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1. Varma [8] introduced a generalization of the Laplace integral
(1) T (@) = S:e‘“q)(t)dt
in the form
(2) F(a) = S:(xt)m‘”"e‘“” W, (@t)p(t) dt

where ¢(t)e L(0, o), m > —1/2 and x > 0. This generalization is a
slight variant of an equivalent integral introduced earlier by Meijer [7]
and reduces to (1) when %k + m = 1/2. In a recent paper [1] Erdélyi
has pointed out that the nucleus of (2) can be expressed as a fractional
integral of ¢ in terms of the operators of fractional integration in-
troduced by Kober [6]. In this note two theorems have been given-one
giving an inversion formula for the transform (2) and another giving
necessary and sufficient conditions for the representation of a funetion
as an intgral of the form (2) by considering its nucleus as a fractional
integral of ¢,

2. The operators are defined as follows.

I;{ay (.’U) _[:(,,) x wS (x _ %)w Iunf(u)du

%1
NG
where 7 ()€ L,(0, ), I/p+1jg=1if 1<p< oo, 1jg=0if p=1,
a>0,7>—1q, &>—1/p.

The Mellin transform M, % (z) of a function & (x)e L0, ) is
defined as

Ko7 (x) = )xggj(u 2)* 0 (w)du

7@ = | (@pds (=1
and
indexq (X .
_ l.i.mg (@) (> 1)
X —o0 1/x

Recelved May 8, 1958.
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The inverse Mellin transform M-'¢(t) of a function ¢(t)€ L(— oo, o)
is defined by

(3) M-¢(t) = %;quﬁ(t)m‘“dt (g=1)
and
. 1 in(_]exp T —i0-1)
= 7-1.1.mS pt)x-trde (¢ >1).
27[ T—o0 =T

If the Mellin transform is applied to Kober’s operators and the
orders of integration are interchanged we obtain, under certain con-
ditions,

MAL .7 (@)} = 1 M, 7 ()
F[a +(r - o,t):]
and
B F(c + 1 @'t) B
MAK; W7 (@)} = —— P M, (x)
['[a + (c + ; + zt)]
But
T (o) = S:e‘”x“"/"dx - r(;— +it) if -.;; >0.
Therefore
R I+ -}; — u)j(% + z_t)“
F[a—l—(»y—}—g—it)]
and

1 . g1 .
ey - ()

rla+ (c+ %;}}a)}

By (3)
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I(e7®) = ‘Lsm F(v ! ?1[‘— it)r(é ' it) ait=1rdg

2m - [’[a +(7+ % - zt)]

and

(4) K;u(e™®) = }Sw F<C+;j: _Ibt)F_<?11j— ’bt) 2--Vedt
7 e (o4 —11; +it) |

provided that 1/p > 0, 7+ 1/¢g > 0 and ¢ + 1/p > 0.

It has also been shown by Erdélyi [2] that if the integral in (4) is
evaluated by the calculus of residues then it can be expressed in terms
of a confluent hypergeometric function. In particular,

K;m,(lﬂ)—m—k(e_x) = xm_me_x/Zch.m(x)
where © > 0, (1/2) — m — k > 0.
3. THEOREM 1. Assume ¢(t) € L,(0, ), 1<p< o, >0 If

2m >— 1/qg when (1/2) —m — k>0 and (1/2) +m — k> — 1/q when
1/2) —m — k> 0, then K, qm-n-x[ F# ()] exists and is equal to

[ Ko crm-m-slep(0)dt = F@)
where F (x) and F'(x) are given by (1) and (2) respectively.
Proof. Case I 1/2) —m — k>0, 1 <p < oo.

