that S U(g;)dr=1.
A
Finally, it follows from Lemma 2 that

I17b=|  lr@lgs dn

Let h(x) =0 be any function such that S Yh)dp <1. In Lemma 2 let
A

v=g,(x), ¥'=~h(x); then, integrating over 4 gives

[ rwan={ re)drrc| 1r@i0E-g@)dn

or

1— Sg(h)dy

[ r@losdn={ @@~ =5

Since C,>> 0 we obtain | f||q,=SAl F@)lg @) dr.

THEOREM 4. If
(1) the hypotheses of Theorem 3 are satisfied,

(i) |fll>0,
then

o(C\fDdp+1
FICE Dbatidaniti

7

where C, 1s the associated constant of Theorem 3.



CONVEXITY OF ORLICZ SPACES 1461

Proof. By Young’s inequality, for arbitrary 0 <wu, 0w,
uv < O(u)+¥(v)

with equality if and only if at least one of the relations v=¢(u) or
u=¢(v) is satisfied. Let u=C,|f(x)|, v=g/(x) then since ¢(g,(x))=
C,|f(x)| the inequality becomes an equality and

Colf (@) (@)=2(C,\f (@))) + ¥ (9,()) -

Since 0< C, < «, integration over 4 gives the stated result.

THEOREM 5. If

(i) ¥(v) is continuous in the extended sense,

(ii) ¢(v) ds continuocus in the extended sense,
then L is strictly convex.

Proof. Let f'(z), f”(z) be any pair of elements of L, such that
H+ =1, I le=1, |fle=1. Let f(x)=s"(2)+f"(x) and

S E§[If(ﬂ?)l= ess sup | f(2)l] .

If 1(S)=0 let

E=E] 5@ <min (v, (1= D esssup lr@l) | =12, -);
n x n

if p(S)>>0 let E=S" (n=1, 2, --+). Let 4, be a sequence of sets snch

that 4, < 4,., & 4, p(4,) <o, (4,—E;)>0 and lim4,=4. If p(S)=0

define

min [n, (1——%) ess sup |f(w)l:! on (4,—FE,),
F(z)=
@) | @) on (4,NE,),
0 on 4,

while if #(S)> 0 define

ess sup | f(x)| on (4,—E,)
F(@)= { |f ()] on (4.NEy)
0 on 4,

observing that since |f|l< oo then esssup|f(z)|< o in this case. It
follows easily from the definition of the norm in L, that |F,J,—|f + /" e.
The functions Fl,(x) have been constructed in such a way that they satisfy
postulate (iii) of Theorem 3 so that by this theorem and also Theorem
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4, there are constants 3 <<C,< o and functions g,(x) satisfying the

relations: ¢(g.(2))=C,F.(2), X Ylgn)dp=1 and |FJo= S Fn@)ga=) dp.

Since F,(x) < F,, (x) and S V(g,)dp=1, (n=1, 2, ete.) it follows that
A
the sequence C, decreases to a limit £ < C < . Since ¢(g,(x))=C, F.(x),
F.(x)<F,, () and g ¥(g,)dr=1 it follows by the monotone properties
A

of ¢(v) that for each arbitrarily chosen but fixed m, the sequence g,(x)
ultimately decreases on (4, N\ E,). When #«(S) >0 we see (4,N\E,)—
(4—S) and (4,—E,)— S so that in this event the sequence g, (x) de-
creases on S also. When #(S)=0 we see as before (4, N\ E,)— (4-S)
and (4,—FE,)—S. Thus the sequence g,(x) in both cases converges in
measure to its limit inferior which we denote by g(z).

By Theorem 3

= \Pulgndi = 177 £ lgad

<{ 1ot | 17 o UF N U
Since

1l =157+ o= 15" +1F"lo
it follows that

lim | 1flgudp=1fle and tim | 1lgdp=]ss

We show that there is a constant 0<D'< o such that J(g(z))=
D' f'(x)l almost everywhere. If this were not the case there is a con-
stant 0 < B < w and sets T;, T, of finite positive measure such that

$(9(@) > B|f(x)] on T}
0 ¢(g(@) <Blf(x)] on T,.

By Egoroff’s theorem we may extract subsets 77 & T3, T7 & T such
that the sequence g,(x) ultimately tends uniformly to g(x) on 77 and
T). From T7, T; we may extract subsets 7';", T, of positive measure
such that the sequence is not only bounded on 77" and T, but, since

g 7(g.)de <1 and g(x)=Iliminf g,(x), it is also bounded away from
A

V. We may again find subsets 7. < 7, and T,< T,  such that for
suitably small constants 0<{¢< o, 0<{a <

(1) Hgu(@)—t) > B(lf (@) +a) , wel, 0 t'<t,
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0 <d(gn(x)+t") < B(f(@)]) , zel,, 0<t"<t,
for all n sufficiently large.

