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1. Varma [8] introduced a generalization of the Laplace integral
(1) T (@) = S:e‘“d)(t)dt
in the form
(2) F(o) = S:(xt)m‘”ze‘”“"‘W,c,m(xt)¢>(t) dt

where ¢(t)e L(0, ), m > —1/2 and x > 0. This generalization is a
slight variant of an equivalent integral introduced earlier by Meijer [7]
and reduces to (1) when %k + m = 1/2. In a recent paper [1] Erdeélyi
hag pointed out that the nucleus of (2) can be expressed as a fractional
integral of ¢! in terms of the operators of fractional integration in-
troduced by Kober [6]. In this note two theorems have been given-one
giving an inversion formula for the transform (2) and another giving
necessary and sufficient conditions for the representation of a function
ag an intgral of the form (2) by considering its nucleus as a fractional
integral of e~=¢,

2. The operators are defined as follows.

It 7 (x) = ’f(”j’m K ‘”S (z — w)*'uw".F (u)du

1
I'(a
where & ()€ L0, ), I/p-+1/g=1if 1 <p<co, 1/g=0if p=1,
a>0,7>—1/qg, {>—1/p.

The Mellin transform M, % (x) of a function 7 (x)e L,(0, ) is
defined as

K0T (x) = ) x§S:(zc — ) F (w)du

5@ = |7 @i =1
and
= Lim o @ada =1
X o0 1/X
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The inverse Mellin transform M-'¢(t) of a function ¢(t)€ Ly(— o0, o)
is defined by

(3) T-git) = 5| (ot (2 =1)
T J—oo
and
= 1iml]e;r];r P(t)x-t-rdt (g >1).
2 Toe J-r

If the Mellin transform is applied to Kober’s operators and the
orders of integration are interchanged we obtain, under certain con-
ditions,

rlyp+ L -it)
MAIL. 7 (%)} = q M, 7 (x)
F[a —|—<77 + —;— — zt)]
and
B r( c+lg fét) B
MAK; .7 ()} = — p M, 7 () .
[‘|:ac n (c + ;; + zt)]
But
(o) = S:e"x““/‘ldx — r(i +it) if % >0.
Therefore
PR, % 0 L)
FI:a—}—(p-}——é-—’ét)}
and

1 . 1 .
oy = ()

F[a +(c+ ;1)— + it>:|

By (3)
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I (e7®) =- Lr F(V N ;_— it)[(% + w)_ - it-Undt

2r J == [’|:a + (77~+ % __zt>j|

and

e 0

provided that 1/p >0, 7+ 1/¢ > 0 and ¢ + 1/p > 0.

It has also been shown by Erdélyi [2] that if the integral in (4) is
evaluated by the calculus of residues then it can be expressed in terms
of a confluent hypergeometric function. In particular,

Lf fer ) rier(, %)

K2_m, a1 -m-i(€77) = a™ e W, (@)

where ¢ > 0, (1/2) — m — k > 0.

3. THEOREM 1. Assume ¢(t) € L,(0, ), 1=<p< oo, >0 If
2m >—1/qg when (1/2) —m — k>0 and (1/2) +m — k > — 1/q when
1/2) —m — k> 0, then Ki, am-n-s[ F (€)] exists and is equal to

| Ko crm-m-sle (01t = F@)
where F (x) and F(x) are given by (1) and (2) respectively.
Proof. Case I 1/2) —m — k>0, 1 <p < oo,

If ¢(t)e L0, ), 1 = p < o and & > 0 it is easy to see that &7 ()
exists. Therefore

Ko, app-m-s[.F ()] = p((l/z)m—mm — k)

x| = ay-ommmory-cmener{ [“o-wp(tyatdu
x 0

But from a theorem of Hardy [5] we know that if ¢(¢) € L,(0, =),
1 < p< o then w'**F (u)e L0, ) and therefore

(v — z)"uP.7 (u) € L,(x, ) provided that « + =1 — 2/p and ap >—1.
Therefore the integral

