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1. Introduction. J. S. MacNerney [2] has expressed the solution
M of the Stieltjes integral equation

M, t) =1+ SLdF(u)-M(u, £)
as a continuous product

Mz, t) = 11" [1 + dF']

in case F'is a function from the real numbers into the space B of con-
tinuous linear transformations from a normed, linear and complete space
S into S, which is continuous and of bounded variation on each interval.
This is a generalization of the familiar relationship

e =14 Ste““du, et = limn_m[l + t—= _]n .
@ n

The object of this paper is to extend these considerations to a larger
class of integral equations including nonlinear equations. The space
S is required to be an additive abelian group with zero element N,
having a norm ||-|| such that, if v and y are in S then |[z|| > 0 un-
less # = N, and || —2l|| = [lz||, lle + yll = |||l + [lyll. The space S is
complete with respect to the metric induced by this norm. The func-
tion F' from a number interval into the set B of all continuous trans-
formations from S into S is required to satisfy certain inequalities
(Theorem A’, §3).

In §2 we develop a continuous product in a still more general set-
ting, requiring only that S should be a complete metric space, and then
specialize in § 3. Having in mind the problem of numerical solution of
differential and integral equations, we give particular attention to ob-
taining upper bounds to the errors in various approximations to the
continuous product (§ §3 and 4).

In § 5, integral equations of the form

Y(6) = A+ S”dF- Y

are solved by means of the continuous product. Section 6 contains
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530 J. W. NEUBERGER
examples illustrating the application of the theory to certain special cases.

2. Continuous products in a complete metric space. Suppose S is
a complete metric space with distance function D and B the set of all
continuous transformations from S into S. If F' is in B then Fx denotes
the image of the point « of S under F'; if G is in B then FG is the
element H of B defined by Hx = F(Gx). If nis a positive integer and
each of F,---, F, is an element of B then

ﬁFz:IandHFz:FJ[ﬁFijly jzl""rn)

where I is the identity transformation.

If # and v are numbers then J is a chain from » to v if J is an
increasing or decreasing finite number sequence whose first term is u
and whose last term is v»; the chain from w to u is the two-term
sequence u, u. 1f J is the chain {z,}7*} from u to v then the mesh of
J is the least number r such that |z, — | <7, i=1,---,n The
statement that J' is a r¢finement of J means that J' is a chain from u»
to v having J as subsequence. The statement that J is the section of
J from the number »’ of J to the number v’ of J means that J” is the
subsequence of J which is a chain from %’ to + and a proper subse-
quence of no subsequence of J which is a chain from »’ to v'.

Suppose [a, b] is a number interval, 7' a transformation from the
square disc [a, b] x [a, b], A a point of S and J the number sequence
{t,}7+! contained in [a, b]. Then T'(¢;.,, t;) is denoted by T, If, in
addition, 7 is a transformation to B then [[[L.7},,]A is denoted by
[IAT, A). The statement that « is the continuous product

A1 (T, 4)

means each of ¢ and ¢ is a number in [a,d], « is a point of S and, if
¢ is a positive number then there is a chain J from ¢ to ¢ such that
D{I1, (T, 4), x} < ¢ for every refinement J' of J.

The statement that V is a wvariation function for [a,b] means that
V is a continuous function from [a,b] X [a, b] into the non-negative
numbers such that, if each of z,y, and z is in [a, b] and x £ y < 2, then
Vz,y) + V(,2) < V(xr,2) = V(z,2). Notethat 0 < V(za) + Vix, o) <
V(z, x), so that V(x, ) = 0. The statement that W is a closing function
for [a, b] means that W is a variation function for [a, d] such that, if
¢ is a positive number then there is a chain J = {¢;}77} from a to b
such that S, W,, <e. If each of U and V is a variation function
for [a, b], then U-V is a closing function for [a,b]. If W is a closing
function for [a, b] and [¢, d] is a subinterval of [a, b], the contraction
of W to [¢,d] x [e,d] is a closing function for [c, d].
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THEOREM A. Suppose [a, b] is a number interval, T a function from
the square disc [a, b] % [a, b] wnto B, A a point of S, r a positive number,
¢ in [a,b], each of U and V a variation function for [a, b], W a closing
Junction for [a, b]. Suppose further that for p and q in[a,b], J a chain
Jrom p to g, x and y in S, D{x, A} < r and D{y, A} < r, we have

(1) D{T(p, g)x, T(p, )} = [1 + Ulp, )] D(=, v),

(2 D{T(p, @)z, a} = V(p, q)
and (3) if D{II,(T, x), A} < r for each chain J' from p to a number t
wm [a, b] such that |p —t|+|t—ql=|p—ql, then D{IIAT, ),
T(q, p)x} = W(p, 9).

Then there is a subinterval Q of [a,b] containing c such that, if ¢
is wn Q and J is a chain from ¢ to t then D{IIAT, A), A} < r; and if
Q is such an interval and t is in Q then the continuous product J1° (T, A)
is & point of S.

Proof. We first establish statements (i) and (ii) below, and then
the theorem.

Denote by @ a subinterval Q" of [a, b] containing ¢ such that if ¢
is in @” then Ve, t) < r.