If ¢(t)e L,(0, ), 1 =p < o and x> 0 it is easy to see that 7 (x)
exists. Therefore

K, o -m-x[ 7 (@)] = p((l/z)x—mm — k)

x| — a-ommm-ry-om-ner{["e-vegeyit)du
x 0
But from a theorem of Hardy [5] we know that if ¢(¢) € L,(0, =),
1 < p< o then u'** 7 (u)e L,(0, ) and therefore

(v — x)"uP.7 (u) € L,(x, ) provided that « + =1 — 2/p and ap >—1.
Therefore the integral

Sm(u — @)~ ==Ky~ (D= E (3 )y
z

= Sm{(u — )= @D mmokay = QR =mak=p {(y — 2)*uf F (u)}du
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will exist if the expressions within the brackets in the integrand be-
long to L,(x, ) and Ly, ) respectively. The conditions for these
are (—1A2)—-m—k—a)g>—-1, (—1—2m— a— f)g < —1 and
a+f=1-—2/p, ap > — 1 which reduce to 2m > — 1/q and (1/2) — m —
k > 0. Hence under these conditions the integral converges absolutely
and we can change the order of integration. Therefore

o ) —m— KL = iwgsziﬁ - —(1/2)-m—-Fk —(1/2) —m+k,—vt
sz,(l/z) m [j(x)] F((l/2)—m— k) So’l) ($+’U) e
” -2 eh(t el iirf . ,,4Sw -oth(t
X{Soe # )dt}dv [A2) —m =)’ *®
X {rv““/")‘m"’“(x + )~ AR =m ko=t dy }dt
= {"@ty-eme-omaw, _ atipe)it = Fla)

as W, _n(x)=W, .().
If p =1, it is similarly seen that the change in the order of in-
tegration is justified if 2m > 0 and (1/2) — m — K > 0.

Case I1I. (1/2) —m — k<0, 1 <p < oo,
If a < 0 then the operator K, .{¥ (x)} is defined as the solution,
if any, of the integral equation & (2) = K;.a,-{9(%)}. Now

K& em-r - +mesl F(@)]
x(llz)+m—k

T (=) +m+ k)
x {Sm(ut)m‘ Mg O’”)“‘WK,m(ut)cp(t)dt}du .

Sw(u _ w)—(fi/Z) + Ky =2
0

Again from a result of Hardy [5] we know that if
F@) = | K)p)dy
then
- -2 » 1 e D
Sox (F(@)}ds < {¢(E)} S (o)} dy
where
¢(s) = S:xs‘lK (x)dzx .

If
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K(x) = lxm'(1’2)6'(1/‘>’“ka,"(95)1
then
I(s) = — 1 @m ,f,@f )
I —k 4+ -
(m k + 3 - s)

by Goldstein’s formula [4]. Therefore

| flems ) )1

x"‘ {F(@)}rda < T {(/J(y)}”
provided that 2m > — 1/q, or a'~*»F(x) € L,(0, ) if ¢(y)e L0, =)
(p >1). Hence (u— a)uPF(u)e Ly(x, ») if a+pF=1—(2/p) and
a > —1/p. Also (u — z)~ M rmrk-ay=2m=3 g [ (x, o) if (— (3/2) +m + k —

a)y+1>0 and (— 8/2) —m +k—a —f3)qg+1<0. These four con-
ditions reduce to m + k — (1/2) > 0 and m — k + (1/2) > — 1/q. So the

integral S (u — @)~ G +m+ky —2m B3y, exists under these conditions and

K em—ro, - ) me s F'(2)]
(1/)4) +m—-K

:u—am+m+mgﬂwwmt

% S (u _ x)m+k—(3/z)u—m—(1/z)e—(llz)uLWk m(ut)du
x

on changing the order of integration which is permissible since the in-
tegral is absolutely convergent. But [4]

Swu*‘l(u — a)t e W, (w)du = '(k — Da*~le W, . ()
where k& > 1 and « is positive. Therefore

K onon-tmmssl F@)] = | Gty 000 W o L @tip(o)de
= re'“‘cp(t)dt
0

under the conditions m + & — (1/2) > 0, m — k + (1/2) > — 1/q, « > 0.
If p =1, the change in the order of integration is justified if

m+ K — (1/2) > 0 and (1/2) +m — k > 0.

Hence K im-t,-am+mei F'(@)] = # (2) and the theorem is proved.