Sw(u _ m)—(l/z)—m-Ku—(llz)-m-rKﬁ‘(u)du
T

= r{(u — g)m @M mmokmay @t} {(u — z)uf (u)} du
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will exist if the expressions within the brackets in the integrand be-
long to L,(x, ) and Ly, «) respectively. The conditions for these
are (—12)—-m—-k—a)g>—-1, (—1—2m— a— B¢ < —1 and
a+f=1—2/p, ap > — 1 which reduce to 2m > — 1/q and (1/2) — m —
k > 0. Hence under these conditions the integral converges absolutely

and we can change the order of integration. Therefore

2 oo
K -m-el 7 @] = 7o ® [[omem x4 -emomergn

r(/2)—m—k)

x {S: e_m‘i’(t)dt}d” = 1“((1/2)ij m— k) r (0

0

X {rv“ﬂ/z)"""’“(x + v)~ @B =m+kg-vidy }dt
0

- S”(wtw-<1/Z>e—<1/2>“W,..,, _n(@t)p(t)dt = F(z)

as W, _(x)=W, .().

If p=1, it is similarly seen that the change in the order of in-

tegration is justified if 2m > 0 and (1/2) — m — K > 0.

Case II. (1/2) —m — k< 0, 1 < p < co.

If a < 0 then the operator K; .,{.& (x)} is defined as the solution,

if any, of the integral equation & (#) = K;u -«{9(®)}.

K& em-n,-am +men F(2)]

. m(112)+m-k

I(—(1/2)+m + k)

x {S”(ut)m— amg- (‘/”“‘WK,m(ut)cp(t)dt}du .
0

Sw(u _ x)-(s/z) ++ Ky =2
0

Again from a result of Hardy [5] we know that if
Fl@) = |"K@y)sw)dy
then
~ P2 b4 1 ne D
| F@ae < {o( L) vy
where
9(s) = Swms‘lK(ac)dx .

If



INVERSION AND REPRESENTATION THEOREMS 601

K(x) = [am= e =W, ()]
then

I(s) = ..fl_ﬁli(_z?ﬁ + S)f (s)
1<m— k + 2—+s>

by Goldstein’s formula [4]. Therefore

[ e ) |

2= F(x)} rde < e X {p(y)} dy
) 1F(m—k+1+l>J
provided that 2m > — 1/q, or a'~*»F(x) € L,(0, ) if ¢(y)e L,(0, =)
(p >1). Hence (u— a)uPF(u)e Ly(x, ) if a+pF=1-—(2/p) and
a > —1/p. Also (u — g)- G rmrki-ay=2m=3 ¢ [ (x, o) if (— (3/2) +m + k —
a)y+1>0 and (— 8/2) —m + %k —a — f8)qg+1<0. These four con-
ditions reduce to m + k — (1/2) > 0 and m — k + (1/2) > — 1/q. So the

integral S (u — )~ C+meky —2m B (y)dy exists under these conditions and

K(_w) wm=t, - 12y +me L L ()]
x(l/z) +m—K

T2 +m+ k) S et

% S (u _ w)m+k—(3/2)u—m—(1/2)e— (llz)ucI/V,c m(ut)du
x

on changing the order of integration which is permissible since the in-
tegral is absolutely convergent. But [4]

| wmi — oyt e W ) = e — Da=te W, (@)
where & > 2 and zx is positive. Therefore

Ka/z)+m—k,-(1/z)+m+k[F(x)] = S:(xt)m—(lﬂ)e—(uﬂ) W—m+(1/z).m(a"t)¢(t)dt
- re’”qs(t)dt
0

under the conditions m + k& — (1/2) > 0, m — k + (1/2) > — 1/q, « > 0.
If p =1, the change in the order of integration is justified if

m+ K — (1/2) > 0 and (1/2) + m — k& > 0.

Hence K¢ emt,-a/n+mexlF(@)] = F# (x) and the theorem is proved.