(i) If J is the chain {s;}7*! from ¢ to the number ¢ in @  then

(2.1) DAII; (T, 4), A} < V{(e, 1) .
For, [TI}-1 T JA = A so that
D{[1I{-: T, ;JA, A} =05 Ve, s)

Suppose there is a positive integer % not greater than = such that
D{[11{.. T, ,JA, A} > V(e, s4+,) and denote by j the least such integer k.
If m is a positive integer not greater than j then

2.2) D{[ﬁlTi,J] 4, A} < Vi, s) < Vi t)<r.
Then,
pili7.]a af s Eo{fin.]a[T7. ]a]
- to{n ]y r el 4]

which, by (2.2) and (2) of the hypothesis, does not exceed >/, V,, <
Ve, s;11), a contradiction; and (i) is established. Thus @ is a sub-
interval of [a,b] containing ¢ such that if ¢ is in @ and J is a chain
from ¢ to ¢ then D{II,(T, 4), A} < r.

Suppose that @ is a subinterval of [a, b] which contains ¢ such that,



532 J. W. NEUBERGER

if ¢t is in @ and J is a chain from c¢ to ¢ then D{[[,(T, A), A} < r.
(i) If ¢ is in @, J is the chain {s;};.; from ¢ to ¢ and J' a refine-
ment of J then

@3 D@4, [T, A} < W, + S W0+ Tl

To prove this, suppose J’ is the refinement {¢;}7%' of J and, if u,
is the integer %k such that s,., = ¢;,,7 =0, -+, n, then

J u
L;:[I[TP'J}A and MJ:\:ﬁTp,J’j]A’j:]-)"'y'n~
p=1 p=1
If {v}§ is the section K of J' from s, to s;,., then

k
DM, L} = DY [1 Tou | My, Tyl
i
< DY [1Tox | My, TouMs} + DIT, M, T oLy

Since D{[[, (T, M,-,), A} < r for each chain J” from s, to a number
t" such that |s, — ¢'| + ¢/ — s,.:]| = |s; — 8,41| then we have from (1) and
(3) of the hypothesis,

D{M, L} < W,,+[1+ U, ] ID{M,_,, L, .} .

Thus, D{M,, Ll} = W.,D{M, L} < W, + W1+ U,,] and, by mathe-
matical induction, (2.3) is established.
Since

exp [U(e, 5] = TL11 + T, i=1, e m,
u=1
it follows from (2.3) that

D{II (T, 4), 1 (A)} < {exp [U(e, OB S, W -

If ¢ is a positive number and the chain J from C to t in @ (=[«a,f]) is
such that S, W,,, < ¢/{exp[U(a,B)]}, then D{IIAT,4), I1.(T,4)} <e¢
for every refinement J’ of J. Since the space S is complete, it follows that,
for each t in @, there is a point in S which is the continuous product
A1 (T, A).

Denote by Y the function from @ into S such that Y(¢) = .[1° (T, A)
for each ¢ in Q.

COROLLARY 1. Suppose that t is in Q, s between ¢ and t and J the
chain {s;}2*! from s to t. Then D{II.(T, Y(s)), A} < r for each chain J'
from s to @ number u such that |s — u| + |u — t| = |s — t|, and D{IIAT,
Y(s)), Y()} = V(s ).
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Proof. We have D{Y(s), A} < r since D{[[,. (T, A), A} < r for each
J” from ¢ to s. If J' is a chain from s to a number u such that
s —u|+ |u—t| =|s —t| then D{I[, (T, Y(s)), 4} < r since D{[[.(T,
I1,(T, A)), A} < r for each chain J” from ¢ to s and the function %
defined by A(x) = [[, (T, «) for all  in S, is continuous.

Thus

D{Lf}l T,.,J]Y(s), Y(s)} —0< V(s s).

The fact that D{[[,(7, Y(s)), Y(s)} = V(s, 1) follows by an argument by
mathematical induction similar to the one used in (i) in the proof of
Theorem A.

COROLLARY 2. If t 4s in Q, s between ¢ and t, J, & chain from c
to t and J the chain {s;};,., from s to t, then

D{IL (T, [ (T, 4), TL(T, Y} = D{I1 (T, 4), Y(5)} fexo [UG, 1)1}

Proof. Denote [I, (T, A) by « and Y(x) by y. By Corollary 1 we
have ,

D{Dl T@y, A} <7, =0, .em.

Since D{[Il}-, T Jx, A} <7, j=0, -+, n, we have

n—1 n—1 7
= [1 + Un.JjID{{;I:II Ti.J]wy [?LI] Ui‘J:|y }é cee = I1 (1 + U,/ D{z, y}
=< D{z, y}{exp [U(s, )1} ,
as was to be proved.
COROLLARY 3. If t is in Q and s between ¢ and t, then
Y(@) = II'(T, Y(s)) .

Proof. Suppose ¢ is a positive number. There is a chain J, from
¢ to s such that

D{IL (T, 4), Y} < ef2exp [UCe, 1))
if J; is a refinement of J,. There is a chain J, from ¢ to ¢ having J,

as subsequence such that, if J; is a refinement of .J,,

D{ I (T, 4), Y(t)} <e2.

