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1. In the classical problems involving a simple integral
(1) Ilsz(t, ql, ql)dt’ ’l/:l, e M,

one is led to the consideration of the Pfaffian form

(2) w=I dt+ 2L a)i:a,L_dqi——@ial_-{—L)dt
0¢ 0q" 0’
where
o'=dgt—§¢* dt .

For example this form o is the one which gives rise to the “relative
integral invariant” of E. Cartan.

In a recent note [1] L. Auslander characterizes the form o by a
theorem equivalent to the following one.

THEOREM 1. Among all semi-basic forms 6 such that
(3) 0=L dt mod
the form o of (2) is the only one satisfying the condition
(4) df=0 mod o’ .

In this, a semi-basic form is a form for which the local expression
contains only the differentials of ¢, ¢'(not of ¢®). The integral I is defined
over an arc ¢ of a space 77  with local coordinates ¢, ¢’, ¢¢ satisfying
the equations w’=0: Therefore in (1) the form Ld¢ may be replaced
by any @ satisfying (3).

Condition (4) is a special case of a congruence discovered by Lepage
[5]. The purpose of the present note is to give a natural reason for this
congruence which goes beyond its nice algebraic expression.

Let us observe that the space %7  is the manifold of 1-dimensional
contact elements of a manifold 27”7 with local coordinates ¢, ¢°. The map

is then the local expression of the natural projection z=: % — . We
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remark that we do not integrate (1) on any are ¢ in % satisfying
©'=0 but on such an are the projection ¢ of which in ¥ is regular.

2. Let U be the domain in ¥~ of the coordinates %, ¢*; then the
t, ¢¢, ¢* are defined in an open subset W %% of projection =(W)=U.
If we denote by L; n real undeterminates, we have coordinates ¢, ¢, ¢*, L,
in WxRE"; we then define in this product the Pfaffian form

(5) Qp=Ldt+ Lo .

Now, let us cover 27 with open sets W, W', -.-; this way we get a
family of products Wx R*, W xR*, --- with forms 2,,, 25, ---. Using
fibre bundle techniques, one proves that over a non-empty intersection
WN W the products Wx E* and W xR" can be glued together in such
a way that the forms induced on WnN W’ x R® coincide. This yields a
fibre bundle E( %, R*) over %7  as base, with fibre E*. This bundle is
covered by open subsets isomorphic with the products Wx R" and in
which the ¢, ¢%, §¢, L, are local coordinates; there is also on £ a global
Pfaffian form £ of local expression (5). Combining the projections
E— 97 and % — 7 we obtain a map E — 7 locally defined by

(t’ qi9 Qi, Lz) g (t’ qz) .
We want to characterize in E the extremal arcs ¢* of SQ which have
a regular projection in 7.

An extremal arc ¢* of SQ has to satisfy the local equations

0(dQ) _ 0(dQ) _ 9(d2) _ 0(dQ) _

a(dt) (')  8(dq)  B(dL)
We have

d0="L ,indt+ (iﬁ— Li>dqi/\dt+dLi/\wi .
aqz aqz

These equations are therefore
V=0, (%_Li) dt=0, SLg_qr.—o.
i 0§

Since an arc c¢* of regular projection in 77" ecannot satisfy simultaneously
»'=0 and dt=0 it has to lie in the submanifold F' of E locally charac-
terized by

oL
aq"
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or equivalently by condition (4).

THEOREM 2. Every arc ¢* in E for which SQ 18 stationary and the

projection of which in 7 is regular necessarily lies in the submanifold
Fof E locally defined by the congruence (4). Furthermore the projection
¢ of ¢* in 7 extremizes in the classical sense the integral (1). Finally
if ¢ is a regular extremal are of (1) in 7~ let ¢* be the arc of F the
projection ¢ of which in ¥ is the arc of tangent directions to c; then

c* extremizes SQ

3. The submanifold F' can be identified with 9%  in an obvious
way so that 97 can be considered as a submanifold of £. Then clearly
£ induces » on %~

THEOREM 3. If the integral (1) is regular there exists a (one-to-one)
correspondence between the regular extremal arcs ¢ in 7~ of (1) and the

extremal arcs ¢ of Sw in % which have a regular projection in F

Starting from an extremal c, the corresponding ¢ is the arc the points
of which are the tangent directions to ¢; starting from ¢ the correspond-
g ¢ s its projection in 7.

In this statement, regularity of (1) means that the matrix (6°L/0¢'0¢’)
is everywhere non singular.

Theorem 2 and 3 give a complete justification of condition (4).
Theorem 3 was actually proved by E. Cartan [2]. These theorems are
special cases of similar theorems involving multiple integrals and even
those in which the function L depends on higher order contact elements.
Theorem 2 was first proved by the author [3], as well as the alluded
generalizations.

Combining Theorems 2 and 3 yields the following.

THEOREM 4. In the regular case, every arc ¢ in %% of regular

projection in 7" which extremizes Sw with respect to variations confined

to % does also extremize SQ with respect to variations in the larger

space E.

