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CONTINUOUS PRODUCTS AND NONLINEAR

INTEGRAL EQUATIONS

J. W. NEUBERGER

l Introduction* J. S. MacNerney [2] has expressed the solution
M of the Stieltjes integral equation

M(x, t) = l+ ΫdF{u) M{u, t)

as a continuous product

M(x, t) = J Γ [1 + dF]

in case F is a function from the real numbers into the space B of con-
tinuous linear transformations from a normed, linear and complete space
S into S, which is continuous and of bounded variation on each interval.
This is a generalization of the familiar relationship

f
n J

The object of this paper is to extend these considerations to a larger
class of integral equations including nonlinear equations. The space
S is required to be an additive abelian group with zero element N,
having a norm || |[ such that, if x and y are in S then \\x\\ > 0 un-
less x = N, and \\-x\\ = \\x\\, \\x + y\\ ^ | | α | | + \\y\\. The space S is

complete with respect to the metric induced by this norm. The func-
tion F from a number interval into the set B of all continuous trans-
formations from S into S is required to satisfy certain inequalities
(Theorem A', § 3).

In § 2 we develop a continuous product in a still more general set-
ting, requiring only that S should be a complete metric space, and then
specialize in § 3. Having in mind the problem of numerical solution of
differential and integral equations, we give particular attention to ob-
taining upper bounds to the errors in various approximations to the
continuous product (§ § 3 and 4).

In § 5, integral equations of the form

Y(t) = A + ΫdF Y

are solved by means of the continuous product. Section 6 contains
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530 J. W. NEUBERGER

examples illustrating the application of the theory to certain special cases.

2 Continuous products in a complete metric space* Suppose S is
a complete metric space with distance function D and B the set of all
continuous transformations from S into S. If F is in B then Fx denotes
the image of the point x of S under F; if G is in B then FG is the
element H of B defined by Hx == F(Gx). If n is a positive integer and
each of Fλ , Fn is an element of B then

Π i ^ / a n d Π i ^ ^ Γ π V s l 3 = 1, " ,n,
ί = l i = l Lί = l J

where I is the identity transformation.
If u and v are numbers then J is a chain from % to v if J is an

increasing or decreasing finite number sequence whose first term is u
and whose last term is v the chain from u to u is the two-term
sequence u, u. If J is the chain {x^Zl from u to v then the mesfe of
J is the least number r such that \xi+1 — xt\ ^ r, i = 1, , n. The
statement that Jf is a refinement of J means that J7 is a chain from w
to v having J as subsequence. The statement that J" is the section of
J from the number v! of J to the number ΐ/ of J means that J" is the
subsequence of J which is a chain from uf to v' and a proper subse-
quence of no subsequence of J which is a chain from vl to v'.

Suppose [α, δ] is a number interval, ϊ7 a transformation from the
square disc [a, δ] x [α, δ], A a point of S and J the number sequence
{ί*}?*!1 contained in [α, δ]. Then r(i i + 1, ί4) is denoted by Γf, Jβ If, in
addition, Γ is a transformation to B then [Πf-i^ijJ^ ίs denoted by
ΠJ{T, A). The statement that x is the continuous product

means each of c and t is a number in [α, δ], x is a point of S and, if
ε is a positive number then there is a chain J from c to t such that
D{Y[j, (T, A), a?} < ε for every refinement Jf of J.

The statement that V is a variation function for [α, δ] means that
F is a continuous function from [α, δ] x [α, δ] into the non-negative
numbers such that, if each of x, y, and z is in [α, δ] and x ^ y ^ zf then
V(a?, ?/) + V(y, z) ^ F(α, z) = F(z, α). Note that 0 g F(tftf) + V(x,x) ^
V(a?, a;), so that V(x, x) = 0. The statement that TΓ is a closing function
for [α, δ] means that "FT is a variation function for [α, δ] such that, if
ε is a positive number then there is a chain J — {ίJΓJi1 from a to δ
such that ΣΓ=i T îiiΓ < ε. If each of U and F is a variation function
for [a, δ], then U- V is a closing function for [α, δ]. If TF is a closing
function for [α, δ] and [c, d] is a subinterval of [α, δ], the contraction
of W to [c, d] x [c, cZ] is a closing function for [c, d].
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THEOREM A. Suppose [a, b] is a number interval, T a function from
the square disc [α, δ] x [α, b~] into B, A a point of S, r a positive number,
c in [a, δ], each of U and V a variation function for [α, 6], W a closing
function for [a, &]. Suppose further that for p and q in [α, b], J a chain
from p to g, x and y in S, D{x, A} ίg r and D{y, A) ^ r, we have

(1) D{T(p, q)x, T(p, q)y)} ^ [1 + U(p, </)] D(x, y),
(2) D{T(p,q)x,x} ^ V(p,q)

and (3) if D{]Jj,(T, x), A} <^ r for each chain J' from p to a number t
in [a, b] such that \p — t\ + \t — q\ = \p — q\, then D{J\j(T, x),
T{q, p)x) ^ W(p, q).

Then there is a subinterval Q' of [α, b] containing c such that, if t
is in Qr and J is a chain from c to t then D{f[j(T, A), A) ^ r and ij
Q is such an interval and t is in Q then the continuous product d P {T, A)
is a point of S.