Z
73
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Since s is in @ we have D{[[, (T, 4), A} = and therefore D{Y(s),
A} < r. Suppose J; is a refinement of J,, J; the section of J; from ¢
to s and J;, the section of J; from s to ¢. Then, by Corollary 2,

DI, 11 (T, 4), 11 (T, Y&} = D{I1 (T, 4), Y(&)Hexp [UGs, 0} < /2

that is,
D{H (T, 4), T (T, Y(s))} <2,

Consequently, D{Y(¢), I1,,, (T, Y(s))} < & for every refinement J; of the
section of J, from s to ¢, that is Y (¢) = ,JI°(T, Y(s)), as was to be
proved.

COROLLARY 4. Y 4s continuous.

Proof. If t is in @ and s between ¢ and ¢, then, by Corollaries 1
and 3 we have

D{II' (T, Y(s)), Y(s)} = Vs, 0) .

This is true also if s = ¢ or s =¢. Thus, using Corollary 3 we obtain
D{Y %), Y(s)} < V{(s, t); and the continuity of Y follows from the con-
tinuity of V.

COROLLARY 5. Suppose J is the chain {s;}? from ¢ to the number
tin Q, J the refinement {t}7} of J, u, the integer K such that s;.; = tyiy,
{c,}2-0 @ sequence each term of which is a non-negative number with
¢, =0, {A}7r., a sequence each term of which is a point in S with A, = A
and D{I1.(T, A;), A} <r for each chain J’ from s;., to & number u such that

I$ier — ul + | — t| = |83 — t], Ly= A4, L
= |:ﬁ Tp,,]:| Al—l and D{A“ LL} § C“?;: 1, TR

p=l+ug_ g

Then,
@4 D{Y®), A} = Sedexp [UE sl + S W (exp [UE b)) -

Proof. We shall prove the following statement which implies (2.4) :
If J” is a refinement of J’, then

@5 D{IL(T, ), 4} = Syefexo [UE, 5.0}

+ 3 Weslexp [U( tu)l} -
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Suppose J”’ = {r;}i*!, w, is the integer % such that s,.; = 74+ and
M, =[11}4T, »]4,i=0, ---, n. Note that D{M,, A} <r and D{L,;, A} <r,
©=0,.--,n. By an argument similar to that used in proving (2.3) we
obtain

ui
D{M;, Li} = D{M;-,, A, 11 (1 + U, .1 +

p=l+u; _q
where
fle(ti-&uiy tué) if u, =14+ u;, ,
and
w Uy
Ji=2 W, M+U, 00wy >1 4 u.,.
a=T+u;_q p=q+1
Thus
D{M,, L} < D{M,_,, A,_.}{exp [U, ]} + /3,
and
D{M;, A;} < D{M,, L;} + D{L, A;}

= D{Mz—u Ai—l} {exp [Ui,J]} + i+ e, =1, ,m.
From this inequality and the fact that M, = [1,. (T, A) we obtain (2.5).

COROLLARY 6. Suppose C is a point of S and D{C, A} is a number
r. If © > 1, then there is a subinterval Q; of [a, b] containing c such
that 4f t 4s in Q) and J is a chain from c to ¢ then

D{HJ(T! 0)7 A} é r (M’Ld D{H/(T’ A)r A} é 7';

and if Q, is such an interval and t s in Q, then there is a point of S
which 4s the continuous product 14T, C). Moreover, if t is in @, and
J is a chain from c to t then

D{IL(T, ©), YO} < rfexp [UG, 81} + D {11 (T, 4), YO} -
Note that if @ denotes a subinterval Q; of [a, b] containing ¢ such that

if tisin @, V(c,t) < r — r, then if ¢ is in Q[ and J is a chain from
¢ to t we have

D{H(T, C),A} < r and D{H(T, 4), A} <r.
J J
The remainder of the argument is omitted.

3. Specialization. Throughout the rest of this paper, the complete
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metric space S is required to be an additive abelian group with zero
element N having a norm ||-|| such that, if « and y are in S then
[[z]l > Ounless x = N and [[N|| = 0, || —«|| = ll=|], |l + |l = llz|[+]lyll,
D{z,y} = |l —yll. If F isin B, the set of all continuous transforma-
tions from S into S, then —F is the element G of B defined by Gz =
—(Fx) and, if H is in B, then F + H is the element G of B defined
by Gx = Fa + Hz.

THEOREM A’. Suppose F is a function from the number interval
[a, b] into B, A a point of S, r @ positive number, ¢ in [a, b], each of U
and V a variation function for [a, b]. Suppose further that for p and q
in [a,b], x and y in S, |la —A|| < r and ||y — Al < r, we have

(I) [[[F(®) — F@lx — [F(») — F@Wll = lle —yllU(p, 9)
and

I |I[F® - F@lkll= V(o 9 .
If T s the function from the square disc [a, b] x [a,b] inte B defined
by T(p, q)=I+[F(p)—F(q)] then there is a subinterval Q of [a, b] contain-
wng ¢ such that +f ¢t s in Q and J is a chain from c¢ to t, then

TIAT, A) — All £ r; and, ©f Q is such an interval and t is in Q, then
the continuous product J1* (T, A) is a point of S.

Proof. We shall prove that T satisfies the hypothesis of Theorem
A, with W the closing function U-V.