Sinceg |/ gndp = || fle, for each 0<e there is an =, such such

A

that if m, <7 then: S \FVh dpe— SAlf’lgnd,u<s where A(z)>>0 is any
A

function with S U(h)dpr 1. Also, since g(x) is bounded away from V,
A

and the sequence g,(r) converges uniformly on T, to g(wx), there is a
constant 0 <'f2< o such that for sufficiently large n

(2) [, so@nan<| v rpan<e.

Let

t|, vE@)dp
0 <e<<ap(T,) min [t, /a”—]
, H@)+B)dp
and choose n>n. so that (2) holds. Then, if
(3) |, Poadu+ | r@)dn=b
1 2
and if 0<t, <o, 0<t,< o also satisfy
(4) |, P.@—t)an+ | T+ t)dn=b
we have by the mean value theorem, for some 0<C ¢, <1, 0<46,<1,
(5) b vo@-0t)dnrt | o@+0t)dn=0.
Thus, if
| slo@ndn }

t,= min {t, Sl
[, #o(@)+A)dn

then ¢, <{¢t. Now by (1)

—t, $0@—0t)dn< B[ \Fldp—Bran®)
1 1

|, 9(0.@) + 0)ap < Be| \Fldu,
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so that by (5)

6 1rldnet| 1f1ap=banT) >
But if

gu(@)—t, on T
h,(x): { gn(x) +t, on Tz
9n() on (I,UT,)y

then by (3) and (4) SAW(h)d/J=SAQT(gn)d,u=1 while

| rman= 1£1an =t \p1dpst 171dn
= 1Plgndpere,

which contradicts the demonstration already made that S |\ f\hdp—
A

SA | fg.dpe<e. Thus, there is a constant 0 <D’ < e such that ¢(g(x))=

D'|f'(x)|. Similarly, there is a constant 0 < D" < = such that ¢(g(z))=
D" ()l

Since |f'(x)|=¢(g(x))/D’ and |f"(x)|=¢(g(x))/D" we see |f'(x)| and
|f"(z)| differ at most by a constant factor. But |fo=|f")s=1 so that
this factor is unity. Thus, f'(z) and f”(x) differ at most in sign. But
Hg(@)=C|f'(@)+ f"(x)] so that if f'(x)=—f"(x) at any point, then
d(g(x))=D'\f'(x)|=D"|f"(x)|=0 at this same point. Hence f'(z)=["(x)
almost everywhere and [ f'— f"|,=0.

Theorems 1, 2 and 5 together have established the necessary and
sufficient conditions for the strict convexity of the spaces L,. In order
to proceed with the more difficult demonstrations for uniform convexity
we shall require the following important proposition relating to the
norm of an element in L,.

THEOREM 6. If
(i) ¢(v) is continuous in the extended sense,
(ii) ¥(v) is continuous in the extended sense,
(ili) (a) there is a constant 0<N< oo such that @(2u)/@(u) <N,
(0 <u), when 4 is of infinite measure,
(b) lim sup @(2u)/@(u) < + oo when 4 is of finite measure, then

Jor each f € L, different from zero there is a constant C, and a function
g,(@) =0 such that
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7= If1de,
$(g,@)=C,|F (@) and SAW(Qf)d#'—“l-

Proof. Let
S=§[lf(x)l= ess sup [f(@)I] .

If #(S)=0, let
E=E||f@)| <min(n, (1= esssw @) |, @=1,2 -);

if 4(S)>01let E=S’, (n=1, 2, ---). Let 4, be a sequence of sets such that
4, < 4, < 4, p(4,)< oo, p(4,—E,) >0and lim 4,=4. If x(S)=0, define

min [n, (1 _1 > ess sup lf(w)\:l on (4,—FE,),

n
If@I on (4,NE,),
0 on 4,

while if #(S)>>0, define

esssup|f(z)] on (4,—E,),
Fyx)=¢ |f(@)] on (4,NE,),
0 on 4,

observing that in this case ess sup |f(x)] < oo since |f|, <. The func-
tions F,(«) satisfy the postulates of Theorems 3 and 4 so that there are
constants |F,|;' < C,,< e and functions g,(«) == 0 such that |F|;' < C,, <o

and functions g¢,(x)>>0 such that HFnI[q,:SAanndy where ¢(g,(x))=

C,-Fy(z) and SAT(gn)dy=1. Since Fi(x) <F,..(z) < |f(@)| it follows

from the condition S ¥(g9,)dr=1 that the sequence C, cannot increase
A
and since |flo=>|F,J. it has a limit |f;'<XC <. Since ¢(g,(x))=
C. F(x), Fx)<F,.(zr) and S V(g,)dp=1 it follows by the monotone
A
properties of ¢(v) that for each arbitrarily chosen but fixed m the
sequence g,(r) ultimately decreases on (4, N\E,). When x(S)>0 we
see (4, N\ E,)—>(4—S) and (4,—F,)— S, so that in this event the sequence

g.(x) decreases on S also. When (S)=0 we see (4,N\E,) —(4—S) and
(4,—E,)—S. Thus, the sequence g,(r) in both cases converges in



1466 HAROLD WILLIS MILNES

measure to its limit inferior, which we denote by g(x).