THEOREM 2. Under the conditions of Theorem 1 we have
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(5) e Linamones @)} dt = | Kin i om-sle ) .

This is a consequence of Theorem 2 of Erdélyi [3] and is proved
similarly.

4, We are now in a position to give inversion and representation
theorems for the transform.

We have seen that, under certain conditions,
K& em-r, - amemsl F(@)] = F () .
Also # (x) has derivatives of all orders for x sufficiently large and

vanishes at infinity. So we can apply the Post-Widder operator L, ,
defined by the relation

24

L[5 (@)] = »»(a!l,)ty*('\{%)(_l_)"“

(where 2 is a positive integer and u a real positive number) to F (x)
and obtain an inversion theorem.

LEMMA. If ¢(t)e L, in (0 < < «) and

p(o) = | lotut) — g Pt

then

(i) 2| < gy for wz 0
and

(i) Pu)—>0 as u—1

where || . ||, denotes the norm of the function F (t)e L,(0, ), that is

7, = {S:lf(t) l"dt}(l/p)

Proof. We have
' ” ? - vt — 1){~ ?
gl < | 1oyt + | 1o Par = (1+ 1)l pat

which proves (i).
Also, by a change of variable,
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pe) = " 1pterr) - ey perd

If a(x) = e®'P¢p(e”) then

[ Ja@ras = " 16 rear = 1ol

and 50 a(z)e Ly(— oo, ). Again
e =" Hata + we-omw — a@ye-om)
+ {a@e o — a(@)} Pz |
<o | o+ y) - a@)pda]”

+leom — [ | lat) ]

by Minkowski’s inequality. And r |la(x + y) — a(z)|*de — 0 as y >0

if a(x)e L,(—o, ) and so does |e~?* — 1|. Therefore ¢(¢¥) =0 (1) as
y—0 or ¢(u)—>0 as u—1.

THEOREM 3. Assume ¢p(f)e L, 1 < p< o) in 0=t < R for every
positive R. If the integral F (x) converges for x> 0 and 2m >— 1/q
when (1/2) —m —k > 0; (1/2) + m — k > —1/q when (1/2) —m — k <0,
then, for almost all positive t,

index p

Lim LA,&[K5I2)+m-k,—(1/‘_’)+m+kz{F(x)}] = ¢(t) .

Ao

Proof. We have seen in the proof of Theorem 1 that, under the
conditions of the theorem,

K(_‘IZ)-f'm—k.—(1/2)+m+k{F(x)} = ﬂ—(x) .
Therefore
L)\,t = LA,![K6/2)+m-k,—(1/2)+m+k{F(w)}]

A+1( oo
- L) T
! : 0

by simple computation and
A+1( oo
L= s0)1 = ()| Teemowipm) — ae)iau

Z;‘!xulgje-wxcp(vt) — ¢(t)ldv .
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Therefore
Lo = 90 = |57 0600 — ol
2A+1 “ = AVg,A . » ﬂiij = ~Avy,A rla
< [ﬁ SO e~ p(vt) — H(2)| dv][ Y SO e~ v dv]
,{)\+1 o VN _ »
o) — wopdo .
Hence

(120 = goypat < 2 "t [ e riget) — aieypas

=2 e [aen — gyparf

In changing the order of integration, this becomes

2X+1 oo
(6) x S e ()

A1Jo
where ¢(v) is defined as in the lemma. From the lemma it is easily
seen that

P(w) =01) (> )
=0 (u—>0+).

Therefore Swe‘”v*g//(v)dv converges for 2 =1 and the inversion of the
0

order of integration is justified by Fubini’s theorem. By a familiar re-
sult [9, Theorem 3c, p. 283] the integral (6) approaches ¢(1) as 1 — .
But, by the lemma, ¢(u) = o(1) as u — 1. Therefore L,, converges in
mean to ¢(t) with index » on 0 <t < « and the result is proved.

