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CERTAIN GENERALIZED HYPERGEOMETRIC IDENTITIES

OF THE ROGERS-RAMANUJAN TYPE (II)

V. N. SINGH

1. Introduction. Nearly two years ago, Alder [1] established the
following generalizations of the well-known Rogers-Ramanujan identities:

ra-i ( 1 —af 1 ) «=o (α;) c

K } »-i (l-O ^ (α?)β '

where GMtt(x) are polynomials which reduce to xt% for ikf=2 and

In a recent paper [6] I gave a simple alternative proof of (1) and (2).
We used the result

^s^{l - kx2s) (kxk^λ

fc<>Σ^^M , M=2, 3, ...
»-i ί-o (α?)β

Alder in his paper states that identities involving the generating
function for the number of partitions into parts not congruent to 0,
±(M—r)(mod2ikf+l), where 0<Ir<^Λf—1, can be obtained by his
method and indicates the result for r = l .

In the present paper I give a simple method of obtaining the M
identities for each modulus (2M+1). In §4 identities for which r^>iM
have been deduced and in §5 those for which r<^\M have been ob-
tained for any r such that 0<><;.M-l . The identities given in §5
have not been mentioned by Alder. As a corollary, an interesting
identity between two infinite series is given.

2. Notations* Assuming M < 1 , let
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( 4 ) Pm,t(x)=Pm,t(x)=χ
\X)ι{x)m-t

and let

( 5 ) φ(M, xη=l

so that (3) can be written as

6 ) φ(M, tf) = Π ( I - * 1 ) Σ
71=1 ί-0 (X)t

3 The polynominals un(x). Before proceeding to deduce the gener-
alized identities, we first give a few properties of a sequence of poly-
nomials with the help of an operator. These we will need in later
sections. Let us define a sequence {un(x)} of polynomials by the relations

(i) uo(x) = O

(ii) un(x)=un-1{x) + x^'Xn , rcl>l .

Let & be an operator which replaces xm by um(x) in any un(x), that is,

Also

Then we have

(7) W^l-^+Σf-φ^
S = 2

As can be easily shown

(8) •^'-HtB..+I(aθ= ,(f}" .

The above polynomials (8) have also recently occurred in a paper by
Carlitz [3].

Comparing the coefficients of a8'1 in

( 9 ) (α) r ι =(-l) w α^ w ^- 1 ) ( l/α:^- 1 ) r ι ,

we get the relation

(10) ^s-*un-s^{x) = ̂ n-s-ιus{x) , 8=1, •••, (n

We can thus write (7) as
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(11) (ct)n

where negative indices of & are defined by (10). Again comparing the
coefficients of αs in

we get with the help of (11),

(12) ^ - X - . + i ί α : ) ^ ^ ^ "

In particular

(13) UM-^-'UniX"1)

The following values of &m un(x) will also be required:

^n~%(x)=xn , from (10)

u1(x)=l

u3(x)=1 + x + 2x2 + α? + x* :

4 Now we proceed to deduce identities involving the generating
function for the number of partitions into parts not congruent to 0,
±(Λf-r)(mod2Λf+l). From (11), we have

whence

(14)

And since, because of (8) or (10), the terms equidistant from the two
ends in the sum on the right of (14) have equal coefficients of powers
of xn, the expression in square brackets can be written as

(15) Σ (-l)%-χrfn{\+&"-"**n}Urtt(x)
ί = l

where

(16) Ur^x^ώw+v-to&'-htn-iix)-^

=P 2 r j ί(#) , using (4) and (8),
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The polynomials Ur>t(x) may be called "reciprocal" since they are such
that the terms equidistant from the two ends have equal coefficients..
Taking n=0 in (14) we see that

(17)
ί = l

Also, with the help of (12), we have

(18) Urtt(x) = Ur%

Now from (15)

= 1 + Σ ( ^ - —
n-l # r W

( • * • " )

1+Σ (-iΓ^-.
ί l

For w=s + r, the last series on the right-hand side of (19) becomes

since the first (r —1) terms of the series vanish because of the factor

(α?n-r+1)ar-i. Then using (17) and writing

F(M,r)= Σ (-l)"α?
W=-oβ

we obtain for (19) the form

(20) F(M, r^Σi-iy-'Ur^ixWiM, r-t) + (-l)rx*μ~ir<>r+ΐ>φ(M, x2r)
ί = l

Thus, using Jacobi's classical identity

(21) Σ (-l)"α^V= Π ( l - ^ - ^

to express the infinite series in (20) as infinite products, we could find
for any given r, such that 0<Lr<LM— 1, an expression for the generat-
ing function for the number of partitions into parts not congruent to
0, ±(Λf— r)(mod 2ikf-h 1) in terms of generating functions for the num-
ber of partitions into parts not congruent to 0, ±(M—s)(moά2M-)-l)f
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(s=0, 1, 2, . . . , r - l ) . Since F(M, 0)=φ(M, 1), the F-series can be suc-
cessively expressed in terms of </>-series and, with the help of (6), we
get

THEOREM 1.