THEOREM 2. Under the conditions of Theorem 1 we have
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o
0 0

(5) S”e-w;m,w_m_K{¢(t)}dt - S K > om-r(e-™)b()dE .

This is a consequence of Theorem 2 of Erdélyi [3] and is proved
similarly.

4. We are now in a position to give inversion and representation
theorems for the transform.

We have seen that, under certain conditions,
K(_1/2)+m—k,—(1/2)+m+k[F(x)] = -/&Z_’(w) .

Also & (x) has derivatives of all orders for x sufficiently large and

vanishes at infinity. So we can apply the Post-Widder operator L, ,
defined by the relation

et e (G

(where 2 is a positive integer and wu a real positive number) to & (x)
and obtain an inversion theorem.

LEMMA. If ¢(t)e L, in (0 < { < =) and

p) = | lotwn) — g0 it

then

(i) S < lglly for w2 0
and

(ii) Ju) >0 as u—1

where || 7 ||, denotes the norm of the function F (t)e L,(0, «), that is

", = {S:ly(t) lpdt}(l/p)

Proof. We have
' ” » = b o 1 “ D
gl = | 1saopa + { s rae = (1+ 1)["peat

which proves (i).
Also, by a change of variable,
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v = [ 1t — gl
If a(x) = e®»¢(e”) then

[ Ja@rar = |7 1o reas = ol
and so a(x)e L(— o0, o). Again
e =[ |7 Hate + pe-om — atye-orm)
+ {a@)e e — a(o)} pda |
<o |” lat@ + ) — a@paa |

tleom —1[|” lat@) ]

by Minkowski’s inequality. And Sm ja(x + y) — a(x)|?de — 0 as y — 0

if a(x)e L,(—o, ) and so does |e~¥'* — 1|. Therefore ¢(¢) = o (1) as
y—0 or ¢(u) >0 as u — 1.

THEOREM 3. Assume ¢p(t)e L, 1 Ep < o) in 0=t < R for every
positive R. If the integral # (x) comverges for x> 0 and 2m >— 1/q
when (1/2) —m — k> 0; (1/2) + m — k > —1/q when (1/2) — m — k <0,
then, for almost all positive t,

index p

Lim LA,Z[K5/2)+m—k.—(l/‘.’)+m+lc{F(x)}] = ¢(t) .

Ao

Proof. We have seen in the proof of Theorem 1 that, under the
conditions of the theorem,

Ka/z)+m—k,—(1/2)+m+k{F(x)} = j‘(m) .
Therefore

L,,= LA,:[K(_I/Z)+m—k.—(1/2)+m+7c{F(x)}]

A+1("co
- 'zl'v (it> S em g lu)du
1\ ¢ 0

by simple computation and

Lo = 91 = 5 ()] e ewmnio — w0l

Z’%N*“S: e p(vt) — b(t)|dv .
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Therefore

»

s = 01 = 57Tt — atyian

< [%T}—wmwo — (t) |pdv][i;%]g:e—wwdv]m

X,;TS: e p(vt) — $(t)|"dv .

Hence

(120 = ptypat =27

; S:dtS:e-Mvw(vt) — (1) IPdw

—rr—-lre““v*dv{rlcp(vt) — p(e)Pt}
1 Jo 0
In changing the order of integration, this becomes

2)\+1 oo
(6) z S e ()

A1 Jo
where ¢(v) is defined as in the lemma. From the lemma it is easily
seen that

$(w) =0(1)  (u— o)
=0 (u—>0+).

Therefore re‘*”v*gl/(v)dv converges for 2 =1 and the inversion of the
0

order of integration is justified by Fubini’s theorem. By a familiar re-
sult [9, Theorem 3¢, p. 283] the integral (6) approaches ¢(1) as 1 — .
But, by the lemma, ¢(u) = o(1) as w — 1. Therefore L,, converges in
mean to ¢(¢) with index p on 0 £ ¢ < « and the result is proved.