If  and y are in S, p and ¢ are in [a,b], ||z — A]| < r and
ly — All £ r, then

D{T(p, q)x, T(p, @)y} = llx + [F(p) — F(Q)le —y — [F(p) — F(@)Wll
= e —yll + I[F () — F(9le — [F(p) — F(g)yll
< D{z,y}[1 + U(p, )1,

which is (1) of the hypothesis of Theorem A. Also,
D{T(p, q)z, «} = lI[F(p) — F(@ll = V(p,q) ,

which is (2) of the hypothesis of Theorem A.

Suppose z is in S, p and ¢ in [a,d] and ||I], (T, 2) — Al| < r for
each chain J’ from ¢ to a number ¢ in [a, b] such that |p — ¢| + |t — ¢|=
|p — ¢ql. Denote by {¢}7*! a chain J from p to ¢ and set

F(ti.) — Ft) = 4, = K, and K;_, + 4K, K, =1, m.
Then [T, ,Je is 2 if 1 =0, o + 42 if 7 =1 and

J J i-1 3 i-1
x4+ 24K =2+ da + ‘_22 4z + %AuKu—l] =+ ;«14’4 [H Tu,J:|x

=1 u=1



CONTINUOUS PRODUCTS AND NONLINEAR INTEGRAL EQUATIONS 537
if 1 <j=<mn. Since
T(p, )z = & + [Fp) = F@)le = @ + 3 40
we have

”U:I. T‘W]x — T(p, q)wH
|+ aa+5 4] + S 4K

Il
—t—
L=

st

éi Ai[m_I_ZAKu 1j|_Atx éi wlBy-1
< S U S NAK S S UL S Vs
<3 UV, 0 S Uk, )V, 0) = W),

which is (3) of the hypothesis of Theorem A. This establishes Theorem
A’ As before, we denote .[I* (T, A) by Y(¢).

COROLLARY. If t is in Q, n an integer greater than 1, J the chain

{t;}72! from c to t of mesh & and R(5) is the least number k such that,
of each of pand q is in Q and |p —q| <0, V(p,q) =k, then

|7 - [[17..]4]|= RO exo 0 1 - 13 -

Proof. By (2.83), with W=U.V,
[v@ -[[1 7., || < UnsVias + £ 0o Virs [T 1L+ T,
< RO U+ 3 Uinos L1+ U,il)

< RO exp| £ 0., | - 1}= RO exo U, ) - 13,

as was to be proved.?

2 Note that if for V= MU some number M then

P Uiy S Vs = M3 Uiy > Uud = <M/2>[i Uss = MR, o)
=2 w=1 =2 w=1 =1

In this case W(p, q) may be defined to be (M/2)[U(p, ¢)}12. Note also that if ,I19(7, X) ex-
ists, then ||,[1«T, X) — T'(p, )x|| < (M/2][Up, ¢)]2 or U(p, q)V(p, q) depending on whether
or not M is a number such that V = MU.

8 1f V= MU and W = (1/2)MU? then ||Y (1) —- [1‘[:”=1T1-,J]AH§(1/2)R(6) exp [Ule,t)—-1].
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It follows from this corollary that for a positive number ¢ there
is a positive number 6 such that, if ¢ is in @ and J a chain from ¢ to
¢ of mesh less that & then || Y(t) — 1T, 4|l < e.

4. Other approximations to Y(¢). If x is a positive number and n
a positive integer then [1 + (z/n) + (1/2)(x/n)*]" is a closer approximation
to ¢ than is [1 4+ (x/n)]*. The theorems in this section may be regarded
as generalizations of this fact.

With each chain J whose terms are in [a,b] we associate certain
elements of B which we denote by the letter J with a subscript and a
superscript. Suppose p and ¢ are in [a, 5], J the chain {#}*' from p
to ¢ and 6, = F'(¢;s)) — F(¢), =1, ---,n. Then

J® = J® =1, 1=0,--,m, £k=1,2,8, -
and

JEP =JE+0JE,  i=1m k=1,2,3, .-
Thus,

¢
JP =1+ 30357 i=1-n k=123, ---.
u=1

Denote by @, a subinterval of [a, b] containing ¢ such that V(c, t) < r for
t in Q,.

THEOREM B. If x is in S, k a positive integer, p and q in Q, and
lle — All + V(p,q) < r, then there is a point w in S such that, for a
positive number € there is a chain J from p to q such that, if K is a re-
Sinement of J and K = {s,}7' then ||lw — KPx|| < e.

Proof. To establish the theorem, it suffices to show that, if J is
the chain {¢}7' from p to ¢ of mesh 6 and K the refinement {s}{}' of
J, then,

WKPe — JPz|l < E(@){exp [U(p, @)1 — 1} .

For each positive integer 7 not greater than =, denote by u, the
integer u such that ¢,,, =s,.;,. Suppose j is a positive integer not
greater than » and denote by {¢,}?*! the section of J from ¢, to ¢,.,.
If F(que) — F(q,) =0,, u=1,---, h, then

JS}G) — J](]i)1 + (é} Bt)J.(Ik——ll)

and
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w
(¢ — k k-1 J—
Ku-zuj_l - K/(uj)wl + ElaL-Kg-&-uJ?_ U = 1, %y h .
i=

