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Summary. The form of a stationary translation-invariant Markov
process on the real line has been known for some time, and these proc-
esses have been variously characterized as infinitely divisible or infinitely
decomposable. The purpose of this paper is to study a natural gene-
ralization of these processes on a homogeneous space (X, ). Aside from
the lack of structure inherent in the very generality of the spaces
(X, @), the basic obstacles to be surmounted stem from the presence of
non trivial compaet subgroups in G and the non commutativity of G,
which precludes the use of an extended Fourier analysis of characteristic
functions, a tool which played a dominant role in the classical studies.
Even in the general situation there is a striking similarity between
homogeneous processes and their counterparts on the real line.

A homogeneous process is a process in the terminology of Feller
[3] on a locally compact Hausdorff space X, whose transition probabilities
P(t, x, dy) are invariant under the action of elements g € G of a tran-
sitive group of homeomorphisms of X, in the sense that P(¢, g[x], g[dy]) =
P(t,x, dy). It is shown that if every compact subset of X is separable
or G is commutative the family of measures ¢-P(t, x, -) converges to
a not necessarily bounded Borel measure @,(-) on X-{z} as t—0,
meaning that for every bounded continuous, complex valued function
J on X which vanishes in a neighborhood of 2 and is constant at infinity
P, 2, f) = Qu(f)-

In 3 we show that the paths of a separable homogeneous process
are bounded on every bounded ¢-interval and have right and left limits
at every t with probability one. If the action of G on X is used to
translate the origin of each jump to =z, it is shown for suitably regular
compact sets D that the probability of a jump into D while ¢ e [0, T']
is given by l-exp {—7Q.(D)}. The mapsf— P(, -, f) = (T.f)(-) map
the Banach space, C(X), of continuous functions generated by the con-
stants and functions with compact support into itself, and by a suitable
normalization ean be assumed strongly continuous for ¢ > 0. Indeed,
T, is a strongly continuous semi-group. The domain D(A) of the in-
finitesimal generator A of T, admits a smoothing operation whose precise
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nature is described in Corollary 1 of Theorem 2.2. Roughly speaking,
if geD(A),e >0, and fe C(X) we can find an h € D(A) such that
1k — flle < ¢ and f=h on any preassigned compact subset of interior
({zlf(x) = g(x)}).

A family of measures P(x, A) which is a probability measure on the
Borel subsets of X for fixed x# € X, measurable in x for fixed A, and
invariant under G(i.e. P(g[x], g[A]) = P(x, A)), is called a homogeneous
transition probability of norm one. Such a family generates a continu-
ous endomorphism f—> P(-, f) = (Pf)(-) of C(X), and a homogeneous
process T, = exp{tr(P — 1)}. This latter process is called a compound
Poisson process. In 4 we study strong convergence for compound
Poisson processes (Definition 4.1) and prove among other facts that
every homogeneous process is a strong limit of compound Poisson proc-
esses exp {tr(P;, — 1)}, and if r, < M < + < the limit process is neces-
sarily compound Poisson. If X is given the discrete topology every
homogeneous process on X is compound Poisson. In case the @, associated
with P(¢, z, dy) vanishes identically, or equivalently P(¢, x, dy) has con-
tinuous paths, we show in 5 that P(¢, z, dy) is the strong limit of
compound Poisson processes whose P,(x,dz) have support arbitrarily
closed to x.

In 7 we study subordination of homogeneous processes as defined

by Bochner [1]. By phrasing the definition in terms of a probabilistically
run clock it is shown that many processes are maximal in the partial
order induced by subordination. If we follow the notation in (7.2)
where exp {tS(b, 4, F, 2)} denotes the family of characteristic functions
of a homogeneous process X(f, ) on Euclidean n-space, we obtain the
following type of result. When support (F') is compact, X(¢, ») is not
subordinate to any process but itself unless support (#') is also contained
in the half line R+*b and A = 0. In this latter case X(¢, w) is subordi-
nate to the Bernoulli process Z(t, w) = tb. Actually somewhat stronger
statements can be made but they are proven only for the real line.
_ In our notation we have not distinguished between the application
of a measure ¢ to a function f and the measure of a measurable set
FE, denoting these respectively by u#(f) and p(E). The set X-F is
denoted by E° and the usual convention is adopted in letting C, R, R+, Z,
~and Z* represent respectively the complex numbers, the reals, the non-
negative reals, the integers, and the non-negative integers.

I would like to take this opportunity to express my gratitude to
Professor Bochner who has patiently encouraged this work, and whose
own ideas are at the base of §7.