Proof. We first establish statements (i) and (ii) below, and then
the theorem.

Denote by Q a subinterval Q" of [α, b] containing c such that if t
is in Q" then V(c, t) < r.

(i) If J is the chain {SJJJL1 from c to the number t in Qf then

(2.1) D{UΛT9A)9A} £ V(c,t).

For, [Π!-i TtJA = A so that

D{mi-iTttJlA,A} = 0 ^ V(cf8l).

Suppose there is a positive integer k not greater than n such that
^ { [ Π f - i ^ J A , A} > V(c, sk+1) and denote by j the least such integer k.
If m is a positive integer not greater than j then

(2.2) D f π \ ] A, A } ̂

Then,

j ( Γ M - 1 ~| Γ M - 1 ~] )

which, by (2.2) and (2) of the hypothesis, does not exceed Σ ί - i VUtJ ̂
V(c, sj+1), a contradiction and (i) is established. Thus Q is a sub-
interval of [α, 6] containing c such that if ί is in Qr and J is a chain
from c to ί then D{J{j{T, A), A} ^ r.

Suppose that Q is a subinterval of [α, 6] which contains c such that,
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if t is in Q and J is a chain from c to t then D{]Jj(T, A), A} ^ r.
(ii) If t is in Q, J is the chain {sJΓ=i from c to £ and J' a refine-

ment of J then

(2.3) Z) ί Π (T, A), Π (7\ A)\ rg TTni/ + Σ WttJfl [1 + ^,,1

To prove this, suppose Jr is the refinement {έi}Γ=V of J and, if u5

is the integer k such that s j + 1 = tte+u j = 0, * ,n, then

and MJ =

If {i Jf*!1 is the section K of «77 from s5 to s j+1 then

Since DίΠ^ί?", M,--), A) ^ r for each chain J/r from ŝ  to a number
ίr such that \sj — t'\ + \t' — sj+1\ — \s3 — sj+1\ then we have from (1) and
(3) of the hypothesis,

D{Mj9 Lj} £ WjtJ + [1 + UJtJ]D{M^l9 L^} .

Thus, D{Mlf LJ ̂  ϊFi,Λ D{M2, L2} ^ TF2)J + TΓ1;J[1 + Z72|J] and, by mathe-
matical induction, (2.3) is established.

Since

exp [U(c, t)1 ̂  U [1 + Uu J , i = 1, , w ,

it follows from (2.3) that

(Γ, A), Π (,A)j ^ {exp [U(c, ί)]}Σ TFW .

If ε is a positive number and the chain J from C to t in Q ( = [a,βj) is
such that Σr-iW i fJ<6/{expp(α,i8)]}, then D{ΠJ(Γ,A), ΠJ'(Γ,A)} < ε
for every refinement J' of J. Since the space S is complete, it follows that,
for each t in Q, there is a point in S which is the continuous product
cW (Γ, A).

Denote by Y the function from Q into S such that Y(t) = JI* (ϊ7, A)
for each t in Q.

COROLLARY 1. Suppose that t is in Q, s between c and t and J the
chain {βJΓJi1 /rom s to t. Then D{UAT, Y(s)), A} ^ r for each chain J'
from s to a number u such that \s — u\ + \u — t\ = \s — t\, and D{Y[j(T,
Y(s)), Y(s)} £ V{8, t).
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Proof We have D{Y(s), A} ^ r since £>{IL" (2\ A), A) ^ r for each
J" from c to s. If / is a chain from s to a number u such that
\s-u\+\u-t\ = \s -t\ then Z>{ΠJ' (Γ, Y(S)), A) < r since DίΠ^? 7 ,
Πj^ίϊ7, A))y A} <^ r for each chain J" from c to s and the function h
defined by h(x) — ΠJ- (T, X) for all x in S, is continuous.

Thus

^ i T T Ϊ ^ I Π s ) , Y(8)[ = 0?{[π r<,

The fact that D{J\j{T, Y(s))9 Y(s)} ^ V(s, ί) follows by an argument by
mathematical induction similar to the one used in (i) in the proof of
Theorem A.

COROLLARY 2. If t is in Q, s between c and t, Jλ a chain from c
to t and J the chain {st}ίβi from s to t, then

D\U(T, Π (Γ, A)), Π (Γ, Y(s))\ ^ D\U(T, A), Y(s) (exp [U(8, t)]} .

Proof Denote Π^ (T, A) by x and Y(x) by j/. By Corollary 1 we
have

<D|[Π Γijl/, A|" ̂  r, i = 0, . , n .

Since D{[Π<-i TitJ]x, A} ^ r, i = 0, , n, we have

Π (ϊ7, α?)f Π (T, y)] =

^ [l + C7W)J]Z)|[Π Ttt^x, [ΪI ^ ψ [^ ^ ft [1 + UitJ]D{x, y}

as was to be proved.