Note that K2, = K®, Also, ||KPx — All £ Ve, 8;41) < 1 and
|J Pz — All < Ve, tur) = 7,

i=1,cce,mu=1-+,m v=1,23 .
Then,
h 13
1§z — K@zl = [ {780 + 3 0,800} — (K @ + X 0.K50, w} ]
< 7P — K® wll+ 13 0550 — 0K, o} |
u=1
< 1IRw — KL oll + 3 {10,755 — ,KEal
+ 110,KEn — 8,KER,_all) < TP — K x|l
h
+ 2 U(@uen @)1 §572 — K|l
h
+ nz=l U(Qu+17 Qu) “K&kj:ll)x - Kzak—_ll-i-)uj_lw“
s 1P — KE ol + 1500 — K Pwl|Usy + W,

where W = U.-V. An induction argument similar to one used in prov-
ing (2.8) now yields

IE®s = TPl < W+ S Wl [1+ U] = RO exp U, 01-1}

as was to be proved.
We denote by T'®(q, p)x the point w of Theorem B. Note that for
each refinement K of the chain J of mesh 6 from p to ¢ we have

(4.1) T ®(q, pyr — Kz || = E(©){exp [U(p, )]—-1} ,

where m 4+ 1 is the number of terms in K.

COROLLARY. If p is between ¢ and q, x and y in S, ||z—A ||+ V(p, )<
r,\y—All+ V(p, q) = r and J is the chain {t;}72 from p to q, then

Px — JPyll = o — yll {exp [U(p, 91}
and, consequently,

WT®(q, p)x — T ®(q, Pyl = lle — yll {exp [U(p, 9} .

Proof. This may be proved by an induction argument similar to
one used in proving (2.3), starting with
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WPz — JPyll = |32 — T2l + VasllJi5be — JE0yl| .

THEOREM C. Under the hypothesis of Theorem B, if J is the chain
{t 22} from p to q, then

[ -oes

i=1

|§ 7}, Vo, QIU®, 9)F -

Proof. As in part of the proof of Theorem A’ we have

[ﬁ Ti,.l:l— Ji(‘k)a; ” § V(p; tu+1)U(p’ tu+]), U = ]-r te, .

i=1

Suppose there is a positive integer ;' such that, for some positive in-
teger u not greater than » one has

|z ] = T2 > 2 V0, teed U, tec
and denote by j the least such positive integer j’. Then,
|17 o —owm2a]| = 2 VoL 60t =1
ie=l

Since JPz =z + S_‘,AJEZ D, w =1,

|

17— e~

v=1

ﬁ T“:\m— EA J D:Z}H

< iz”; 4 [[1 Tv,}o - AiJ‘f g ]

= 5,00V 0 00 UG, 1)
= V(o u+1)§_.Uu( 1)‘[U(p, e
<

Vs tu) 2 | 0 U, 1)

Il

“71" V(p’ tu+1)[U(p7 tu+1)]jy U = 1, ey n .

which is a contradiction ; and Theorem C is established.*

THEOREM D. If J is the chain {t;}1% from ¢ to the mumber t in @

¢ If V = MU then the inequality in the theorem may be replaced by H[I]?=1 Ty, 54|

= [MJ(+1)!][U (p, @)]*+* as the right hand side of the first inequality in the proof may
then be (M/2)[U (p, tu+1))? the left hand side of the second inequality may be [M/(j+ 1)!]
[U(p, tu+1))7+1 and so forth with the argument proceeding as before.
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and k a positive integer, then
|r® -[ L7 ]| s @ry & vt (0¢ bl

Proof. Denote by H a refinement of J of mesh 6 and let H;, =
{g*}uth be the section of H from ¢, to ¢y, If K, = [HJ®, i =1, -+, n,
then, by Theorem C,

|| 11k Ja - i 7., (L& 4| wenv oy, d=1-n.

From Corollary 5 to Theorem A and the corollary to Theorem A’ it fol-
lows that

|Yo-| f1x]4| < RO)exp (U, 0] - 1)
+ [k 1S ViolUssF{exp (U b)) -

By (4.1) and the corollary to Theorem B we have

[t = s T Ja - e )
el i Ja - o |z o m] firs o
= RO){exp [U,,1-1} + {exp [0, ||| TT & Ja— | Ti7es ],

=1
j:l, MR (2

=

and, by mathematical induction,

Thus,
| v [ fire]4|| = 2r0)exp (U, 01-1)

[ 1k ]a -] [i 7i2]4]|= RO) S fexp [U1- 1} exp [U, )}

i=1 i=1

= R(d){exp [U(, c)]—1} .

+ [/ 03, Vil Uil {exp [U( i)}

for every refinement H of J, that is for every positive number 6. This
establishes the theorem.

Note that, in the case n =1 and J is the two-term sequence ¢, ¢,
the sequence {T'®(¢, c)A}, converges to Y (?).

5 If V = MU then the inequality in the theorem may be

1Y@ -[ 11 783 |l = 10+ 1)1) 5 [UslHexp [U G, tien)) -
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5. The integral equation Y (t) = A + {!dF' - Y. In this section we
shall prove that, under the hypothesis of Theorem A’, the only solution
Y (t) on Q of this integral equation, which is continuous and satisfies
WY (@) — Al < r, is JI°(T, A). We first make precise the meaning of
the integral.