THEOREM 4. The necessary and sufficient conditions for o function
F(z) to have the representation (2) with ¢(t) € L0, ), p =1, 2 > 1,
and with 2m >—1/q when 1/2 —m — K >0 and m — k + 1/2 >— 1/q
when 1/2 —m — k< 0 are

(1) Kipem-x,-1pemeci (@)} = G(x) exists, has derivatives of all orders
in 0 < a < o and vanishes at nfinity and

(ii) there ewist constants M and p (p = 1) such that

[ 1L @ rat < M (1=1,2-).

Proof. First let F(x) have the representation (2). Then, from
Theorem 1,
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G(:L‘) = Kl_/2+m—k,—1/2+m+k;{F(.’L')} = 7(;)})

and as in the proof of Widder [9, Theorem 15a, pp. 313-14] we see
that the conditions are satisfied.

Conversely, let the conditions be satisfied. Then again, as in the
proof of Widder’s theorem referred to before, we see that

Gla) = S:e"”qs(t)dt = @) .
Therefore [3, p. 300]
F(.’L‘) = (K(—1/2)+m—k,—(1/2)+m+k)—1‘¢(x) = K;n,1/2—m—k{7(x)}
- Sm(xt)m—we—wWK,m(xt)qs(t)dt

by Theorem 1; and the theorem is proved.

COROLLARY. If the fractional derivatives or integrals

Ka/2)+m—k+r,—(1/2)+m+k—T{F(x)}

exist for r = 0 and every positive wnteger, then the integral in the con-
dition (i1) of Theorem 4 can be replaced by

2 ()R
where

2! t |
A =2Cm — T+ (12)om — T — (1[2)) +++ (m — o — 2+ (3/2) + 1)
(r=01,---,2—-1), A4, =1.
For [6]

tKi {7 (6)) = Kiyoait® 7 (1) .
Therefore
K; {F(x)} = o*K, ,{x *F(x)}

and
& KeatF@) | = L@ Ksutarer@) |
+10. 2@ L Ko tF)} | +
0o L @) S0 Ko@) ]

+ ot ;x [ M{x“;F(w)}]
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By Leibnitz’s theorem this becomes
= —1) -+ (£ — 2+ Daf K5 {a S Fa)}]

— 2L = 1)+ (€ — 2+ 225Ky poi {281 (2)}]
« A+ (— 1K {2 S F w)]

Therefore
%o & K (@) ]
= D% S (—1yAater| Kioe o)

where

A, = CLC —1) - (C—A+7r+1)

4, =1, (r=0,1,-++,2—1),
and

b emon] = G0 a2 (1) (]

CE) 3 oAl K {F(D ]

Putting ¢ =m — %k +1/2 and a=m + k — 1/2 we have the re-
quired result.

THEOREM ba. If F(x) has representation (2) with the conditions of
Theorem 4 on ¢(t), x, k and m satisfied and if the fractional derivatives
or integrals Kpem-g+r, - emen-riF (@)} exist forr = 0 and every positive
integer, than

tim 12 5 (<174 Ko emosercommen-A F( 1)} ]

l 1 r=0 t
where the A, ’s have values as in the Corollary to Theorem 4.

pdt:\

Proof. The proof is similar to that of Widder [9, Theorem 15b,
p. 314]

THEOREM 5b. If the function F(x) has representation (2) with the
conditions of Theorem 4 on ¢(t), x, k and m satisfied, then

lim |1 F@) e = 12 - (9O} P

Proof. If F(x) has the representation (2), then, by Theorem 2 we have
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@) = | L om0}

Also if ¢(£)eL,(0,0) so does L, 11 -m-x19(¢)} provided that 2m > — 1/q.

Therefore, as in Widder [9, Theorem 15b, p. 314], we can prove again
that

tim {1 L (@ e = (128 cio-ms 9O}

I am deeply grateful to Professor A. Erdélyi for many helpful sug-
gestions.
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