COROLLARY 3. If t is in Q and s between c and t, then

Proof Suppose ε is a positive number. There is a chain Jt from
c to s such that

D Π (T, A), Y(s)\ < ε/2{exp [U(c, ί)]}

if Ji is a refinement of Jλ. There is a chain J3 from c to t having Jλ

as subsequence such that, if J^ is a refinement of J3,

D\π(T,A),Y(t)\<6l2.
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Since s is in Q we have DlJlj^iT, A), A} ^ r and therefore D{Y(s),
A} <̂  r. Suppose J'z is a refinement of J3, J[ the section of J^ from c
to 8 and J2 the section of J'3 from s to t. Then, by Corollary 2,

Dill (T, Π (Γ, A)), Π (Γ, Γ(β))l ^ Z){Π (Γ, A), Γ(s)l{exp [Σ7(β, ί)]} < ε/2

that is,

Consequently, D{Y(t), JJj, (T, Y(s))} < e for every refinement J'2 of the
section of J6 from s to t, that is Γ(ί) = S Π { (T, Γ(s)), as was to be
proved.

COROLLARY 4. Y is continuous.

Proof. If t is in Q and s between c and ί, then, by Corollaries 1
and 3 we have

D{aW(T, Y(s)), Y(s)}^ V(8,t).

This is true also if s = c or s = ί. Thus, using Corollary 3 we obtain
D{Y(t), Y(s)} ^ V(s, t) and the continuity of Y follows from the con-
tinuity of V.

COROLLARY 5. Suppose J is the chain {st}i*ϊ from c to the number
t in Q, Jf the refinement {ίjSί1 of J, u% the integer K such that si+1 = tk+lf

{cp}p=Q a sequence each term of which is a non-negative number with
cϋ = 0, {Ai}ΐ=ύ a sequence each term of which is a point in S with Ao = A
and D{J[j,(T, At), A} ^ r for each chain Jf from si+1 to a number u such that

\sί+1 — u\+\u — t\ = \sί+1 - t\, Lo = A, Lt

= Γlί TPΆ Λ-i and D{AU LJ £ ciy i = 1, . , n .

Then,

(2.4) D\γ{t), AΛ < Σ cf{exp [U(t, si+ι)]}

Proof We shall prove the following statement which implies (2.4):
If J" is a refinement of J', then

(2.5) D Π (T, A), A g Σ c4{exp [U(t, si+1)]}

+ Σ fl^ίexp [^(ί, ί*+i)]} .
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Suppose Jff — {rjii}, wt is the integer k such that si+1 = rk+1 and
Mt = [117=! TPίJ,,~]A, i = 0, , n. Note that D{Mi9 A} ^ r and D{LU A) ^r,
i = 0, ••-, n. By an argument similar to that used in proving (2.3) we
obtain

D{Mt, U} ^ D{M^U Λ-i}Tl [1 + UPtJ\

where

ft=W(tι+Ui, tu) if ut = 1 + Ut-! ,

and

/* = Σ Wq/± [1 + Up,j] if ut > 1 + ^ .
l l

Thus

{̂ikΓ,, LJ g D{M^U Λ-J {exp [ϋi§J]

and

D{MifAt} tZD{Mt,Lt}+D{L.tA<}

^ D{M{.U Λ-i} |exp [UttJ]} +ft + ct, i = 1, , n .

From this inequality and the fact that Mn = T[j"(T, A) we obtain (2.5).

COROLLARY 6. Suppose C is a point of S and D{C, A) is a number
rλ. If r > rλ then there is a subinterval Q[ of [α, b] containing c such
that if t is in Q[ and J is a chain from c to t then

D{Ί1J(T, C), A}^r and D{ΠJ(T, A), A} ^ r

and if Qτ is such an interval and t is in Qx then there is a point of S
which is the continuous product CΠ£(Ϊ\ Q Moreover, if t is in Qλ and
J is a chain from c to t then

D {Π (Γ, C), Y(t)} £ n{exp [U(c, t]} +D[U (Γ, A), Γ(ί)} .

Note that if Q[ denotes a subinterval Q'ί of [α, δ] containing c such that
if t is in Q'i, V(c, t) <Ξ r — ru then if t is in Q[ and J is a chain from
c to t we have

^ r and

The remainder of the argument is omitted.

3. Specialization, Throughout the rest of this paper, the complete
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metric space S is required to be an additive abelian group with zero
element N having a norm || || such that, if x and y are in S then
\\x\\ > Ounlessα = N and \\N\\ = 0, | | - ^ | | - [|x||, \\x + y\\ ^ \\x\\+\\y\\,
D{x, y} — \\x — y\\. If F is in B, the set of all continuous transforma-
tions from S into S, then — F is the element G of B defined by Gx =
-(Fa;) and, if H is in B, then F + H is the element G of B defined
by Gx = Fx + Hx.

THEOREM A'. Suppose F is a function from the number interval
[a, δ] into B, A a point of S, r a positive number, c in [a, 6], each of U
and V a variation function for [a, 6], Suppose further that for p and q
in [α, δ], x and y in S, \\x —A\\ ^ r and \\y — A\\ ̂  r, we have

(I) WlF(p) - F(q)]x - lF(p) - F(q)]y\\ £ \\x - y\\U{p, q)

and

(II) \\[F(p)-F(q)']x\\£V(pfq).

If T is the function from the square disc [α, b] x [α, δ] into B defined
by T(p, q)—I+[F(p)—F(q)] then there is a subinterval Qf of [α, δ] contain-
ing c such that if t is in Q' and J is a chain from c to ty then
IIΠJ(2\ A) — A\\ ^ r and, if Q is such an interval and t is in Q, then
the continuous product C]P {T, A) is a point of S.