THEOREM 4. The necessary and sufficient conditions for a function
F(x) to have the representation (2) with ¢(t) e L,(0, ), p =1, & > 1,
and with 2m >—1/¢ when 12 —m — K >0 and m — k+ 1/2 >— 1/q
when 1/2 —m — k< 0 are

(1) Kipim-x -psmexi B (@)} = G(x) exists, has derivatives of all orders
im 0 < a < oo and vanishes at infinity and

(ii) there ewist constants M and p (p = 1) such that

S:ILA,C[G(x)] IPdt < M A=1,2 --).

Proof. First let F(x) have the representation (2). Then, from
Theorem 1,
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G (@) = Kipem-r,-ypemen i @)} = F ()

and as in the proof of Widder [9, Theorem 15a, pp. 313-14] we see
that the conditions are satisfied.

Conversely, let the conditions be satisfied. Then again, as in the
proof of Widder’s theorem referred to before, we see that

Gla) = S:e“”¢(t)dt = 7 ().

Therefore [3, p. 300]
F(x) = (Ka/z)+m—k,—(1/2)+m+k)—1'—7(x) = KZ—m,I/2-m—k{-7(x)}
_ r(wt)m“”'*’e'“”zWK,m(xt)qb(t)dt
0

by Theorem 1; and the theorem is proved.

COROLLARY. If the fractional derivatives or integrals

Ka/z)+m—k+r,—(ll2)+m+k—r{F(w)}

exist for r = 0 and every positive integer, then the integral in the con-
dition (i) of Theorem 4 can be replaced by

H ( ﬁ) ( t)Z( 1 A K G emer, i eeio- {F(%)}!dt

where

A, =2Cim — k+ 1/2)m — k& — (1)2)) ++« (m — k — 24 (3/2) + )
(r=0,1,---,A—1), A =1.

For [6]
Kzl 7 () = Kivwo{t*.5 (1)
Therefore
Kool Fo)} = oK, (o~ Fl)}
and
& [KeadFa) | = & @] Katep) |
+ 6. E2 @) L Koo iFoy | +

+2C).- ldw(xg)d . I[Kow{x—gF(x)}]

n x;,,i,;[K(;w{ac‘gF(x)}] i
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By Leibnitz’s theorem this becomes
=L¢ —1) - (€ — 24+ Dt Kiu{aFla)}]

— 2L = 1) - (€ — A+ 228K {a T (@)} ]
+ oo + (12K o r {2 F ()] .

Therefore
("‘1 ot a*
e & K P |
(‘. DY S (- 1)TA,935"‘"“[:K0‘,¢_T{x‘g"F(x)}]
where
A, =2CLE —1) oo (C—2+7+1)
A =1, (r=0,1,+--,2—1),
and

b )= G0 a2 (s (1) R
= OV s ~vaf Kae (D}

Putting ¢=m —k+1/2 and a=m + k — 1/2 we have the re-
quired result.

THEOREM ba. If F(x) has representation (2) with the conditions of
Theorem 4 on ¢(t), x, k and m satisfied and if the fractional derivotives
or integrals Kyem-ger - smen-riF (&)} exist forr = 0 and every positive
integer, than

lim S
Ao JO

where the A, ’s have values as in the Corollary to Theorem 4.

( 21') < )g( 1y A, [K(m)m k(- 1/2)+m+k—r{F(:)}:”pdt = H¢ :

Proof. The proof is similar to that of Widder [9, Theorem 15b,
p. 314]

THEOREM 5b. If the function F(x) has representation (2) with the
conditions of Theorem 4 on ¢(t), x, k and m satisfied, then

lim |1y F@) e = {12 i - (9O} P

Proof. If F(x) has the representation (2), then, by Theorem 2 we have
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(@) = | e Lo -m-u {001}t

Also if ¢(¢)eL,(0,0) so does I, jn-n-5{#(t)} provided that 2m > — 1/g.

Therefore, as in Widder [9, Theorem 15b, p. 314], we can prove again
that

lim S:lLA,;{F(x)}lvdt - S”lIztn,<1,2>_m-k{¢<t>}pdt -

I am deeply grateful to Professor A. Erdélyi for many helpful sug-
gestions.
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