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1. Introduction. It has been noted by several people that in order
to define the integral of some differential 1-form « along a curve C, the
latter need not be of bounded variation. For example, in the extreme
(and trivial) case where  is the differential of some function f, the
integral can be defined as the difference of the values assumed by f
at the end-points of C. No condition on C is necessary. H. Whithney
[4], with J. H. Wolfe, by the introduction of certain norms, has found
general abstract spaces of curves along which the integral of 1-forms
satisfying certain conditions can be defined. In fact, H. Whitney con-
siders integration of p-forms with p > 1. In a previous paper [2], we
obtained rather awkward conditions for a decent integral to exist that
depended on the number of higher derivatives of » on C.

In this paper, we consider 1-forms « possessing ‘ higher derivatives’
on C in a sense somewhat different from that due to H. Whitney [3]
which we used previously. A Lipschitz type condition on the remainders
of the Taylor expansion is imposed (see 4.1.). We define the a-variation
of a curve as the supremum of sums of ath powers of chords (see 2.7)
and show that the integral of o« along C exists if the a-variation of C
is bounded, where « is related to the number of ¢ higher derivatives’
of w on C. Under somewhat stronger hypotheses on C, we show that
this integral is an anti-derivative of » on C.

2. Notation and basic definitions. Throughout this paper, N is a
positive integer and we use the following notation.

2.1. FE denotes Euclidean (N + 1)-space.
s
2.2. |lzll= (ﬁ; wi) for « e E.
=0

2.3. diam U =sup{d:d = |l — y|| for some x e U and y e U}

2.4. ¢ is a continuous function on the closed unit enterval to E and
C = range ¢.

2.5. 97 is the set of all subdivisions of the unit interval, i.e. functions
T on {0,1,---,k} for some positive integer % such that :
T70)=0, T(k)y=1, Tt—-—1D) <T@ fori=1,---,k

2.6. [Tla,b] ={i:a<T@E—1) < T@#E) < b}

2.1. Via,0)=sup > |[¢(TC—1)— ¢TI}
Tegie[r/a,b]
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3. Properties of V,.

3.1. LEMMA. IF0<a<b<e<L, then
V@, b) + Vu(b, ¢) < ala, ¢) < Vula, b) + V(b ¢) + (diam C)*

3.2. LEMMA. If a < f and V,a, b) < <o, then Vy(a, b) > .

Proof. Since V, (a,d) < o, there is an integer » such that there
are at most n elements 4 € [T/a, b] with || o(T(s — 1)) — ¢(T(3)) || > 1 for
any T e &. For any other 4 e [T/a, b] we have

(T — 1)) — o(TEN1IF < 1 o(T( — 1)) — ¢(T@) ||* .
Hence,

Vi(a, b) < Vi(a, b) + n(diam C)F < oo .

4, Integration of 1-forms. In this section, we first define the kind
of differential form we shall be dealing with. Qur definition is a variant
of Whitney’s definition of a function m times differentiable on a closed
set [3]. Next, we choose a special sequence of subdivisions and proceed
to define the integral of the form over the curve C by taking sums of
polynomials of degree m and then passing to the limit. Under condi-
tions involving the generalized variation V,, we show that the integral
exists and possesses, in particular, the properties of linearity and ¢ anti-
derivative ’.

Throughout this section, m is a positive integer, 7 > 0, K > 0.

4.1. The Differential Form. Let
ok = Sk, for any (N + 1)-tuple .
i=0

A differential 1-form « on C is a function on the set of all (N + 1)-
tuples %k, for which %, is a non-negative integer for ¢ =10, -.-, N and
1 <€ ok < m, to the set of real-valued functions on C such that

m~ak — 75 e e e — J
() = 5% g ) W T T e TN Ry )
oi=0 Joleregn!

where
Rz, )| < K|z — g™ * for xe C and ye C.

It is important to note that, in case m =1 and » > 0, 0 is a dif-
ferential form on C satisfying a Holder condition. If however m > 1,
then o is also a closed differential form on C, that is, dow =0 on C,
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By taking m =1 and 7 =1, we get the sharp forms considered by
Whitney. The conditions we impose on C, however, are quite different
and, we feel, in practice easier to check than those obtained in [4].

4.2. The sequence of subdivisions. We define first, for each (n + 1)-
tuple of non-negative integers (s, -+, s,), a point &(s, --- , 8,) by recur-
sion on % and on s,. These will be the end-points of the nth subdivision
of the unit interval.