Proof We shall prove that T satisfies the hypothesis of Theorem
A, with W the closing function U V.

If x and y are in S, p and q are in [a, δ], \\x — A\\ ̂  r and
\\y — A\\ <; r, then

D{T(p, q)x, T(p, q)y) = \\x + [F(p) - F(q)]x - y - [F(p) - F(q)]y\\

^ \\x - V\\ + \\[F(p) - F(q)]x - [F(p) - F(q)]y\\

^D{x,y}[l + U(p,q)],

which is (1) of the hypothesis of Theorem A. Also,

D{T(p, q)x, x) = \\[F(p) - F(q)]x\\ £ V(p, q) ,

which is (2) of the hypothesis of Theorem A.
Suppose x is in S, p and q in [a, δ] and HΠJ' {T, X) — A\\ ̂  r for

each chain J' from q to a number t in [α, δ] such that \p — t\ + \t — q\ =
\p — q\. Denote by {ίJfJi1 a chain J from p to q and set

F(ti+1) - F(tt) = Δiy x = Ko and K^ + Δ.K^K^ i = 1, , n

Then \TjyJ\x is x if j — 0, a; + x̂a? if j = 1 and

J j i-l j Γί-1
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if 1 < j g n. Since

T(p, q)x = x + [F(p) - F(q)]x = α + Σ J,a?
ί = l

we have

537

\\flTi,J~\x-T(pfq)

Δxx Σ

Σ
f - 1

Σ4J
u = ι

+ tΣ,ΔuKu-τ~\-Δtx\\£ J
u = i J II i =

n i-l n ί-l
^ \-i TT \p \\ A TΓ \\ <^ V 1 7Ύ V 1 T/"

^ Σ ε/i.jT^ίp, g) ^ Z7(p, g)F(p, g) = T7(p, g) ,

which is (3) of the hypothesis of Theorem A. This establishes Theorem
Ar.2 As before, we denote CIΓ (T, A) by Y(t).

COROLLARY. If t is in Q, n an integer greater than 1, J the chain
{tί}ϊ*ΐ from c to t of mesh d and R(d) is the least number k such that,
if each of p and q is in Q and \p — q\ <£ d, V{p, q) ̂  k, then

Y(t) - [ft ΆMU R(d){exv [U(c, t)] ~ 1}
LJ-i J II

Proof. By (2.3), with W = U V,

h(t) -Γπ T.Λ I g uniJvn,j + Σ Ut-rs
II Lί=i J I ί-2

w Π [i +

Σ
i

t.ltJ Π

exp

as was to be proved.3

2 Note that if for V = JM77 some number M then

w ί — 1 n i — l 1—w —.„

Σ I7i,j Σ t/ Wlj = M Σ C7"i,/ Σ Uu,J^ (M/2)ΓΣ I7i,jΊ ^

In this case W(p, q) may be defined to be (M/2)[U(p, q)f. Note also that if pΠ
q(T, X) ex-

ists, then \\pΠ
q(T, X) - T(p, q)x\\ ̂  (M/2][Up, q)]2 or U(p, q)V(p, q) depending on whether

or not M is a number such that V = MC7".

3 If V=Mϋ and TF=(1/2)M17« then \\Y(t) - [Π*ml TitJ]A\\^{ll2)R(δ) exp [C7(c,ί)-1].
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It follows from this corollary that for a positive number ε there
is a positive number δ such that, if t is in Q and J a chain from c to
t of mesh less that δ then \\Y(t) - UΛT, A)\\ < ε.

4. Other approximations to Y(t). If a? is a positive number and n
a positive integer then [1 + (xjn) + (Il2)(x(nf]n is a closer approximation
to ex than is [1 + (a?/rc)]n. The theorems in this section may be regarded
as generalizations of this fact.

With each chain J whose terms are in [a, δ] we associate certain
elements of B which we denote by the letter J with a subscript and a
superscript. Suppose p and q are in [a, 6], J the chain {£<}?.# from p
to q and δt = JF(£<+1) - F(tt), i = 1, , n. Then

JQ*^ •— e7J0) — /, i — 0, , n, k — 1, 2, 3,

and

J?> = J « + δtJ£V\ i = 1, , w, ft = 1, 2, 3, •

Thus,

JJ*0 = / + Σ δuJ$ϊΓιΌ, i — 1, , n, k — 1, 2, 3, .

Denote by Q1 a subinterval of [α, b] containing c such that V(c, t) <^ r for
ί in Qλ.

THEOREM B. If x is in S, k a positive integer, p and q in Q1 and
\\x — A\\ + V(p, q) S r, then there is a point w in S such that, for a
positive number ε there is a chain J from p to q such that, if K is a re-
finement of J and K — {Si}™*\1 then \\w — K%}x\\ < ε.

Proof. To establish the theorem, it suffices to show that, if J is
the chain {ίjίtίi1 from p to q of mesh δ and K the refinement {sjΓ-V of
J, then,

II JΓ2>* - J?>a? || ^ R(δ){exv [U(p, q)] - 1} .