The statement that {a}i' is a subdivision from the number u to
the number » means that {a;}}%' is a non-increasing or non-decreasing
sequence having an odd number of terms such that {a,_,}{"»” is a
chain from » to v; the mesh of the subdivision is the mesh of this
chain ; and a refinement {b;}7%' of {a;}7% is a subdivision from = to v
such that {b,-,}{"?? is a refinement of the chain {a@,_,}{*i*”* from u to
v. If F'is a function from the number interval [a, b] into B, X a func-
tion from [a, b] into S, » and v in [a, b] and R the subdivision {¢;}*}
from u to v then the sum >\, [F(tu.) — F(ty-1)]X(t,) is denoted by
S dF-X. The statement that X 4s F-integrable from u to v means
there is a point w in S such that for a positive number ¢ there is a
subdivision R from % to v such that, if R’ is a refinement of R, then

| S dF-X — wl| <e. If X is R-integrable from » to v, this point w
is denoted by (idF-X.

THEOREM E. If F' is a function from the number interval [a, b] into
B, X a continuous function from [a,b] into S, u and v in [a,b] and V
a variation function for [a,b] such that, for each p, q wn [a,b] x [a, b]
and each of x and y in the image of [a, b] under X we have

[F(p) — F(@)le — [F(p) — F(@Wwll = lle — yllV(p,9) ,

then X s F-integrable from u to v.

A proof, following closely an existence proof for ordinary integrals,
is omitted. (Cf. [2]).

THEOREM F. Under the hypothesis of Theorem A’, the function Y
Srom Q into S defined by Y(t) = J1YT, A) is the only continuous function
G from Q into S such that, G(t) = A + §SdF-G and ||G(t) — Al| < r for
t in Q.

Proof. The function Y is continuous (Corollary 4 to Theorem A)
and F-integrable from ¢ to each ¢ in @ (Theorem E). Suppose ¢ is a
positive number and denote by J a positive number such that, if J is
a chain from ¢ to the number ¢ in @ of mesh not greater than 4, then

WY@ — 11T, Al <e3[Ue, f) + 11,

where Q = [«, #] (Corollary to Theorem A’). Suppose R is a subdivision
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from ¢ to ¢ such that, if R’ is a refinement of R then

S 4F-Y - S:dF- Y” <¢/3

and suppose {s,}*{' is a refinement R’ of R of mesh not greater than
o such that s, =8y, 1 =1, --+,n. If 4, = F(sy.+1) — F(sy-,), Which is
TM,R’ bt I, /I: == 1, s, ')?,, then

| v -[a+far-v ]|
- i - i |
Y Ai[;f[iTz,,R,]A — 3 AY (- ]

=||Y® [ 1 T | 4]+ £ T
+¢8<e.

Therefore, ||Y (t) — [A + §idF-Y]|| =0 so that Y(¢) = A + {«dF-.Y.

Suppose that G is a continuous function from @ into S such that
|G@#) — All £ r and G(t) = A + ({dF-G for each ¢ in Q. From the
definitions of the integrals involved, we have that if %k is the continu-
ous function such that ||Y (¢t) — G(¢)|| = k(t) for each ¢t in @ and g(t) =
U(e, t) for each ¢ in @, then

_|_

S”dF-Y— S”dF-G“ < Sfdg-k

for each ¢ in Q.
Since

WY () — G)|| = ”SdF Y - S:dF-G"

it follows that 0 < k(¢) < {idg-k for each ¢ in Q. But this implies that
k(t) = 0 and hence, F'(t) = G(t) for each ¢ in Q. This completes the
proof of Theorem F.

6. Examples. In this section some of the results of the preceding
sections are applied.

ExAMPLE 1. Suppose F' is a function from [a, b] into B such that
F(t)[x + y] = F(t)x + F(t)y for all ¢ in [a,b] and all x and y in S.
Suppose furthermore that Aisin S, ¢ is in [a, b], T'(p, q) = I + F(p) —
F(q) and there is a variation function U for [a, b] such that

(6.1) (@) — F)xll = U, 9l
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for every x in S and each (p, q) in [a, b] x [a, b].

That Theorem A’ implies that .[* (T, A) exists for each t in [a, b]
can be seen from the following. Suppose ¢ is in [a, b]. Denote
Al {exp [U(c, t)1}U(p, ) by V(p,q) for each (p,q) in [a,b] x [a, b].
Denote by = a positive number not less than ||A4]| {exp [U(c, t')]—1}.
The reader may verify that (I) and (II) of the hypothesis of Theorem
A’ are satisfied for ||o — A|| < r and ||y — A|| < r. Suppose J is the
chain {t,}7%' from ¢ to a number ¢’ such that [¢' — ¢’|+ [t — ¢| =
|t — ¢|. Since

<t - o

I[f17.0 Ja— 4= StFew - Fen| 1., |4
=3 v Tz a||s S vl + viaial
= Al {exp] £ U]~ 1) = 14l exo LU 0013 =7

Thus, according to Theorem A’ I[" (T, A) is a point of S.
If J has mesh 6, then by the corollary to Theorem A’ (see footnote
3) we have
1 I1Y (T, A) — 11 (T, Hll = (1/2)R(9) exp [U(c, ¢')—1],

J

where R(J) is as defined in that corollary. But since
V = ||All {exp [U(c, t)]} U, we have

R(d) = [|All {exp [U(c, )]} R'(9)

where R'(9) is the least number k such that if p and ¢ are in [a, b] and
|p —q| =0 then U(p, q) = k.
Thus,

11" (T, 4= T1(T, Hll = é—llAll {exp [U(c, t)} E'(9) {exp [U(c, t) —1} .