4.2.1. DEFINITION. £(0) = 0, (=1,

t(so’ tee ’Smo):t(suy"' ’Sn),
t(sm'°' ,Sn!j"’rl)zsup {u:t(so,"' ’smj)guét(sm“' ’Sn+1)

and ll(p(u,) - ‘P(t(so; ctcy Sy j) “ < ’2% for t(Sm Sy .7) < w < u’}

for any non-negative integers » and j.

We shall denote by T the sequence of subdivisions of the unit
interval such that: .

range T, = {u 14 = (s, -+ , 8,) for some n-tuple (s, -+, s,)} .

4.2.2. LEMMA. For any non-negative integers n aond j, we hove
t(SO, i ’Sn) < t(SO, b )Smj) é t(SO, cec, 8y + 1) .

4.2.3. LEMMA. For any positive integer n, v¢[T1,/0, 1], 7€ [T,-,/0, 1]
we have: T,., 18 @ refinement of T,, i.e. rangeT, C rangeT,.;;

if T, — 1) < u < T, (),
then
(T (i — 1)) — (u) || < _21 ;
if
T\oalf — 1) < Ti — 1) < To(d) < Tor(5) ,
then

(s = 1) = ¢TI = -
4.2.4 LEMMA. If F(a,y) is a real number whenever 0 < x <y <1,

o e rangeT,, b e range T, and a < b, then

F(Tn+1(7: - 1): Tn+1(7:)) = 2 Z F(Tm-l(?: - 1)’ Tnﬂ('i)) .

i€lT, /8,63 JELT, 7,81 G€lT, T (I=1),T (D]
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4.3. The integral of . TFirst, we define Sawd</7 as the limit of
b

certain sums of polynomials.
4.3.1. Definitions.
P'(z,y) = kz wy(@) (% — @) - - (Yy — &y)'y.

Too L wenFoy ! ’
Pla, b) = P'(¢(a), ¢(5)),
Sfab) = 5 PG — 1), o),

Sbwdqa — lim S,(a, b) .

b
Next, in order to prove the existence of S wdy and some of its

properties under conditions involving V,(a, b) for some a < m + 7, we
introduce the following.

4.3.2. Definitions.
R(z,y,2) = P'(x,y) + P'(y,2) — P'(z,2) .
1

M=K
erZ‘1 ko ! - ]{;N

B=m+y.

4.3.3. LEMMA. If x,y,2e C,|lz —yl| <0 and ||y — z|| < 0, then
| R(zx, y, 2) | < Mo* .

Proof. Let h(v) = P'(x,v) for ve E. Then, % is a polynomial of
degree m. Let O, = {k:k is an (N + 1)-tuple of non-negative integers
and 1 < ok <7},

For ke O, and pe O, let p >k iff p, >k, for 4=0, ..., N, and let

_ 07 h(v)
Dkk(v) - 6k0?)0 . 670N4’0N )

then

— (v — @) — "o -+ - (vy — @y)"5*w
SRR N oy SRy % A

2K

Hence, by Taylor’s formula

e) = 1)+, 8 Db o =g G 0 = ) o
m 0 * :
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k€0, \L PEO,, (Do — ko)l eee (oy — ky)!
P>k

(B =y .- (®y — yN)kN} .
kyleeeky!

On the other hand from 4.8.1 and 4.1 we have

P d) = 3 o) £ S o) =200 Un =Bl 4 gy |

m J m—ok [ N -

G el ) R 7 et yzv),’“ﬁ_}

ol e oy !
= (W — @)’ —Fo -+ (yy — @y)""v | p :I
keom{l:ke%m (up(W) (po - ku) leee (pN - ]ffzv) ! + k(xy y)
L (B @) (2y — ,’?J,NKZ‘L}
Jog L oee iy |
= Mz) — h(y) + R (x, y) (2 — Yo)fo = - - (zy — Yy)'w .

k€0, koleos byl

Making use of the condition on R (x, y) stated in 4.1, we get

|P'(a,0) + P'ly, &) = P'lw, )| < 3 SNV = 222200 < g,

4.3.4 LEMMA. Suppose ||2(0) — 2(3)|| < 4 and {{=(@ — 1) — 2(3) || <

Afori=1,---,p, whereas ||x(1 — 1) — x(@) || = Alr fori =1, -+ ,p—1,
where all x(i) e C. Then

|5 Pti = 1),50) — P@(0), o0)| < Mrear= 33t — 1) ~ o) |1

Proof. 1;;1 P'(a(i — 1), 2(i)) — P'((0), m(p))\
< SP@), o0 — 1) + Pl — 1), 26)) — P'(0), 26)|
= S RG@(0), ai—1), s0) | < (p—1)MA? = (p—l)Mr"AB'“(‘%)w
- MrwAﬁ-wg |l 2(i—1)—2(3) ||* < MrAs-= ; I 2(i—1) — () ||* .