For each positive integer i not greater than n, denote by u% the
integer u such that ti+1 = su+1. Suppose j is a positive integer not
greater than n and denote by {qu}ut\ the section of J from t3 to tj+1.
If F(qu+1) - F{qu) = δu, u - 1, . . , h, then

fc-l)

and
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τrm _ τrw) _ι_ V ^ /ΓCfc-^ ?/ — 1 . . . h
Άu+Ui , — J^u, , ΊΓ 2-i °i-t^ί+ui 1 U — 1, , Γb

Note that K^Uj_t = #?>. Also, \\K^x - A\\ g F(c, βl+1) ^ r and

| | J ? > a ; - A | | ^ F ( c , ί . + 1 ) ^ r ,

i = 1, , TO, M = 1, , n, v — 1, 2, 3,

Then,

II {J£\χ + Σ δ.^Λi1^} - {K™ x + Σ ^^-ViM.
Z i = l J l W = l J

CA)/*. ZΓCfc) /yl l _i_ II V ί/^ 7 C * -

*ΛίB - ^ί ί ' χ\\ + Σ

Σ U(qu+1, qj\\Jf-^x - Kf-\x\

Σ U(qu+1, qu)\\K

where W — U V. An induction argument similar to one used in prov-
ing (2.3) now yields

\\K™x - J™x\\ ^ Wn>J + Σ WUJn [1 + UUtJ] ̂  R(δ){exv [U(p, q)]-l} ,

as was to be proved.
We denote by Γ(Λ)(g, p)x the point w of Theorem B. Note that for

each refinement K of the chain J of mesh 3 from p to q we have

(4.1) HΓWfo, P)α - #£ } *ll ^ i2

where m + 1 is the number of terms in K.

COROLLARY. Ifp is between c and q, x and y in S, \\x—A\\+ V(p, q)tί
r, | | y — A \\ + V(p, q) ^ r and J is the chain {ίJfΛ1 from p to q, then

\\J?χ - J^vW ^ \\χ - y\\ {exp [U(p,

and, consequently,

? f p)x - T^(q, p)y\\ £ \\x - y\\ {exp [U(p,

Proof. This may be proved by an induction argument similar to
one used in proving (2.3), starting with
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\\Jΐ>χ - JPυU £ \\J22iχ - J^y\\ + vn,j\\J<*S»X - j ^ y \ \ .

THEOREM C. Under the hypothesis of Theorem B, if J is the chain
{tι}^ι from p to q, then

| | = S ~ V(p, g)[U(p, q)f .

Proof As in part of the proof of Theorem A' we have

γ / 1 - JPx\^ V(p, tu+J)U(p, tu+J), u = l,*..,n.
J II

Suppose there is a positive integer f such that, for some positive in-
teger u not greater than n one has

|| [ π T ί ( J ] - jw>χ I > - L V(p, tu+1)[U(p, tu+1)Y

and denote by j the least such positive integer j ' ' . Then,

Π TitJ~}x -Jί^xW £ 7 7 - V - f F ( p , tu+1)[U(p, tu+1)Y-\ u = l,.. , n .

S i n c e Jψx = a? + Σ ΛiJVlpx, u = l,---,n,

"π r4.Λ - ^ ^ = IIΣ Λ Γπ r. (Λ - Σ V & ° *
J lltβi L«"i J t-iu II rt-i η

< V M ΓT T W — Λ TV-Usr

i i 0 l ) !

=

= \ V(p, tu+1)[U(p, tu+ι)Y, , w .

which is a contradiction and Theorem C is established.4

THEOREM D. // J is the chain {ίJfΛ1 from c to the number t in Q

* If V = MU then the inequality in the theorem may be replaced by | |[Πj*β l ^ , ;
<Ξ| [M/(k+l)l][U(p, q)]k+1 as the right hand side of the first inequality in the proof may
then be {Ml2)[Ό{p, ίw+i)]2, the left hand side of the second inequality may be [MJ(j-il)l]
[U(p, ί w +i)P + 1 and so forth with the argument proceeding as before.
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and k a positive integer, then

n
<C (Λ llf W \* Λf ΓTT Ί^-fpvπ \TT(f f W\ **

Proof. Denote by H a refinement of J of mesh δ and let Ht =

{ίϋ0}!.™1 be the section of H from ίt to ίί+1. If £ , = [#,]<*>, i = 1, ., n,

then, by Theorem C,

\\κΓfi EΛA- Π Γ.* ΓΠ ^"UIU
II L J w=i >[_j=i J II

,»

From Corollary 5 to Theorem A and the corollary to Theorem A' it fol-
lows that

[U(c, ί)] - 1}

+ [l/fc ΠΣ K.^t/^Pίexp [U(t, tl+1)]} .
ί=l

By (4.1) and the corollary to Theorem B we have

Γri i φ -Γπ ni]A\\ =
Lί=i J L<=i J II

^ R(δ){exV IU},J\-1} + {exp [C7,,,]

and, by mathematical induction,

II Γπ ^"U -Γπ nΆA\\sR{δ) ±

= i2(δ){β

Thus,

\ff\\\ £ 2R(δ){exv [U(c, ί ) ] -
II

j = 1, '-',n;

for even/ refinement H of J, that is for every positive number 3. This
establishes the theorem.