4. There is a last question to be answered: why in Theorem 1
restrict oneself to semi-basic forms?

We can only add to L.dt a linear combination of Pfaffian forms
vanishing with «!; every such form is a linear combination of the *
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and is therefore semi-basic. Hence the restriction to semi-basic forms
in Theorem 1 was actually redundant.

However, as mentioned above and as I have proved in various papers
(e.g. [3, 4]), the above properties generalize to a multiple integral

(6) 1,={Le, ¢, aa,
dt=dt* A\ -+ NdE?, a=1,2, <<+, p; 1=1,2, 4,1,

to be integrated over a p-surface ¢ defined by ¢'=¢%(t*) and where ¢,
stands for 8¢'/6t*. Then %" is of dimension n+p and %~ (which is
geometrically the manifold of p-dimensional contact elements of #7) is
of dimension n+p+mnp. We can consider that we integrate (6) in %7~
over a p-surface ¢ of regular projection in %~ and solution of the Pfaffian
equations

wt=dgi— 3, ¢, dt*=0 .

Such a p-surface ¢ is formed of the contact elements of dimension p to
a regular p-surface in 7" and will be called a p-multiplicity.

Now in (6) we can add to L.dt any p-form vanishing on all p-
multiplicities and all such forms are no longer semi-basic if p>1: for
example dw’AdBA--- Adt? is such one. Nevertheless, the semi-basic
forms satisfying the Lepage congrences [5]:

(7) 0=Ldt mod »® ,
(8) di=0 mod o .

play an important role for a deeper reason which is actually a trans-
versality condition. We briefly discuss this below referring the reader
to my memoir [4] for further details.

5. Let .7 be a p-dimensional manifold and K a domain of .2~ with
regular boundary K. A map

c: K>
is a domain of integration of (6); it gives rise canonically to a map
c: K->y

such that for ke K, ¢(k) is the contact element of dimension p to ¢ at
k. A variation (or homotopy) of ¢ is a family of maps

c.: K—> 77, teR, G=c;

this yields a variation of ¢:
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¢,: K— 7.
We also define C: KxR— % C: KxR— % by
Ck, t)y=c,(k) , Clk, t)y=¢,(k) .

The corresponding variation of 50 is then

A-—_Sc_ 0—50_0

t 0

which may be expressed as a sum of two terms:
(9) A:S_ dﬂ-{-S 9.
GOt }\OEC

The domains of integration C,, and A,C are the restrictions of C to
Kx1I,, and KxI,, respectively (where I,=[0,t]cR). We say that the
variation C is transversal to ¢ if this form vanishes on AC (restriction
of C to KxR). This being the case, the last integral (or boundary
term) in (9) is zero.

Now the variations usually considered are those for which the re-
striction of C to K is constant (fixed boundary variations): for those,
AC has an everywhere non-regular projection in % so that every semi-

basic form vanishes on AC. Therefore if we replace in (6) L.dt by a
semi-basic p-form @ satisfying (7), all variations with fixed boundary are
transversal to it. This would of course not be the case, should we add
to L.dt a non-semi-basic p-form vanishing on all p-multiplicities.

REFERENCES

1. L. Auslander, Remark on the use of forms in variational calculations, Pacific J.
Math., 6 (1956).

2. E. Cartan, Legons sur les invariaonts integraux, Paris, Hermann 1922.

3. P. Dedecker, Sur les intégrales multiples du calcul des wariations III°, Congrés
National des Sciences, Bruxelles, 1950.

4. —  ——, Caleul des variations et topologie algébrique, Mémoires de la Société Royale
des Sciences de Liége, tome XIX, fasc. 1, 1957.

5. Th. Lepage, Sur les champs géodésiques du calcul des variations. I, II. Bull. Acad.
R. Belg. 22 (1936), 716-729, 1036-1046.

UNIVERSITE DE LIEGE,
THE UNIVERSITY OF MICHIGAN






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
H. L. RoypEN A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
R. A. BEAUMONT E. G. StrAUS
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH A. HORN L. NACHBIN G. SZEKERES
C. E. BURGESS V. GANAPATHY IYER I. NIVEN F. WOLF

M. HALL R. D. JAMES T. G. OSTROM K. YOSIDA
E. HEWITT M. S. KNEBELMAN M. M. SCHIFFER

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY  UNIVERSITY OF UTAH

UNIVERSITY OF CALIFORNIA WASHINGTON STATE COLLEGE
MONTANA STATE UNIVERSITY UNIVERSITY OF WASHINGTON
UNIVERSITY OF NEVADA * * *

OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION

UNIVERSITY OF SOUTHERN CALIFORNIA HUGHES AIRCRAFT COMPANY
THE RAMO-WOOLDRIDGE CORPORATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any of the editors. All other communications to the editors should be addressed to
the managing editor, E. G. Straus at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 2120 Oxford Street, Berkeley 4, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 10,
1-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 7, No. 4 April, 1957

