Pacific Journal of

Mathematics

ASYMPTOTIC EXPRESSIONS FOR ) r? f(n)log" n

ROBERT GEROGE BUSCHMAN




ASYMPTOTIC EXPRESSIONS FOR 2 n%f(n)log™n

R. G. BUSCHMAN

In this paper some asymptotic expressions for sums of the type

2n®f(n)log ™ ,

where f(n) is a number theoretic function, are presented. (The sum-
mations extend over 1 < n < x unless otherwise noted.) The method
applied is to obtain the Laplace transformation,

P{F)) = S“ e F(t)dt = f(s)

of the sum and then use a Tauberian theorem either from Doetsch [2]
or its modification for a pole at points other than the origin, or from
Delange [1] to obtain the asymptotic relation. If f(n) is non-negative,
then F'(t) is a non-negative, non-decreasing function and hence satisfies
the conditions for the Tauberian theorems. In many cases the closed
form of a Dirichlet series involving the functions are known, and in
this case the relation

| S npm)lognl = (~1ys(djdsy Sne f(m)

1=n=e

can be used. The functions chosen for discussion and the Dirichlet
series involving them ecan be found in Hardy and Wright [3], Landau
[4], [5], or Titchmarsh [7]. We present first a few illustrations of the
method and then a more extensive collection of results is presented at
the end in a table.

First we choose o,(n) as an example of a simpler type. Since

Sn~oun) = ((6)(s — k),
we have

Ef{ > %”"‘kok(%)log%} =f(s)=(—1)ys7(d[ds) {{(s+1—b)(s+1—b+Fk)}.

1sn<el

For k > 0 the pole where Ns is greatest is at s =150 if b>0. At that
pole, since

(s +1—=b)~(=1)"m!i(s—b™",
the Laplace transformation of the sum has the form
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F(8) ~ b7 (L + Eyr L (s — D)=

Now if b > 0, then by modifying Doetsch [2, p. 517] for poles not at
the origin or from Delange [1, p. 235] we obtain

S nttgy(n) log” mo~ bE(L + K)ett

1=n=et
or, if x = ¢’
St e (n) log™ n ~ b¢(1 + k)a® log™ x .
If b =0, then
f)~c(d +Fyrtsr?,
so that form Doetsch [2, p. 517] after substituting z = ¢’ we obtain
S Er(n) logm ~ (r + 1)"%¢ (1 + k) log™+'x .

The expressions for «(n) can be obtained by setting &k = 1.
For k = ¢, o,(n) becomes d(n) which will be covered as a special
case of d,(n).

For k< 0 the pole where Ns is greatest is at s=b — k so that
for b > k

FE) ~ 0= k)71 —Trl(s —b+ k).
Hence

Sk (n) log™n ~ (b — k)¢ — k)x*~*logx , for b >k ;
S nlo(n) log™m ~ (v 4+ 1)7¢(1 — k) log™ %, for b=~F%.

By analogy, since

S nmg(n) = s — DIL(s)
then

S nP=2p(n) log™n ~ {bZ(2)} "« logmx for b >0
St np(n) log™m ~ {(r 4+ 1)(2)} *log™ 'z , for b=0.

If y.(n) represents a character, mod &k, then the Dirichlet series can
be represented by

; Ny (n) = Ly(s)
so that if y, is a principal character then L,(s) has a pole at s=1and

Sttty (n) log™ ~ (k) (kb) ' log™x for 5> 0;
Sty () log™n ~ (k) {(r + 1)b}~*log™'x , for b=0.
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The Dirichlet series involving d,(n) vields a power of the ¢-function,
i.e.

S ndy(n) = C4(s)
1
so that for £k >0

(/{ S wi-idy(n) log"n} = (—1ys-(d/dsyci(s + 1 — b) .

1=n<e”

Now the Laplace transform can be written to show the behavior at
the pole at s = b,

F(s)~ @+ k— 1) bk — 1) 1}-Y(s — b)"" .
Thus

Sntdy(n) log™n ~ {b(k — 1) 1} 2 log™+* ¢ for b > 0;
Sintdy(n) log'n ~ {(r + k) — 1)1} tlog™**x, for b=0.