Note that, in the case n = 1 and J is the two-term sequence c, t,
the sequence {T(i)(£, c)A}J°-i converges to

5 If y = JWT7 then the inequality in the theorem may be

II*•(*) - < [Λf/CAj-f-l)!] Σ [ϋ f > J]*+Hexp [D(ίi, ί i +i)]} .
i = l
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5. The integral equation Y(t) = A + γcdF F. In this section we
shall prove that, under the hypothesis of Theorem A', the only solution
Y(t) on Q of this integral equation, which is continuous and satisfies
\\Y(t) — A\\ ^ r, is CΓP (T, A). We first make precise the meaning of
the integral.

The statement that {at}ϊ*ϊ is a subdivision from the number u to
the number v means that {αJfJV is a non-increasing or non-decreasing
sequence having an odd number of terms such that {α2<-i}4-i2)/a is a
chain from u to υ the mesA of the subdivision is the mesh of this
chain and a refinement {δJtLV of {αJfJΊ1 is a subdivision from % to v
such that fe-J&Γ5072 is a refinement of the chain {α2ί_x}^t2)/2 from % to
v. If F is a function from the number interval [a, fe] into B, X a func-
tion from [a, 6] into S, u and t; in [α, &] and R the subdivision {t^flt1

from % to v then the sum Σ?-i t^fe+i) — ^fe-iXPΓfe) is denoted by
ΣRAF X. The statement that X is F-integrable from u to v means
there is a point w in S such that for a positive number ε there is a
subdivision iϋ from u to v such that, if iϋ' is a refinement of iϋ, then
WΣiR'ΛF X— w\\<e. If X is Λ-integrable from u to v, this point w
is denoted by \υ

udF X.

THEOREM E. // F is a function from the number interval [α, b] into
B, X a continuous function from [α, 6] into S, u and v in [a, b] and V
a variation function for [α, δ] such that, for each p, q in [a, b] x [α, bi
and each of x and y in the image of [α, b] under X we have

\\[_F{V) - F(q)]x - [F(p) - F(q)]y\\ £ \[x - y\\V(p,g) ,

then X is F-integrable from u to v.
A proof, following closely an existence proof for ordinary integrals,

is omitted. (Cf. [2]).

THEOREM F. Under the hypothesis of Theorem A', the function Y
from Q into S defined by Y(t) = c Π f ( ϊ\ A) is the only continuous function
G from Q into S such that, G(t) = A + SϊdF-G and \\G(t) - A\\ ^ r for
t in Q.

Proof. The function Y is continuous (Corollary 4 to Theorem A)
and F-integrable from c to each ί in Q (Theorem E). Suppose ε is a
positive number and denote by δ a positive number such that, if J is
a chain from c to the number t in Q of mesh not greater than δ, then

- Π (T, A)\\ < εβ[U{a, β) + 1] ,

where Q — [a, β] (Corollary to Theorem A'). Suppose R is a subdivision
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from c to t such that, if R is a refinement of R then

,and suppose {st}ll^ is a refinement R of R of mesh not greater than
d such that s2i_! = s2ί, i = 1, , %. If Λ = .F(s2i+i) — F(s2i-i), which is
T%itB, — I, i = 1, , n, then

J

- Γ T T Γ

+ e/3 < ε .

A ΓS τ2jJ A - r ^
L;=i J

Therefore, \\Y(t) - [A + $JdF Γ ] | | = 0 so that Γ(ί) = A + γcdFΎ.
Suppose that G is a continuous function from Q into 5 such that

\\G(t) - A|| ^ r and G(t) = A + ^ d F G for each ί in Q. From the
definitions of the integrals involved, we have that if k is the continu-
ous function such that | |F(ί) — G(ί)|| = k(t) for each t in Q and g(t) =
U(c, t) for each t in Q, then

for each t in Q.
Since

it follows that 0 ̂  A (ί) ^ JίcẐ  A; for each ί in Q. But this implies that
k(t) = 0 and hence, F(ί) = G(ί) for each t in Q. This completes the
proof of Theorem F.

6. Examples, In this section some of the results of the preceding
sections are applied.

EXAMPLE 1. Suppose F is a function from [a, b] into B such that
F(t)[x + y] = F(t)x + F(t)y for all t in [α, 6] and all x and y in S.
Suppose furthermore that A is in S, c is in [α, δ], T(p, q) = / +

and there is a variation function Z7 for [α, δ] such that

(6.1)
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for every x in S and each (p, q) in [α, 6] x [α, 6],
That Theorem A' implies that c Π f (2\ A) exists for each t in [α, 6]

can be seen from the following. Suppose ί' is in [α, &]. Denote
\\A\\{exv[U(c,t')]}U(p,q) by V(p,q) for each (p, g) in [α, 6] x [α, &].
Denote by r a positive number not less than \\A\\ {exp [U(c, tf)\—1}.
The reader may verify that (I) and (II) of the hypothesis of Theorem
A' are satisfied for \\x — A| | <̂  r and \\y — A| | ^ r. Suppose J is the
chain {̂ }̂ V from c to a number £" such that |£' — £"l + U" — c| =
|ί r — c\. Since

Π - A

A; = 1,

Γ Π T3
A

exp[g ?7^]-lJ^

ϊi + V},Λ\\A\\

{exp [U(t, t')]-l} ^ r .