(a) Assume that postulate (iii) (a) holds. In this case there is a
constant 0<M < such that ¢(2u) < Mew) for 0<w. Thus, if
O(2u) < No(u) for 0<u then @(4u) < N*@(u). Suppose there were a
sequence 0 < u, such that for each natural number ¢(2u,) > ne(u,),
then

D) = | @) 0T 2 20,82u,) > 2t () = 200(u,)

7

since u,¢(u,) = ?(u,). Now

[, rwecirnde < m| 1l de < misks
since
[ recirmap=| timint r@)dp <timint | v)dp-1

by Fatou’s lemma. By Young’s inequality

| r@ecirna—2c| | 5gecirhin- | o@ciridp

ngCM"f”(p S

But for all n sufficiently large ¢(2C|f(x)|) 2= g.(x) = g(x) therefore by
the monotone property of ¥(v) and Lebesgue’s theorem

1=1iminfg W(gn)d/l=s Fim int ?If(gn)d;zzs T(g)dp .
A A A

Let 2(z) >0 be any function such that g P(h)dp 1. In Lemma 2
A

let v=g(x), v"="nh(z); then integrating over 4 gives

|, rean=\ r@aprcl 1r-g)dn

or

1—~S Y(h)dp
gAlf!gd/IZ SA | flhdp+ V,;LE O
Since C>-0 we have |/ "@:SAIJ" (@)lg(#)dp. The function g(x) and the

constant C are those of the theorem.
(b) Assume that postulate (iii) (b) holds. Since lim sup @(2u)/@(u)

=N, there is a #’ such that for » <<u, @(2u)/@(u)=<2N. Then for
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w <u, ®(4u) < (2N)@(u). With appropriate modifications of the corre-
sponding demonstration in (a) above we easily show that there is a
constant 0 < M < co and a value u, such that for u, <wu, ¢(u)/e(w) < M.
Recalling that 4 is of finite measure, let », >0 be a value such that
(1) <1/p(4), then

| rwecinan < 1@ dneu 1riecira
7w
SRy

since ¢(Clf(x))) < g(x) and by Fatou’s lemma

SAIF(g)d,u=SA lim inf ¥ (g,)dp < lim inf SA w(g,)dp=1 .
By Young’s inequality
|, r@ecirman—2c| 1reecishae- | oecishar
<20{ Iipecifhdnp=2c] P o Jisf < o

But ¢(2C|f(2)]) = 9.(x) =g(x) for all = sufficiently large, so that by
Lebesgue’s theorem and the monotone property of ¥(v)

SA ?F(g)d,u———SAlim inf ¥(g,)dp—=lim inf SAT(gn)d/url :

The remainder of the proof is as in (a) above. The constant C and
the function g(x) are those of the theorem.

The above theorem may be generalized in several ways. The author
has secceeded in obtaining a number of analogous conclusions [8] when
the function ¢(v) is discontinuous and when the hypotheses relative to
the function @(x) do not hold. It is interesting to observe that for
spaces in which conditions (iii) (a) or (iii) (b) do not apply, there is al-
ways an element f of the space for which the norm is not attained;

that is to say, there is no function A(z) >0 such that |If|[4,=SAlflhdy

with S V(h)dp=1. In this case, however, there is a constant 0<C
A
such that

| r@cirnap=1-a,

where 0<a <1 is a constant; for any larger constant D > C the inte-
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gral S ¥(¢(D|f|)dp is infinite. It is further remarkable that in this
A

case

7= _|FBCIDdu+ac .

The proofs and complete statements of these propositions will not be
presented since they are not essential to the discussions relating to
convexity. Theorem 4 admits an obvious generalization not only to
spaces which satisfy the postulates of Theorem 6, but to the more
general case when only the first of these conditions holds. The problem
of determining the constant C which appears in all of these theorems
in terms of elementary properties of f(x) has hot met with a suitable
and satisfying solution despite the author’s attempts to find one.