4.3.5 LemMMA. Let n>1, a e rangeT,, b e rangeT,, a < b,
[T,-1Ja, 0] =0 . Then
| Su(a, b) — P(a, b) | < M5*Vy(a, b) .
Proof. Let
o =sup{u:uerangeT,, and u < a}
V' =sup{u:uerangeT,., and u < b} .
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First, suppose o <V <b. Then o < a and, by 4.2.3

Il ¢(u) — ¢@) ]| < éy}fl— for @ <u <V

le) = ¢@) I < 5 for ¥ <u<b.

Hence

I o(Tu(0) — ¢(@) || < éff for i e [T,/a, b] ,

-1

(@) — eI < L for i e [T, 4],

I o(Tu(i — 1)) — ¢(Tu(@) || = 21n for ¢ e [T,/a, b], T,(5) # ', Ta(t) b .

Replacing @ by 2 in 4.3.4 and using 4.3.3 and 3.1, we see that

lSn(a’) b) - P(a’y b) l = lsn(a’y b,) + Sn(b,7 b) - P((L, b) ‘
< |Su(a, b)) — P(a, b') | + | S,(', b) — P, b)| -+ | P(a, b') + P, b) — P(a, b)|
< M48Vy(a, b') + M2P Vb, b) + MVe(a, b) < M5°Vg(a, b) .
Next suppose b’ < a. Then, for ¢ e [T,/a, b],
HAZ,6) = e@ll < 2

(TG — 1) — (Tl = 21; .

Hence, by 4.3.4,
| Sy (a, b) — Pla, b)| < M4PVs(a, b) .

4.3.6 LEMMA. Let @ crangeT,, bcrangeT,, a <b. Then,

| Suera, D) — S0, 01 < M2Vila, (1, )

Proof. Using 4.2.4, 4.2.3 and 4.3.4, we see that
| Spl@, ) — Su(a, b) |

P(T,i(i — 1), Terd)) — P(Tw(G — 1), Tn(j)):H

J€EIT, ja,b] l:ie[Tn+1/Tn(j—l),Tn(j)]

% 1 B N . > a
< jE[T%a,b] [Mz (j?:;> te[TnHIT§j—1),Tn(j)] ” SD(TWH(?) )) SD(TWH(?/)) ” :|

= M2( ) S e(Tali— D)~ T I < M2V, b))

n+1/®0

4.8.77. THEOREM. If 0<a<b<1, a<pf, Va,b) < o, then
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Sbwd¢l< o

Proof. Let
a, = inf{u :u € range T, and a < u},
b, = sup{u:u € range T, and u < b} .

If a = b, the theorem is trivial. If ¢ < b, for n sufficiently large,
we have

6 < gy <0 <0, < B <D,
[T,a,a,] =0  and [T,/b,b]=0,

lgt@iy — @) < 2 and Ig0) — o0 Il <51

Hence
ISn+1(a? b) — Sn(av b) | = IS'/L+1(a’;L+1! bre1) — Sn(a’;n by) |
= lSn+1(a;»+1y @) + Spa(@h, 87) + Spsa(by, bhsr) — Su(an, b |
é [Sn+1(a’;b+1! a';L) - P(a’;wly a’;z) l + lSn+1(a’;u b;z) - Sn(a’;'u b;b) l
+ 1S i(Why Bh) | — P(D7, bhir) | + | P(@hen, 1) | 4 1P(D}, b | < (by 4.8.5, 4.8.6)