Thus, according to Theorem A' J P ' (T7, A) is a point of S.
If J has mesh <5, then by the corollary to Theorem A' (see footnote

3) we have
II.IΓ' (T, A) - Π (T, A)\\ £ (1I2)R(S) exp [U(c, t')-l] ,

J

where R(d) is as defined in that corollary. But since
V= ||AH {exp [U(c, tf)\}U, we have

R(d) = \\A\\{exv[U(c,t')]}R'(δ)

where R(δ) is the least number k such that if p and q are in [a, b] and
\p- q\£d then U(p,q) ^ ft.
Thus,

ell" (T, A)- , A)| | g i | | A | | {exp [U(c, t')]}K(d) {exp [C/(c, 0 -

A smaller upper bound to the error in approximating cΠ*' (T, A) by
HJ (T, A) can be found by the use of Corollary 6 to Theorem A. This
is done by redefining V. Suppose t' Φ c.

Denote [ffi=i TttJ]A by Cj and | | c , - CW^ (Γ, A)| | by rj9 j - 0,1 . . . , n.
Note that

exp [U(c, tj+1)] and exp
i = 0, 1, , n.

Denote by R3 the interval with end points t5 and tj+1 and by F a varia-
tion function for [α, 6] such that

V(p, q) = exp
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for (p, q) in R5 x Rj9 j = 1, «« , n. Taking into account the last com-
ment in footnote 2 and Corollaries 3 and 6 to Theorem A we have

(Γ, A) (T, JΓ'tf, A))\\

k r3 exp [UhJ] + {exp [U(c, ίj+1)

- Ik,-! - CΠ^(Γ, -A) 11 {exp [E^,,]} + {exp

j = 1, ••-, n .

By mathematical induction,

Π Γ ( , , ] A - JΓ' (T, A) <: HAH {exp [U(c, ί')]} Σ

This may be compared with the upper bound to the error found by
MacNerney [2] which is, in the notation of this paper,

||A|I {exp [U(c, ί')]}Σ I exp [tf,.,] -l\UtιJ .
ΐ = l

Some additional implications of this specialization of F will be stated
without proof. Suppose that (p, q) is in [α, 6] x [a, b], x in S, n a posi-
tive integer greater than 3, K the chain {s}Tt{ from p to </, r a positive
number and £7(p,g)[||#[l+r]fSr. Then,by Theorem B, Tclc)(p,q)x is a point
of S for each positive integer k. If Jt = F(si+1) — F(Si), i = l, ,w, then

ω = I + (jχ + . . . + Δj)

and

Kψ - / + Δλ + 4J7 + z/J + 4[/ + (Λ + 4)] + •
+ ^[/ + (4 + ... + j^)]

= / + (Λ + + 4) + [44 + (44 + 44) + •
+ (Δ3Δ1+ ... + 44-0],

i = 3, , % and so on for k = 3, 4, - .

Moreover, if I^p, q)y = [F(p) — F(q)]y and

Ij+i(P, Q)V = \dF(w)^Ij(w9 q)y, j = 1, 2, ,

for each number pair (p, q) in [α, 6] x [α, 6] and all y in S, then
T^{p, q)x = x + lx(p, g)x + + /fc(p, g)^. [2], [9]

If S is a normed, linear and complete space, and F{p)F{q) =

F(q)F(p) for each (p, g) in [α, 6] x [α, 6], then I3(v, q)x = [llJ\][F(p)-
F(q)yx. [4]

EXAMPLE 2. For this example, S is the real numbers. It is shown
how a solution to
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(6.2) Y(t) = A+ j/[%, Y(μ)1du

can be obtained by means of the continuous product under certain con-
dition on /.

THEOREM G. Suppose that [a, b] is a number interval, c in [α, 6],
A a number, r a positive number and f a function from the number
plane into the numbers such that if x is a number then the function g
defined by g(t) = f(t, x) for each number t is quasi-continuous and the
function h defined by h(t) = f(x, t) for each number t is continuous. If
there is a variation function U for [α, 6] such that

IE [f(v, x) - f(v, y)]dv ^\x - y\U(p, q)

for each (p, q) in [α, 6] x [α, 6], \x — A\ ̂  r and \y — A\ ̂  r, then is a
subinterval Qλ of [af b] containing c such that there is only one continuous
function Y from Qλ into the numbers such that Y(t) = A + \\f\u, Y(u)]du
and \Y(t) - A\^r.

Proof Denote \"f\y, x]dv by F(u)x for each number x and each u
in [α, 6], and denote / + F(p) — F(q) by T(p, q) for each (p, q) in
[α, 6] x [α, 6]. Then,

WίF(q) - F(p)]x - [F(q) - F(p)]y\\

= \\qlf(v,x)-f(v,y)]dv ^\x - y\U(p,q) .

Denote by M a number such that M ̂  \f(v, x) | if v is in [α, δ] and
|α - A\ ̂  r. Thus, if V{q, p) = \q - p\M, then

^ |g-p|ΛΓ

for (p, g) in [α, δ] x [α, δ] and \x — A\ <^ r. As in (i) in the proof of
Theorem A, denote by Qλ a subinterval of [α, δ] containing c such that
V(c, t)^r for t in Qλ.