A smaller upper bound to the error in approximating .J1* (T, A) by
11, (T, A) can be found by the use of Corollary 6 to Theorem A. This
is done by redefining V. Suppose t’ =+ c.

Denote []]i-, T; ;1A by ¢, and ||¢,— J1%+ (T, A)ll by r;, = 0,1 -+, n.
Note that

lles |l = [|All exp [Ul(e, t541)] and || I1%+ (T, A)ll = [|All exp [U(e, t;.1)],
1=20,1,---, n.

Denote by R, the interval with end points ¢; and ¢,., and by V a varia-
tion function for [a, b] such that

V(p, q) = exp [U(c, ¢,..)1U(D, )
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for (p,q) in R, x R, =1, -+, n. Taking into account the last com-
ment in footnote 2 and Corollaries 3 and 6 to Theorem A we have

|17 |4 = 15 @, )| = T = L5 (7, 1156 D)
< vy exp [Us] + {exp [UGe, L {U,F2)

= llejr — 1% (T, A) |l {exp [U, 1} + {exp [U(c, t;)} {LU,0F/2},
jg=1,,m.

By mathematical induction,
[ 1170 Ja = 11 (2, ) < 141 texp (UG 0O 33410712

This may be compared with the upper bound to the error found by
MacNerney [2] which is, in the notation of this paper,

LAl {exp [U(e, #)]} 3 | exp [Us] —11Uss .

Some additional implications of this specialization of £ will be stated
without proof. Suppose that (p, ¢) is in [a, ] x [a, b],  in S, » a posi-
tive integer greater than 3, K the chain {s}*! from p to ¢, r a positive
number and U(p,q)[||z||+r]<r. Then,by Theorem B, T®(p,q)x is a point
of S for each positive integer k. If 4,=F(s;.,)—F(s;), =1,-+-, n, then

KP=TI+ (4, + -+ 4+ 4)
and

KP =1+ d + 41+ 4]+ 4L+ (4, + 4)] + -~
+ AL+ (4 F e+ 4y0)]

=T+ (4 + o+ + 4) + [ddy + (ddy + 44) + - -+
+ (dydy A e A 454570,
j=38,---,n and so on for t = 3,4, --- .

Moreover, if I(p, q)y = [F(p) — F(q)ly and

Lu(p, Q) = S:dF(w)-I;(w, o, i=1,2 -

for each number pair (p, ¢) in [a,b] x [a, b] and all ¥ in S, then
T®(p, q)r =« + L(p, )z + -+ + Llp, ¢)z. [2], [9]

If S is a normed, linear and complete space, and F'(p)F'(q) =
F(q)F(p) for each (p,q) in [a,b] x [a, b], then I)(p, ¢)x = [1/7!][F(p)—
F(q))x. [4]

ExAMPLE 2. For this example, S is the real numbers. It is shown
how a solution to
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(6.2) Y(t) = A + S‘f[u Y (u)]du

can be obtained by means of the continuous product under certain con-
dition on f.

THEOREM G. Suppose that [a, b] is a number interval, ¢ in [a, b],
A o number, r a positive number and f o function from the number
plane into the numbers such that +f x is a number then the function g
defined by g(t) = f(t, ©) for each number t is quasi-continuous and the
Junction h defined by h(t) = f(x, t) for each number t is continuous. If
there is a variation function U for [a, b] such that

(17 @) — £, 410] < 1o — U@, @

Jor each (p,q) in [a,b] x [a,b], v — A|Zr and |y — A| < 7, then isa
subinterval Q. of [a, b] containing ¢ such that there is only one continuous
Sunction Y from Q, into the numbers such that Y(t) = A + (if[w, Y (u)ldu
and Y () — A] < r.

Proof. Denote {“f[v, x]dv by F(u)x for each number & and each u

in [a,b], and denote I+ F(p) — F(q) by T(p, q) for each (p, ¢) in
[a, b] x [@, b]. Then,

IF(¢) — Fo)le — [F(a) — Fo)lyll
- |§‘;[f(v, @) — (v, y)]dv] < |z —ylU®,q) .

Denote by M a number such that M = |f(v, )| if v is in [a,b] and
| — A| < ». Thus, if V(q, p) =|q¢ — p|M, then

IF@ - Folkl = ||'£0, a)d0| = 10 - 11t

for (p, q) in [a, b] x [@, 0] and | — A| <». As in (i) in the proof of
Theorem A, denote by @, a subinterval of [a, b] containing ¢ such that
Ve, &) <r for t in Q.

If Y(¢t) = . J1* (T, A) for each ¢ in @,, then Y is the only continuous
function from @, into the numbers so that Y(t) = A + {{dF-Y and
|Y() — A| < r for each ¢ in Q,. Using the definition of F' and several
elementary properties of integrals one can see that

S‘dF-Y: S’f[u, Y (u)]du for each ¢ in Q.