< M5 Vi, )+ M2Vl 0 1Y o MEP Vbl Vo) + M 24 M
where

M = sup | w(2) | 2 P ,77 )
T=1 N

ISo-Ic<m
Therefore, for any positive integer p we have
-1
lSnHJ(a b) - Sn(af, b)[ < Z lSn+q+1(a’ b) - Sn+q(a” b)l

n+q
< M5 5 Vi @rrgon Gons) + VilBhons Brrmrae)] + M2V, ) 5 (1)

rg 1 5 : , 2’ @L
F 8 S L <ME(Vi(a, @)+ Vil )+ E Ve ) + 5
Since, by 3.2, Vi(a, b) < o, with the help of 3.1 we see that Vy(a, a;) — 0
and Vi(b), b) > 0 as n — o. Thus, the Sy(a, b) form a Cauchy sequence

and Sba)dgol< co,

4.3.8. THEOREM. Suppose 6 >0, a < 8, L < o, |je(a) — ¢(®)]|] < 1,
and

Vi(a, b)) < L||¢(a) — ¢(b)||”
whenever 0 < a <b<1and b —a <. Then, for some M’ < oo,
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‘ﬁmw_pmm><Mwwm—¢@w

whenever 0 <a<b<1and b—a<d.

Proof. Given 0 <a<b<1and b —a < J,let

a, = inf{u :u e range T, and a < u} ,
b, = sup{u:u e range T, and u < b} ;

and let n be the integer such that [T,.,/a, b} = 0, [T,/a, b] # 0.
Given ¢ > 0, we can choose p so that
le wd? - Sn+p(a"n+py b7,z+p) < €
and
lP(a/, b) - P(:z+py b:z-bp)l < €
and
[ e(@) — e®) || — [l ¢(@hs,) — ¢@han) || < €.

Hence we need only to show that

[Sn+p(a’;b+p! b;b+p) — P4y, b7’1+10) | < M H Sp(a’;l&p) - Sp(b:wp) 1K

for some M’ < o and all positive integers p.
We can check that

lSn'l'p(a’;b+p’ b;wp) - P(ah’1+py b:Hp) I
< I‘Sn(a’;w b)”l) - P(a’;u bzt)l + lP(a’;Hzn a’;z) + P(a;u b;z) - P(a’:ww b;z)[
+ lP(a’;Hp; b:z) + P(b:w b;wp) - P(a’;wp; b;z+p)l

p—1
+ ,Z;O {IP(@hspy Brsrr) + P(Ohansrs Gnar) — Pl@hsp, Bha) |

+ [ POy Biaosr) + P(Vharsrs Visp) — P(brsry Do) |
+ | Spsea(@s a1y @rsr) — P@hsnrrs Gss) |

+ [ Snsnar(®hanr Bsisr) — POhsras D) |

+ IS;’L+k+1(a”:l+k} b:z+k) - Snwc(a':zﬂm b;z-Hc) l} .

Now, we observe that

2 ? ’
o) — el < 55 fOr Gy U <0 < s

le) —¢@I1< oy for By Su<o <y,

[Tn+k/a’:L+k+17 Cl/:wk] =0,
[Tn+k/b;l+k’ b7’1+k+1] =0.
Hence by 4.8.5, 4.3.3, 4.3.6 we have
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lS;H-p(a';Hpr b;,+p) - P(a’:z+p7 b7,1+11) l
< M5B VB(a':w b?”b) + MVB(“:’L'FI)! b:‘b) + MVB(a’;‘L+])’ b;1,+p)

p-1 2 \B-w , B-a
+ U S AVl 6 (25) T+ Vil o) (5 )

n+k
+ 5 Veltnsre1y @nsr) + BB Va(Bhars Dparer) + 2° Vol @hsrs b;“k)(zg w) }
< MBEVe(@hsy Byep) + 2M Ve, By

n+k
+ MV s b2 + 1+ 27) 2 (2‘5*“)

oo n+k
< MVa(a’:Hp, b7'z+p)l:56 + 2 + (Zg_w + 1 + 25"') Z‘ <28 w) :]

< M, H (p(a';wp) - gﬁ(b:zﬂ,) ”w
where

o n+k
M’:ML[53+2+(23‘“+1+206)§(2B ) ]<oo.

4.3.9. THEOREM. If 0<a<b<e<1,

Sb wdy + Sc wdsﬂl < oo, then
a b

Scwdgo = Sb wdy + ScwdSD .

a a /]

Proof. Let
a), = sup{u:u € range T, and » < b}
b, = inf {w :u e rangeT, and b < u} .
We have lim,_.. P(a),, b,) = 0 and for sufficiently large n»
S,(a, ¢) = S,(a, b) + P(ay, b)) + S,(b, ¢) .
Taking the limit on both sides we get the desired result.
4.3.10. REMARK. If w and o' are both 1-forms in the sense of 4.1,
then so is (v + ') and
Sb(w + o')de = Sb wdy + Sb o'de

provided the right hand side is bounded. This is an immediate conse-
quence of the definitions.
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