If Y(£) = β jp (T, A) for each t in Qx, then Y is the only continuous
function from Qλ into the numbers so that Y{t) = A+yβF Y and
\Y(t) — A\ ̂  r for each £ in Qlβ Using the definition of F and several
elementary properties of integrals one can see that

[''dF Y = Γ/[M, r(w)]d% for each t in

This establishes the theorem.
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EXAMPLE 3. The above example may be extended to the system
of equations

YΛ(t) = Aφ + I fa[u, Y19 , Yn(uJ]duf i — 1, , n

where the fΛ satisfy suitable conditions. This system of equations may
be written as

Y(t) = A + [dFY

where

Y(t) = [Γβ(ί)] f A = [AJ and F(u)[X»} = [ j / « b , α?lf

for each number % and each point [XΛ], a = 1, •••,%.

EXAMPLE 4. The integral equation

(6.3) Γ(α) = α
o

which is a special case of (6.2) has Y(x) = tan a? as a solution. This
CZJP Y, where F(u)y = w(l + 2/a) for

o

all numbers u and ?/.
This integral equation will be considered in some detail in order to

illustrate how Theorem F and various of the other theorems and corol-
laries of this paper may be applied.

Suppose that r is a positive number. If p, q, y and z are numbers,
\y\ ^ r and \z) ^ r, then

\lF{p) - F(gM = IP(1 + 2/2) - (7(1 + t)\
= \(p - q)(l + y*)\ < \V - q\{

a n d

- F{q)\y - [F(p) - F(q)]x\

= \(P ~ QW - z2)i <\P

where C/(p, Q') = 2r |p — g| and V(p, q) = (1 + r 2) |p — g| for each number
pair (p, g).

Now the contraction of U and V to an interval is a variation func-
tion on that interval. Suppose that

T(p, q)y = y + [F(p) - F(q)]y = y + (p - q)(l + tf)

for each of p, q, y a number.
According to (i) of the proof of Theorem A, 0 ] p (T, 0) exists if
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(6.4) V(x, 0) = (1 + rλ)\x\ ^ r, that is if \x\ ^ r/(l + r2) .

Thus (6.4) determines (see (i) of the proof of Theorem A) an in-
terval of convergence for the continuous product for each positive
number r. The longest such interval determined by (6.4) is [—1/2,1/2]
as 1/2 is the maximum of r/(l + r2) for all positive numbers r.

Suppose that 0 < \x\ < 1/2. Since (1/2) \x\ - Vll(2\x\)Γ^~ΐ is the
least number t such that \x\ ^ £/(l + t2), the choice r 1 =

jΓ=ΠL and V(p, q) = (1 + rl)\p — q\ for each number pair (p, q)
will yield, for each chain J from 0 to x, the smallest upper bound to
I ϋTίx(T, 0) - ΠΛT, 0) 1 of the type given in the corollary to Theorem A'.
By means of (6.4) this yields an interval of convergence containing x.

Suppose that C, r2 and r3 are numbers such that [Yχi/2) — C\ =
r2 < r3. Suppose furthermore that lC| + r3 = r4, £f(;p, θ) = 2r4 |p — g|
and F(p, g) = (1 + rl)\p — q\ for each number pair (p, q). Thus, by
Corollary 6 to Theorem A, if Q1 is an interval such that F(l/2, xλ) ^
r3 — r% if Xι is in Q1? then there is a point which is i/alF'1 (2\ C) for each
x1 in Q1#

Suppose that x.λ is in Qλ and is greater than 1/2 and J is a chain
from 1/2 to #2. From the inequalities in Corollary 6 to Theorem A and
the corollary to Theorem A, the error in approximating Y(xz) (i.e., tan
#) by ΠJ- (T, C) can be determined. From these corollaries, it follows
that for a positive number ε there is a positive number d and a chain
J from 1/2 to χ.λ such that, if | tan 1/2 — d | < d and Jf is a refinement
of J, then HI/- (ϊ\ Q - tan x\ < ε.

In this way, the interval of convergence of the continuous product
can be extended beyond [—1/2, 1/2].

Suppose that q is in [—1/2, 1/2], p is between 0 and q and x is a
number such that \x\ -\- 2\q — p\ ^ 1. As an illustration for § 4 it will
now be shown how T ( 2 )(p, q)x can be determined where T(u, v)y —
y + (u — v)(l + y1) for each number pair and every number y.

By Theorem B, there is a number which is T^(p, q)x. Suppose
that n is a positive integer greater than 2. Denote by Jn the chain
from p to q which is {p + (i — l)(g — p)ln}i*ί. Denote

F[p + i(q - p)ln\ - F[p + (i - l)(p - q)/ή\ by 4 j = 1, , n .

Using the notation of § 4 we have

[JnY»x = x + (4 + + A)a;
= x + [%((? — p)M](l + a?2), % = 0, 1, , n ,

[JnΨ = UnΨ + AίJnT = / + Λ,
[ JJ? ) = / + 4 + Δll + J,] + All + (A + J2)]
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So,

ί-i L \κ-i / J

= x+ί(q- p)ln]± {l + [x+(q~ p)(i

= a; + to - p)(l + af) + 2a?(l + ^)[(g - p)/nf[n(n - l)

X2)(q - vf

(Q ~ vf = T<»(p, q)x .

As % -* Co we get

The reader may note that the first three terms of T&(p,q)x are
the same as the first three terms of the power series expansion about
p of Y(q) where Y is the function satisfying

Y(t) = (t - p) + x + \Y{ufdu

for each number t such t h a t \p — t\ + \t — q\ = \p — Q\*
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