This establishes the theorem.
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ExamMPLE 3. The above example may be extended to the system
of equations

Ya(t) = Ao + S”fw[u, Y, oo, Yy)ldu,  i=1,-0m

where the f, satisfy suitable conditions. This system of equations may
be written as

Y(t) = A+ SLdFY

where
Y() = [Yu®), A =[A] and F@X] = || £ilo, a1, -, 0]
for each number » and each point [X,], a =1, -+, n.
ExamMPLE 4. The integral equation
6.3) Y@) = o+ S:Y(uy du

which is a special case of (6.2) has Y (x) = tan x as a solution. This
equation can be written Y (x) = SxdF- Y, where F(u)y =u(l + y*) for
0

all numbers » and y.

This integral equation will be considered in some detail in order to
illustrate how Theorem F and various of the other theorems and corol-
laries of this paper may be applied.

Suppose that » is a positive number. If p, ¢, y and 2z are numbers,
lyl < r and |2) < r, then

ILF(p) — F(9lyl = |p(1 + v*) — a1 + v

=l@—-d+¥)=Ip—ql(1+7)=V(pa)

and
I[F'(p) — F(q)ly — [F(p) — F(q)l»|
=0 — @ —2)| <lp—ql@rly —z|=Ulp, )y — |,

where U(p, ¢) = 2r|p — ¢| and V(p, q) = A + r*)|p — ¢q| for each number
pair (p, q).

Now the contraction of U and V to an interval is a variation func-
tion on that interval. Suppose that

T, y=y+[F)—F@Qly=9v+ (» — 1 + %)

for each of p, ¢, ¥y a number.
According to (i) of the proof of Theorem A, II* (7, 0) exists if
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(6.4) Viz,0) =1 + )|z] < », that is if |z| < /(1 + 7).

Thus (6.4) determines (see (i) of the proof of Theorem A) an in-
terval of convergence for the continuous product for each positive
number r. The longest such interval determined by (6.4) is [—1/2, 1/2]
as 1/2 is the maximum of »/(1 + #*) for all positive numbers 7.

Suppose that 0 < |2| < 1/2. Since (1/2) |z| — V1/2[z]) — 1 is the
least number ¢ such that |z| < ¢/(1 + ¢*), the choice », =1/2|x| —
V'1/2lz])) — 1 and V(p,q) = (1 + r})|p — ¢| for each number pair (p, q)
will yield, for each chain J from 0 to z, the smallest upper bound to
[oI17(T, 0) — T1,(T, 0)| of the type given in the corollary to Theorem A’.
By means of (6.4) this yields an interval of convergence containing z.

Suppose that C, r, and r; are numbers such that |Y(1/2) — C| =
r, < rs. Suppose furthermore that |C|+ r;=1r, U(p, q) = 2r|p — ¢
and V(p,q¢) =1 + ri)|p — ¢| for each number pair (p,q). Thus, by
Corollary 6 to Theorem A, if @, is an interval such that V(1/2, z) <
ry — 1, if @, is in @, then there is a point which is ,,J][** (T, C) for each
o, in Q.

Suppose that x, is in @, and is greater than 1/2 and J is a chain
from 1/2 to x,. From the inequalities in Corollary 6 to Theorem A and
the corollary to Theorem A, the error in approximating Y(«,) (i.e., tan
x) by II;(T, C) can be determined. From these corollaries, it follows
that for a positive number ¢ there is a positive number ¢ and a chain
J from 1/2 to «, such that, if |tan 1/2 — C;| < ¢ and J’ is a refinement
of J, then |II, (T, C,) — tan x| < e.

In this way, the interval of convergence of the continuous product
can be extended beyond [—1/2, 1/2].

Suppose that ¢ is in [—1/2, 1/2], p is between 0 and ¢ and z is a
number such that |z| + 2|¢ — p| £ 1. As an illustration for §4 it will
now be shown how T ®(p, ¢)x can be determined where 7T'(u, v)y =
¥+ (u — v)(1 + y*) for each number pair and every number y.

By Theorem B, there is a number which is T®(p, ¢)x. Suppose
that n is a positive integer greater than 2. Denote by .J, the chain
from p to ¢ which is {p + (¢ — 1)(¢ — p)/n}7*!. Denote

Flp+ilg —p)n]l — Flp+ (@ - D@ —q/nl by 4,  j=1,--,n.
Using the notation of § 4 we have
[(J)Pe =2+ (4 + «-+ + A,)x
=z + [ule — p)/n](1 + 2°), w=0,1,---,n,
[J)? = [JJP + 4P =1+ 4,
[J )2 =1+ 4+ 41 + 4]+ 4] + (4, + 4,)]
+ oo H AL+ (A A e+ 4], J=38,,n.
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So,
n -1
[Pz = o+ da + 3, Ai[x + ( S Au> x]

=&+ [l — DS {1+ [0+ (@ = P — D+ @)
=@+ (¢ = D)L+ #) + 2a(l + @)@ — p)nl{ntn - 1)/2]
+ (1 + @Y{(q — p)ln¥i(n — 1)(2n — Dnf6] .

As n > o we get

[ulP2 = @ + (¢ — p)(A + &°) + a(1 + 2)(q — p)
+ @/3)A + 2 (¢ — p)' =T (p, O) .

The reader may note that the first three terms of 7' ®(p, q)x are
the same as the first three terms of the power series expansion about
p of Y(q¢) where Y is the function satisfying

¢
Yt)=0t—p)+ 2+ S Y(uydu
for each number ¢ such that |p — ¢| + |t — ¢| = |p — ql.
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