We proceed now to a consideration of the necessary and sufficient
conditions for uniform convexity of Orlicz spaces. It was remarked in
the introduction that every uniformly convex space is strictly convex
but that the converse statement need not be true; therefore, it is clear
that any necessary condition for strict convexity must be also a necessary
condition for uniform convexity. Thus by Theorems 1 and 2 we must
assume at least that ¥(v) is continuous in the extended sense and ¢(v)
1s continuous in the extended sense. For a similar reason, the following
theorems furnish us with further necessary conditions.

THEOREM 7. [5] Ewvery uniformly convex space is reflexive.

THEOREM 8. [6] Necessary and sufficient conditions that an Orlicz
space be reflexive are that there exist a constant 0< N < oo, such that

(a) 2u)/d(w)< N and T2v)T@W)N, (0<u, 0<v) when 4 s
of infinite measure;

(b) lim sup @(2u)/@(u) < N and lim sup 7' (20)/¥(v) < N when 4 s of

Jinite measure.

The conditions implied in Theorems 1, 2 and 8 must be supplemented
with an additional necessary condition in order to insure uniform con-
vexity. This is expressed in the next theorem.

THEOREM 9. A mnecessary condition that Le should be wuniformly
convex 18 that for every constant 0<_a< oo there is a constant 1< K,< o
such that (a) when 4 18 of infinite measure then o(u+au)/e(u) > K,,
(0<wu); and (b) when 4 is of finite measure then lim inf ¢(u+ au)/e(u)

>K,.

Proof. By Theorems 1, 2 and 8 and our above remarks we may
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and shall assume that ¥(v) and ¢(v) are continuous in the extended
sense and that lim sup @(2u)/@(x) < N and lim sup 7(20)/¥(v) < N for

U0 v

some constant 0< N< . We see then that ¢(v)— o for if sup ¢(v) <L A4,
0< A< o then ¢(u)=co, A<u so that G(2u)— S2“¢(a)dﬁ= oo for Aj2<u
which contradicts lim sup @(2u)/@(u) < N. S;milarly the condition
1i1’£1 sup ¥(20)/¥(v) < Nu;r:lplies that ¢(v)— o,

—>00

Suppose there were a value 0 < a < o and a sequence u, such that
alternatively according to the respective hypotheses

(a) Sp(un :{_ au") -1
P(1,)
(b) lim inf $(nt %) _ 1
U ¢ (Un)

There is then a sequence of pairs: {v,=¢(u,), V,=¢(u,+au,)} such that
Vpfvn—1. Let 1,=1/%(»,)+¥(¥,)) and define w, by 2¥(w,)=1/4,; then
Vy =W, = v, and v,/w,—1, v,/w,—1. We remark that in the second
case u, ~—> o 80 that v, - o and ultimately 1, < u(4)/2. Determine sets:
A,, B, of positive measure such that A,N\B,=0, p(A,)=p(B,)=¢t,
=min [x(4)/2, 2,]; and define functions f,(z), f. (x) respectively as

(1+a)

d on A4,,
[A+a)v,+ v,
fley=: ,\_177;- on B,,
[+ a)v, + v, 1.
0 on (A4,UB,)
1
I - A,
[+ a)v, +v,]¢ o
= (+a) e
[(L+a)v,+v,]x,
0 on (An U Bn)’ .

With C,=C,=[1+a)v,+v,]pmmu, we see: ¢(9,)=C, fn, #(9.)=C,f, where

I v, on A, v, on A,
g(x)=:{v, on B, gn(@)={7v, on B,
l 0 on (4,UB,) 0 on (4,UB,)

and for all »n sufficiently large so that 4,=pg, we have
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S (g dpr= (T (0,) + T (F)=1
A

SAQT(g;')d,u=]n(?F(vn)+ V(5,))=1 .
Thus, by Theorem 6

w0 1+a)yv,+v, ¢
Tom\ Frgdp—AH OOtV e g
ko= Figidr ottt

” - 1+a)w,+v,_ ¢
= 0l d, :,,(;Mz_lzl .
15T SAf G 11 A+a)v,+v, p,

Now

, (1+a/2)
Sl @)+ @) | [(L+ ), +v.]

0 on (A4,\UB,)

on A4,\UB,

so that by Lemma 1 and Theorem 6

”f,; + f A+a/2yw, 22
2

51

A+ @) tv.] A

(]

since v,/w, — 1 and v,/w,— 1. Again

e .1 o 4,UB,
| fi@)— f (@)= [A+a)v,+o.] 2,
0 on (A,UB,)
so that
R 2 T f';' —,F;f 7;, — _a
1= Al A+a2)] 2 |, 1+a/2>0

and L, is not uniformly convex.