π ( l ~ ^ + 1 ) w ~ ( ^ - r ) ) ( l - ^ ^ ^

&— (ΪZ^j h (χ)t

where

Ar(x, t)=Σ,(-iγx*''t-i «*»+'»U'r,.+1(x) .

The polynomials U'(x) are of the " reciprocal" kind, with

m,s+1(x) , sφr .
w = l

so that

Z7^ )1(^) = l , because of (17)

and

Ur)m(x)==U/

r>m(x"1) , because of (18).

As an example of Theorem 1, taking the case r = l r w e have

Therefore

'23) Σ (-l)nχ

which is equivalent to equation (23) of Alder [1].

From (23), using (21) and (6), we get the identity

(24) w = 1 (l-O
00 (

— V \

For r = 2 ,

(25)

00 n _ a .
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where

Similarly for r = 3 we get

and so on for any r such that 0<Lr<LM— 1.

5 In this section identities involving the generating function for
the number of partitions into parts not congruent to 0, ±r(mod2M-fl)
are obtained.

From (11) we have

>

whence

(26) ^ f V ^ 1 - ^ * 1 ^ - 1 ^

In the expression in square brackets in (26), the terms containing xnr

cancel and the other terms can again be grouped in pairs to give

(27) l - α ̂ + ^ ^ Σ ί - l ) ' " 1 ^ . ^ ^ ! ! - ^ 2 " * 0 ^ 0 } +(l-x2n+1)(xn-r+%-z,
t = l

where

(28) Vrtt(x)=x&«+»-r'&t-fyr-t-1(x)-x&w^

The polynomials V(x) are less symmetric than U(x). In particular,
corresponding to (17) and (18), they satisfy the relations

(29)

and

(30)

Now
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Σ

α ' "

Denoting the left-hand side of the last equation by ψ(M, r) and
using (27) and (5), we get, after slight simplification,

ί = l

Using (21), the generating function for the number of partitions into
parts not congruent to 0, ± r (mod2M-fl) can now be expressed in
terms of the generating function for the number of partitions into parts
not congruent to 0, ±s (mod2M>l), (s = l, 2, « , r —1). Thus, we
finally have

THEOREM 2.

°° (Λ /j,(2if + l)w-r\/-| /y%(2M + l')n-Q.M+l-r')\('\ ™(2ϋf+l)w\ » D / r f\fl (™\

Ik
where

B,(χ, ί) = Σ(-l) s -
S-l

and V'rιS(x) are polynomials with

so that

As an illustration, for r=2 in Theorem 2, we have

Therefore

Σ (-i)^ί w 2 ( 2 i > ί +

which gives us the identity
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-
(33) w = 1

COROLLARY, /f r is replaced by M—r in Theorem 2 then the left-
hand sides of (22) and (32) become the same and we have

^Ar(x, t)GMit(x) _^BM.r(x, t)GMtt(x)
ί-o (χ)t i-o (#),

r = 0 , 1, . . . , Λf-1 , M=2, 3, . . . .

For M=2 and r = 0 and 1 we get respectively the relations

/y.2ί

the truth of which can easily be verified.
Some time ago, Slater ([4] and [5]) gave a very large number of

identities of the Rogers-Ramanujan type using Bailey's summation theo-
rem [2] for a well-poised QΨQ. It is interesting to note that, as special
cases of our identities, we get some of those given by Slater, differing
only in form as can be easily verified. To mention an example, let us
take equation (90) of Slater [5]:

If we put M=13, r = 3 in Theorem 2, we obtain another series for
the product on the left of (35). I propose to study the equivalence of
identities (22) and (32) above and those of Slater in a subsequent paper,
as also identities involving products in which the powers increase by 2M.

I would like to express my gratitude to Dr. R. P. Agarwal for
suggesting the present work and for his kind help in the preparation
of this paper.
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Corrigenda. In [6] the following corrections may be noted:
p. 1011. The series for Tn,m runs up to

M-n

p. 1012. In the line immediately preceding (3.3), a2Mn^ should be

In the right hand side of (3.4) a factor (kn t) should be inserted in
the denominator of the outer series.

p. 1014. In the right hand side of the last identity of the paper,
we should have 77 instead of' π.
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