Robert Geroge Buschman, A substitution theorem for the Laplace
transformation and its generalization to transformations with

SYMMEIric kernel .. ... 1529
S. D. Conte, Numerical solution of vibration problems in two space

Variables .. ... ... 1535
Paul Dedecker, A property of differential forms in the calculus of

VAFIAHIONS « . o oo ettt e e e e e e e e e 1545
H. Delange and Heini Halberstam, A note on additive functions . ........... 1551
Jerald L. Ericksen, Characteristic direction for equations of motion of

non-Newtonian fluids . .......... ..o, 1557
Avner Friedman, On two theorems of Phragmén-Lindeldf for linear elliptic

and parabolic differential equations of the second order .............. 1563
Ronald Kay Getoor, Additive functionals of a Markov process ............. 1577
U. C. Guha, (y, k)-summability of series.............ccoeiiiiiiieennnn. 1593
Alvin Hausner, The tauberian theorem for group algebras of vector-valued

JURCHIONS . . . o et e e e e e e 1603
Lester J. Heider, T -sets and abstract (L)-spaces..................c........ 1611
Melvin Henriksen, Some remarks on a paper of Aronszajn and

Panitchpakdi . .................. ... ... ... .....

H. M. Lieberstein, On the generalized radiation problem o
Robert Osserman, On the inequality Au > f(u).........
Calvin R. Putnam, On semi-normal operators . ..........
Binyamin Schwarz, Bounds for the principal frequency of
non-homogeneous membrane and for the generalized
INEegral . ..... ..o
Edward Silverman, Morrey’s representation theorem for s
SPUCES « o oo et et e
V. N. Singh, Certain generalized hypergeometric identitie
Rogers-Ramanujan type. Il ........................
R.J. Smith, A determinant in continuous rings ..........\
Drury William Wall, Sub-quasigroups of finite quasigroup.
Sadayuki Yamamuro, Monotone completeness of normed
linear Spaces .. ..........uuuieeeuniiiiineennnns
C. T. Rajagopal, Simplified proofs of “Some Tauberian the
Jakimovski: Addendum and corrigendum . ..........
N. Aronszajn and Prom Panitchpakdi, Correction to: “Ext
uniformly continuous transformations in hyperconvex
SPACES” . o oo
Alfred Huber, Correction to: “The reflection principle for
JURCHIONS”


http://dx.doi.org/10.2140/pjm.1957.7.1529
http://dx.doi.org/10.2140/pjm.1957.7.1529
http://dx.doi.org/10.2140/pjm.1957.7.1529
http://dx.doi.org/10.2140/pjm.1957.7.1535
http://dx.doi.org/10.2140/pjm.1957.7.1535
http://dx.doi.org/10.2140/pjm.1957.7.1551
http://dx.doi.org/10.2140/pjm.1957.7.1557
http://dx.doi.org/10.2140/pjm.1957.7.1557
http://dx.doi.org/10.2140/pjm.1957.7.1563
http://dx.doi.org/10.2140/pjm.1957.7.1563
http://dx.doi.org/10.2140/pjm.1957.7.1577
http://dx.doi.org/10.2140/pjm.1957.7.1593
http://dx.doi.org/10.2140/pjm.1957.7.1603
http://dx.doi.org/10.2140/pjm.1957.7.1603
http://dx.doi.org/10.2140/pjm.1957.7.1611
http://dx.doi.org/10.2140/pjm.1957.7.1619
http://dx.doi.org/10.2140/pjm.1957.7.1619
http://dx.doi.org/10.2140/pjm.1957.7.1623
http://dx.doi.org/10.2140/pjm.1957.7.1641
http://dx.doi.org/10.2140/pjm.1957.7.1649
http://dx.doi.org/10.2140/pjm.1957.7.1653
http://dx.doi.org/10.2140/pjm.1957.7.1653
http://dx.doi.org/10.2140/pjm.1957.7.1653
http://dx.doi.org/10.2140/pjm.1957.7.1677
http://dx.doi.org/10.2140/pjm.1957.7.1677
http://dx.doi.org/10.2140/pjm.1957.7.1691
http://dx.doi.org/10.2140/pjm.1957.7.1691
http://dx.doi.org/10.2140/pjm.1957.7.1701
http://dx.doi.org/10.2140/pjm.1957.7.1711
http://dx.doi.org/10.2140/pjm.1957.7.1715
http://dx.doi.org/10.2140/pjm.1957.7.1715
http://dx.doi.org/10.2140/pjm.1957.7.1727
http://dx.doi.org/10.2140/pjm.1957.7.1727
http://dx.doi.org/10.2140/pjm.1957.7.1729
http://dx.doi.org/10.2140/pjm.1957.7.1729
http://dx.doi.org/10.2140/pjm.1957.7.1729
http://dx.doi.org/10.2140/pjm.1957.7.1731
http://dx.doi.org/10.2140/pjm.1957.7.1731

	
	
	