LEMMA 8. Let 0<e<(1/4 and 1< K,<T< oo, 0<b be constants
such that alternatively

- e((1—e)u) ’ 0 ’
() K (1 —e)) <1 (0Tw)
b K., < ¢((1=e)u) —mp , b ,
() g < ®<w)

then there is a constant 0 < L. such that
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V() = ¥(0)+ )0 =)+ LD (1w —ul)

when respectively

i (2e—¢)
(a) ' —u| > (1—e) u >0
- (2e—¢°)
(b) [’ —u| > max [b, (1—e) u]

where (u, v), (W, V') are related by either v=¢(u) or u=¢(v) and v'=¢(u')
or w' =¢(v').

Proof. Assume w >>u and consider the first diagram

P
r s o C//

-

N

&

b u (~e¥u’  (/I-ew’ u

We note first
(@) (I—efu' Zu>0; (b) A—eu' =Zu=0b

according to the respective hypotheses. Since ¢(u) is a monotone non-
decreasing function we find from the definition of ¥'(v)

V(v')—¥(v)=Area (OCT)— Area (OBA)
= Area (ABST)+ Area (PQRS)
so that:
V(') = W (v) + ()0~ )+ QP-PR .

Observing that respectively

(a) (1{€)> w =u >0,
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(b) (]u_/e)>u’,_:>:u>b,

by corresponding hypotheses with #'/(1—¢) instead of u, we see that
(1—eu') < (1/K:)p(w'). Thus

QP—¢(w)— (1 —epu) = (1= | Jolw) .

Also
PR=(1—ew —u>[(1—e)—(1—e)fu'=e(1—e)u .

Hence

QP-PR > (1—; )s(l—s)u’go(u’)

g

> (1— Ii )8(1—5)(p(u') > (1— ; )5(1—5)@(|u'—un .

Thus with P,=(1—1/K,)¢(1—¢) >0 we have
P() =¥ )+ @) —v)+ Pd(lu' —ul) .

Assume % < u and consider the second diagram.,

v e
(G)

1’4 A 8

P R

N
AT C
v / I .
— 1 l g

0 u' (I-€2u (Fu b u

We note first that

n— > ZEmEN — (0. oyy
(1—e)y

so that (1—e¢)u == u'. Since ¢(u) is monotone nondecreasing, from the
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definition of #'(v) we find:

V(v)—¥(v')= Area (OBA)—Area (OCT)

< Area (ABDT)—Area (PQRS)

so that

(V') > T (v)—Area (ABDT)+ Area (PQRS)

=¥ (v)+ () v ~v)+PQ-RP .

But

PQ = ¢((L—eju)—¢((1—eyu)

= (1 Jra=om = (1= 1) o)

where, if we are considering the second set of hypotheses, we make

use of the fact that b<<w. Also EP==cu; therefore

W) = W (0)+ J0) (v —v) + (1 - 11{ ) - ()

=T+ ) =)+ (1- 11( ) 0t

> T )+ () —v)+ Q.0(lu —ul)
where Q.—=(1—1/K)(e/T) > 0.
Taking L.=min (P,, €,) we have the stated result.

THEOREM 10. Let ¢(v) be continuous, u=Jv) and w'=¢@’) and let
0<e<(1/4, 1< R, << N<_co be constants such that alternatively

(a) (i) f;((fj;)ézv, (0" u)
(i) R ¢ 0 <)

T Ue((—eu)

(i) Ju'—u> @y~ 0

(1—ey
or

. . OQu) _-
() (i) hTiuD (1) <N,
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TR ¢(u)
(ii) hr}}jﬁup (=) >R,

then there is a constant L, > 0 such that

V() =¥ )+ P0)0 —0) + LD —ul) .

Proof. (a) By the same reasoning employed in Theorem 6, we
may use hypothesis (a) (i) to show that there is a constant 0<M < oo
such that ¢(2u)/e(u) <X M, 0<u. Writing (1—e)*u for » and noting that
0(2(1—eyu) = (1 —c)u), 0<e<1/4 we have

pr H2=0) - (=) .
= 1= ell= o) O=n

Again writing (1—e¢)u for » in (ii) we have

1—e)u)
R (0<u).
P((L—e)u)
With M=T, R.=K, we may apply Lemma 3 to obtain the stated result.
(b) As in the proofs of Theorem 6 we may use (b) (i) to show that
there is a constant 0< M < o such that 1im sup ¢(2u)/e(u) < M ; this
implies that for each 0< e<(1/4 there is a value u,< o such that if
(1—e)u, <u then ¢(2u)/e(u) < 2M.
Writing (1—¢)*u for u we see

P(1—eju) @(2(1=e) - opr  <u).
P(L=efu) ~g(L—e)u) ~ -

Since ¢(v) is continuous, it follows that if 0<'b is any constant then
o((1—¢€)d) > 0; since ¢(2u)/e(u) L 2M when (1—e)u, < u it follows that
¢(2u,) < o ; therefore

G(A—ey) —  oRuw) )
e(L—e)u) — @((1—e)) < (b=u=<wu).

