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ASYMPTOTIC EXPRESSIONS FOR ΣW*/(Λ) log'n

R. G. BUSCHMAN

In this paper some asymptotic expressions for sums of the type

rn ,

where f(n) is a number theoretic function, are presented. (The sum-
mations extend over 1 < n < x unless otherwise noted.) The method
applied is to obtain the Laplace transformation,

= (~ e~stF(t)dt = f(s)

of the sum and then use a Tauberian theorem either from Doetsch [2]
or its modification for a pole at points other than the origin, or from
Delange [1] to obtain the asymptotic relation. If f(n) is non-negative,
then F(t) is a non-negative, non-decreasing function and hence satisfies
the conditions for the Tauberian theorems. In many cases the closed
form of a Dirichlet series involving the functions are known, and in
this case the relation

Σ naf(n)\ogrn\ = (-

can be used. The functions chosen for discussion and the Dirichlet
series involving them can be found in Hardy and Wright [3], Landau
[4], [5], or Titchmarsh [7]. We present first a few illustrations of the
method and then a more extensive collection of results is presented at
the end in a table.

First we choose σk(n) as an example of a simpler type. Since

we have

For k > 0 the pole where 3ΐs is greatest is at s = b if b > 0. At that
pole, since

C(m)(s + 1 - 6) ~ (-l)mm ! (s - b)-™-1 ,

the Laplace transformation of the sum has the form
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f(s) ~ 6-^(1 + k)r ! (s - &)--1 .

Now if δ > 0, then by modifying Doetsch [2, p. 517] for poles not at
the origin or from Delange [1, p. 235] we obtain

Σ nδ-1-*σ]fc(n) log7* n ~ b-χ(l + k)ehψ ,

or, if x — et

~ 6-^(1 + k)x* logr α .

If 6 = 0, then

/(s) - C(l + k)r ! s-?-2 ,

so that form Doetsch [2, p. 517] after substituting x — eι we obtain

(r + 1)"1C(1 + fe) logr+1r» .

The expressions for σ(n) can be obtained by setting k = 1.
For & = o, σ fc(%) becomes d(n) which will be covered as a special

case of dk(n).
For k < 0 the pole where 5Hs is greatest is at s = b — k so that

f or 6 > k

f(s) ~ (6 - k)~X{l -k)rl(s-b + k ) - ^ 1 .

Hence

~ (δ — k)'X{l - A:)^δ-fc log?'α; , for δ > &

(r + l ) - 1 ^ ! - k) log?+1x , for δ = k .

By analogy, since

then

Σ nb~2φ(n) \ogrn ~ {δC(2)}'V logrx , for δ > 0

Σ n~2φ(n) \ogrn ~ {(r + l ) ^ ) } " 1 logr+1^ , for δ = 0 .

If χk(n) represents a character, mod ky then the Dirichlet series can
be represented by

Σ n-^in) = Lk(s)
1

so that if χk is a principal character then L^s) has a pole at s = 1 and

Σ n^χ^n) \ogrn ~ φ(/b)(/cδ)-̂ δ logrαj , f or δ > 0
Φ(k){(r + l)δ}~1 logr+1x , f or δ = 0 .
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The Dirichlet series involving dk(n) yields a power of the ζ-ίunction,

i.e.

so that f or k > 0

Σ nh^dk(n) \ogrn\ = (-lYs^idldsYζ^s + 1 ~ b) .

Now the Laplace transform can be written to show the behavior at
the pole at s = &,

f(s) - (r + k - 1)

Thus

Σ n^d^ri) \ogrn ~ {δ(fc - 1)!} - V log^*-^ , for b > 0

Σ n-HJji) \ogrn ~ {(r + k)(k - 1)!} -1 \ogr+kx , for 6 = 0 .

Special cases can be obtained for k = 1,2, since d ^ ) = 1 and
<22(w) = σ0O) = d(^).

In an analogous manner we can obtain from

the expressions

Σ n^'din2) \ogrn — {2bζ(2)}~1xb logr+2x , for b > 0

Σ n-τd{n2) \ogrn ~ {2(r + 1)C(2)} -1 logr+Bx , for b = 0 .

Certain of the common number-theoretic functions have not been
considered and do not appear in the table (in particular μ(n), λ(n), and
yk(n) for non-principal characters) because the sum F(t) fails to satisfy
the non-decreasing hypothesis for the Tauberian theorems. λ{n) has the
additional bad characteristic as shown by the poles of the closed from
of the Dirichlet series

in that the pole of the numerator is on the line ?fts — 1/2 which is
critical for the determinator, and thus this is not the pole where 9ίs
is greatest as required by the theorem from Delange.

Results which he has obtained for the case r = 0 and the functions
σ{n)y σk(n), d(ri), and φ(n), treated by a different method, have been
communicated to me in advance of their publication by Mr. Swetharanyam
[6].
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General term of
the sum

nh~1~1cσ ic{n) \ogrn

(k>0)
r^-^icin) \ogrn

(*<0)
nb ~2σ(n) \ogrn
nb-ιdk{n)\ogrn

nb-ι\ogrn
nh-1/\{ri)\ogrn
n>}-2φ(ri)logrn
nb~1qk(n)logrn
nh'1\ μ(n) I \ogrn

cra(n)o'd(n) logrn

(a > 0) (d > 0)
σ-n(n)d(n) \ogrn

nl+a-ϋ

(α>0)
nb~2a(ri)logrn
rf'-T-χ^ri) \ogrn
n^-iγ^n) \ogrn

Table

Asymptotic expressions for 2 naf{n) \ogrn

Asymptotic Expressions

6 > 0 6 = 0
(r + l ) - 1 ^ ! + k)\ogr+1x

(6 - ^ '

b~1ζ(2)xb logrχ
{b(k - l)!

-k)logr+i(B

(r

(r + 2)-1

(r + I)- 1

(r + l)- 1

{(r +

{(r+
{2(r

xb \ogrx

ζHl + a) C2(l

(r + 2)f (2 + a)

2 { 3 ( r + l

φ(k){k(r
4(r + l)~
(r + l
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