Special cases can be obtained for k£ =1,2, since d(n)=1 and
dy(n) = o(n) = d(n).
In an analogous manner we can obtain from

St nd(w) = £(s)/c(25)

the expressions

Sy nd(n?) log™m ~ {2b2(2)} ' log™ for b > 0;
Son7d(m?) logm ~ {2(r + 1)2(2)} * log" ¥z, for b=20.

Certain of the common number-theoretic functions have not been
considered and do not appear in the table (in particular p(n), A(n), and
¥:(n) for non-principal characters) because the sum F'(f) fails to satisfy
the non-decreasing hypothesis for the Tauberian theorems. 2(n) has the
additional bad characteristic as shown by the poles of the closed from
of the Dirichlet series

S0 (n) = £(29)/¢(9)

in that the pole of the numerator is on the line Ns = 1/2 which is
critical for the determinator, and thus this is not the pole where 9is
is greatest as required by the theorem from Delange.

Results which he has obtained for the case r = 0 and the functions
a(n), ox(n), d(n), and ¢(n), treated by a different method, have been
communicated to me in advance of their publication by Mr. Swetharanyam

[6].
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Table
Asymptotic expressions for Y, »n®f(n)log™n
General term of

the sum Asymptotic Expressions
b5>0 5=0

np 1~k (n) logrn b-1¢(1 + kb logre (r + D11 + k) logr+la

k>0
n® ~loy(n) logn (b — k)-%(1 — k)xb-*logre (r + D=1 — k) logr+x

(< 0) >k b=k
n®—2¢(n)logrn b-1((2)z? logrx (r + 1)~1{(2) logr+ix
7" ~1d(n) logrn {b(k — 1)! }=1gd logr+s-1g {(r +k ) — 1)!} -1 logr+ka
n®~1d(n) logrn b-1g? logr +1z (r + 2)-1logr+2x
n’~1log™n b-12? logrz (r + 1)-1logr+ix
n’~IA(%) logrn b-1a? logrm (r + 1)~-1logr+iz
n’~2¢(n) logrn {B¢(2)} b logra {(r + 1)¢(@)}-1logr+iy
7 ~1qi(n) logrn {b¢(T)} - 1a? logra {(r + 1))}~ logr+ix
71| p(n) | logrn {b¢(2)} ~1a? logre {(r + 1))} logr+1x
n? =120 logrn {6(2)} 2 logr+1z {(r + 2)((2)} 1 logr+w
n’~1d(n?) logrn {2b¢(2)}-1a? logr +2p {2(r + 3)¢(2)}~1logr+3
%’ ~1d%(n) logrn {6b¢(2)}-1a? logr+3x {6(r 4 4)¢(2)} 1 logr+ée
aa(n)oa(n) logn (A +a+d)A +a)f(1-+d) . (QFat+d){1+a)Q+d)

plrard—b bC2+atd) gy S @ ratrd) 08
(@a>0) (d>0)
sa(n)d(n) log™n ¢ +a . (1 +a
T plra-o mxb logm+ix (7%—)«_24%71_) logr+2x
(@>0)
n°—2a(n) log™n 2(3b) b logrx 2{3(r + 1)}-1logr+1x
n? -1y, (n) log™n ¢ (F) (kD) ~1ab logre S k(r + 1)} logr+iz
n?~1r(n) log'n 4b-1L4(1)a? logre A(r 4 1)=1L4(1) logr+1x
nb—-l/\(n>xk(n) ]Ogrn b—lxb logrw (7- + 1)—1 logr-ﬂx
7" ~2p(n)x(n) logrn d(){kbLy(2)} ~® logr $UM (r + DkLy(2)} -1 logr+lz
nb=120(0)y (n) log’n 4 () {3kcb((2)} ~1ab logr+1w 4 () 3k(r + 2)((2)} 1 logr+2w
1= n(n)~n(n—-1)} log'n p~1xb logr—lx r-1llogrx
(r>0)
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