Thus with

T=1+max [2M, - 50(2”1),7,’]
¢((1—e)*b).]

we have
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w((I—eju) —p ,
P((1—e)u) b=<u).

The second hypothesis implies that there is a u, < o such that

(A=eu)  R.+1
(1 —e)u) - 2 >1 , <u).

Let 7=(2¢e—¢*)/(1—e¢)?, then 7 > 0. Let

S— inf #d—ep)

v<n<uy o((1—efu)

Suppose S=1, then there would exist a sequence » < u, < wu, such that
e((1—e)u,)/¢((1—e)u,) —>1. From this sequence a subsequence u,, could
be extracted which either increases or decreases to a limit » <w < wu,.
If wu, increases to wu’, then the left continuity of ¢(u) implies that
o((1—e)u')e((1—e)u')=1; while if w,, decreases to »’ then the right
continuity of ¢(u) implies that @((1 —e)u’)/@((1 —e)u')=1. In either event
this would imply that ¢(v) had a discontinuity at alternatively v=
¢((1—eyu’) or v=((L—e)u’), since ¢(v) < (1—efu’ < (1—e)u’ < P(v). Since
¢(v) is continuous by hypothesis, we conclude: S>1. If we let
K,=min [S, (R.+1)/2], b=(2e—¢*)/(1—¢)* and T as above, we see that
the hypotheses of Lemma 3 are satisfied and we have established the
proposition.

We shall suppress the proofs of the two following lemmas since
they may be found readily in the reference cited.

LEMMA 4. [10] If f(x)e Lo, and f(x)=~ 0 on a set of positive measure,
then

Sg('ﬁf')dy <1.

LEMMA 5. [10] If f(x)e Ly and 4f there is “a constant 0< N <o
such that (a) @2u)/@(u) < N, 0<u when 4 is of infinite measure; or
(b) lim sup @(2u)/@(u) < N when 4 is of finite measure, then

[, otr@hdp <o .

LEMMA 6. If {f.(x)} s a sequence of elements of Lo such that
SA@(lfn(x)l)dﬂ%O and if there is a constant 0 < N< oo such that
either (a) OQu)/O(u)< N, 0<u when 4 1is of infinite measure; or



1476 HAROLD WILLIS MILNES

(b) lim sup @(2u)/0(u) < N and also {(v) is continuous, when 4 is of finite
measure, then |fl.— 0.

Proof. (a) let p>1 be any positive integer and choose n, suffi-
ciently small so that S (| fr@))dp < 1/N» for all n,<<n. Then
A

P ==

[ o@nhdn < n| otsa =

so that if g,.(») >0 and S V(g,)dpe <1 by Young’s inequality
A

[ 2lnlgar < o@phan{ r)de <2

so that |fls < 2/27, (n, < n). Since p may be chosen arbitrarily large,
the proposition is demonstrated.

(b) Since lim sup @(2u)/@(u) < N it follows that there is a u' <

such that: @2u)/o(u) < 2N, v’ <u and @(2u')< . Since ¢(v) is con-
tinuous and ¢(0)==0, it follows that ¢(u)>>0, 0< u and hence @(u) >0,
0<wu; therefore, if 0<u”"<u be any number we see @(2u)/@(u) <
@Q2u) Oy < oo when u” <u <u' so that if N, =max [2N, @(2u')/o(uw")]
we have 02u)/@(u)< N, < o, ' < u. Let p>1 be any number
and choose 0<w” <<1/2"; let S,=FE[|f.(x)|=u"]. If g¢,(x)=0 and

S T(g.)dp <1 then by Young’s inequality
A

|, 21t = | o@rhan+ | r@)ap

<, e@innans | o@inhane

S| oL )+ 1

n

By choosing n sufficiently large, we have V O(f ) dp<(Ny-)-* so that
Sy

I < 2T

Taking p sufficiently large we see that || f,Jo — 0 since p(4) <.

LeMMA 7. If «a, f are real, then
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la—fl=lal+ |8~ la+ Bl +llal— 18]l .

Proof. 1f a>>[3>>0 then |a—p|=|lal—|l] and |a|+|Bl=la+p]. If
a>> 02 then la|+|fl=lae—f] and |a+f|=|la]—|All. If 0>a=pf then
la)+|8l=la+ Bl and |a—pf|=|la|—|Bl]. The remaining cases in which
7 =« hold by symmetry.

LEMMA 8. If 7 <1 then O(u) 10u) and if =1 then O(pu)=>
70 (u).

Proof. Since ¢(u) is monotone nondecreasing if 7 <<1 we have

o) =" ¢@)d7 < 1| @ di—yow) .

If 7221 and &é=1/7 <1 then @(éu’) < &D(w'); so that, if fu'=u, we have
70(u) < O(qu).

LeMMA 9. (a) If there is a constant 0 < N < oo such that @(2u)/@(u)
< N then

O, +u) < N[@(w)+P(w,)]

Sor arbitrary 0 < u,, 0 wu,;
(b) 4f for each 0<u” there is a constant 0 < N, < o such that
QQRu)O(u)y < N, v’ < u, then

O(u,+u,) << OC2u")+ N, [O(u,) + O(u,)]

Jor arbitrary 0 <u,, 0 u,.

Proof. (a) Let w,=max[u,, u,] so that u,+u,=<2u,. Then
O(u+u,) < @2uy) < NO(us) < N[O(u,) + D (uy)] .
(b) Let u;=max[u,, u,]. If u;=Cu”, then
O(u, +u,) < @Q2u,) < d(2u”) .
If u; >u" then
O(u,+u,) < 0(2u;) < N,O(us) << N, [O(u)+ O(u,)] .
THEOREM 10. Let ¥'(v) and ¢(v) continuous and let 0<e<1/4,

1< R, < N< o be constants such that alternatively
(a) when 4 is of infinite measure
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(1) @2u)jo(u) < N, (0<Cuw),
i — v “u)
(11) RE ~ (f((]. . E)ZL) ’ (0 < ZL) ’

or
(b) when 4 is of finite measure

(i) lim sup @(2u)/d(u) < N ,

TRT ¢(n)
(ii) hrzliup (1 :e)u')>RE

then Ly is uniformly convezx.

Proof. We first assume that fo(z) 2> 0, f» () 220, that | file=|/slle=1
and that 4 f,+ fr]o —1; and we shall prove that |f,—f.]s— 0.
Let »=(2e—¢")/(1—¢)*; we observe that lim#n=0. By Theorem 9

g0
there is a constant 0 <L, < o such that, corresponding to the alterna-
tive hypotheses, when

(a) ' —u| = >0,

(b) ' —u| = max (7, 7u) ,

then

(*) P (') = W)+ ) ) + L,0(1u —u))

where u=¢(v) and v'=¢(v'). By Theorem 6, let 1< D, < o0, 1<C,<
be constants, g,(x) >0, A'(x) =0 be functions such that

Jgu@)=D,(HTED Y g ap—1

P ) =C ful) | SAW(h,;)d;z=1 .

Let alternatively

@ B =] [Cs@= " )+ )| = aci e |

0 E) =B |Csiw= T (i) + £i@)| = max [y, 7CiA@) |

Write v =g,(x), v=nh,(x) in (*) above and integrate over Ik, (7) to obtain
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S,‘ <n>1’”(gﬂ)df‘2fg e+ CLEE @ = hi@) g

I #,( CY

+ng (D(
B, 0

But, by Lemma 2, (') =¥ @)+ @) —v); so that making the same
substlitutions as before and integrating over E,(7) we may assert

G i) = 0 (i) + f,;'(x»D dn .

|, padr={  weae+|  CifieNo -h@dr .
B, () 7, (1) )

E?L(n E?’L

Hence

| readr = | vhap+ i Ciriooe)~niw)ds

+L,|, o(lcist@ - (i + @) dr

%

g0 that

G\ fi@n@ ~aiende =L, o

o n

N/ ’ ]) 7 44

)d/x.

By Lemma 8, since 1< C; < o we have

()| S —a@dp =1, o5 G|

2C,
Now
12 P (@) + 5 @t dn
| At@@ar | F@oa dn 1515
But
|, F@u@dn <\ ian@dr <151,
and
SA fi@)gu(@)dp =)l
and also

Lo+ Fle = 1l +1 5 e
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so that:
| i)~ g 0.

Thus by (+) since 0 <1, < oo,

/1

on K,(y) alternatively

@) ‘fn(ﬂ«)— P i) + F @) < g fi@)

2C,

0 | o= 2 o+ | max] [ s | maxn, v

so that, since 7 <1, by Lemma 4 and 8 we have alternatively as e—>0

, (e D, _ ,
(@) [ (i g e s an |, owsan
S DA S| A=y =0
.15”(’]) A
) o(| = g it 20| o) ar
En(’) 7, (1)

i\ ot rdn oy +{ o6 r)dn

I+ DA S OO 470

since p(4) is finite. Combining these results with (++) we see that

Lo #i= g a2 0.
Thus by Lemma 6
7= P e
2C, o
and this implies in turn that
| i+ 17 ,
e R
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But 3 fo+ file = 1=|fs so that D,/C, —1. It then follows that

£ (f; +2 fi{f)

— 0

)

from which we have immediately that

o= Sl =0 .

We now prove the theorem for the general case when the functions
Sa@), fr (x) are not necessarily positive. We use the equivalent definition
of uniform convexity which has been noted in the introduction. Let
Ifde=1f"le=1 and suppose |fr+ fil. — 2. We define

)= {lfyl(w)l if (fa@)+f.(2)) has the sign of f'(x)
(@)= 0 otherwise ;
F ()= [fo @) if (fu(x)+f. () has the sign of f(z),

? x)—{ 0 otherwise .

Clearly
0 < Fi(z) < |fu(@)] , 0 < Fr(z) < | (@),
Fy@)+ F,/(x) = | ful@)+ f ()|

and

2P (@)= Fy (@) = | ful@)— [ (@)]
so that |Fio<<1, |Fyle<1, Lminf|F,+F,|,>>2 and |f;—f/<

2|F,—F,|s. Our result for positive functions applied to F,(x) and F), ()
now gives || fn— /2o — 0 and L, is uniformly convex.

THEOREM 11. Necessary and sufficient conditions that Le be uniformly
convex are
(a) in case 4 is of infinite measure
(i) ¥(v) is continuous,
(ii) ¢(v) 1s continuons,
(iii) there is a constant 0 <N < oo such that @(2u)/®(u) < N,
F(2)/¥F(v) <N, (0<u, 0<v).
(iv) for cach constant 0 < e<1/4 there is a constant 1 < R, < oo
such that ¢(u)/e((1—eu) >R, (0<u);
7.
(b) n case 4 is of finite measure
(i) ¥(w) is continuons,
(ii) ¢(v) s continuous,
(ili) there is a constant 0 < N < oo such that
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lim sup @(2u)/@(w) << N, and limsup ¥(2v)/¥(w) <N

(iv) for each constant 0 < e<C1/4 there is a constant 1 < R, <
such that lim inf ¢(u)/e((1—e)u) > R, .

Proof. The theorem is simply a summary of the results of Theorems
1, 2, 7, 8 and 9 and of Theorem 10.

It is interesting to remark (a) that the condition ¢((1+ e)u)/e(n) >
R.>1 implies that ¥'(2v)/%(v) << N for some constant 0 < N< oo, and
(b) that the condition lim inf ¢((1+e)u)/¢(u) > R.>1 implies that
lim sup ¥'(2v)/¥ (v) < N for some constant 0 < N < «; but the implica-

tions converse to (a) and (b) are untrue. To prove the direct statement
we choose an integer 0 < p such that ((B.+1)/2)” >2. Now, respectively
(a) for all 0 <u,

o((1+e)u) R, +1\ .
Mo = (550

and (b) there is a value 0<Tu, such that if u, <wu, then

o((14e)u) E.+1
Coew) ( 2 )

Then if (a) 0 <u, (b) u.<u, we see that
e+ = (T Y o) = 20(w) .
2
Letting v=¢(u) we have (1+¢)’¢(v) > ¢(2v) when alternatively:

(a) 0w,
(b) wv.< v where v,=¢(u,). But then

(a) (L) T() =1+ | 9w)ds = [[9@yav = )
where 0< v,
(b) (14T ()= (1 + e)l’Sv J(@) A5+ (1+€)F (v,)

> S (@) 5+ (1+ )W () > 3T (20) — 30 (20,)

where v, <<{w», and since ¥(2v,)< o and ¥(w)— o we see that
lim sup F(20)/¥ (v) L 2(1+¢)" < oo, To prove the converse construct the
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following function. Let u,=0, v =0, u,=2", v,=2" u,=(1+¢e)u,, v,=
(2*+3%); n=2, 3, ---). Join the points (u,v,) to (uw,); (ww,) to (u,v,);
(thny V2) 1O (Upsr, Uye;) €ach by straight line segments and let this function
be ¢(u). Then

o(L+eou,) _o(u,) _ v, _2"+3% 51
e(u,) o(u,) v, 20

while ¢(2v) < 4¢(v), (0<v) and therefore ¥ (2v)/¥(v) <8, (0<v). It is
also clear that condition (i) is implied by the condition lim sup 7' (2v)/¥ (v)

< N and consequently by (iv). Thus, if we wished to do so, we might
delete any statement relative to the function ¥(v) from Theorem 11.
It is true, however, that the remaining conditions are independent for
none of them is implied by any combination of the other hypotheses.
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