1. Introduction. Let G be a Hausdorff, locally compact topological
group and H one of its compact subgroups. We consider G as a group
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of homeomorphisms of the left cosets of G modulo H, which we denote
by G/H, the left coset ®*H being mapped by a € G into the left coset
axH. Moreover, if we are primarily interested in the space G/H and
the action of G on this space, there is no reason why the subgroup H
should play a dominant role, for the homeomorphism « — a2b of G carries
the left coset 2H of H into the left coset xbb-*Hb of b-*Hb. As far as
left multiplication by elements of G is concerned this is an operator
homeomorphism and G/H is equivalent to G/b-*Hb. For this reason we
use the neutral letter X for the space G/H and denote the operation of
aeG on ze X by afz]. We call the system (X, G) a homogeneous
space and note that X is naturally homeomorphic to any coset space of
the form G/G, where G, = {a € Gla[z] = z}.

For the sake of exposition let N(X) be the Banach space of regular
bounded complex Borel measures on X; C(X) the linear space of con-
tinuous complex valued functions with compact support; C.(X) the
closure of C,(X) in the uniform norm; C(X) the Banach space of functions
generated by C.(X) and the constant functions with the uniform norm.
We use the current notation of W. Feller and denote linear trans-
formations of N(X) by postmultiplication. In this notation a linear
transformation 7' of C.(X) is denoted by the same letter as its adjoint
transformation on N(X), viz. pT(f) = (T f). By the expression ¢ > 0,
7€ N(X), we mean p is a real valued non-negative measure, and by
the transformation L, we refer to the isometries of C,(X), C.(X), C(X)
and N(X) generated by translation of X by a e G, viz. (L,f)(%) =
fla~x]), pL(E) = p(a[F]). When z € X we denote by 6 the measure
placing a unit mass at z, so that 6*(&) =1 if x € £ and 0 otherwise.
For example, we shall often use the relationship 6*L,-1=0%"1, Finally,
when we say that a directed sequence (1,),e 0f measures-commonly called
a net in N(X)-converges weakly to # e N(X), in symbols g, — o, we
mean for every fe C(X), #,(f)— #(f) as complex numbers.

DEFINITION 1.1. A homogeneous transition probability is a continuous
endomorphism P: N(X)— N(X) satisfying:

(i) p >0 implies uP > 0;
(i) p,— p implies 4, P — pP;
(iii) PL, = L,P.

An endomorphism, P, with properties (i) and (ii) is usually called
a transition probability and (iii) makes the transition probability
homogeneous.

When f e C.(X) it follows from (ii) that ¢*P(f) is continuous in z.
In addition &6°P(f) € C..(X). To show this let aJz] be any directed
sequence in X tending to infinity, then by virtue of the assumed com-
pactness of G, «a[D]— infinity for any compact set Dc X and
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Ly f(y) = f(a.[y]) = 0 boundedly and uniformly on every compact set.
It follows immediately that

0UAP(f) = 6Ly P(f) = 8*P(Lay-1f) = 0,
proving 6”P(f) € C..(X). Now for any given #e N(X) let g, = > ;m 0% be
a bounded, directed sequence of purely atomic measures in N(X) ap-

proaching p weakly, ¢, — 2. Then separate calculations show that on
the one hand g, P(f)— #P(f), while on the other

L P(f) = 2 imyd"aP(f) = p(0°PLfT) — m(6*PLf]) .
Accordingly, for f e C.(X) and ¢ e N(X)

(1.1) HO*PLf]) = #P(f);
the adjoint of P transforms C.(X) into itself ; and when fe C.(X)
(1.2) (Pr)(x) = 6"P(f) .

By letting f 1 1 in (1.1) we see that (1.1) and (1.2) hold for fe C(X)
as well. If P and Q are homogeneous transition probabilities

(1.3) IP|| = 6°P(1),
(1.4) IPQII =PIl llQIl .

We obtain (1.8) by noting first from (iii) that §°P(1) does not depend on
2 ¢ X, and then it follows from (i) that g > 0 implies |[|#P|| = #P(1) =
lello=P(1); so ||P|| = é°P(1). The opposite inequality is obtained by
using the preceeding remarks on a Jordan decomposition of p e N(X),
while (1.4) follows easily from (1.3).

We remark at this point that if z e X and m is the normalized
Haar measure of G,, then the mapP — P e N(G), given for g e C.(G)
by P(g) = gs"P(dy)S m(dw)g(yw), maps the Banach algebra generated by
the homogeneous transition probabilities isometrically onto the subalgebra
m « N(G) x m of N(G).

DEFINITION 1.2, A homogeneous process is a one-parameter semi-
group, (T,);», of homogeneous transition probabilities which is temporally
continuous in the sense

(iv) pe N(X) and fe C(X) imply #T,(f) is continuous in ¢.

Using (1.4), (1.3) and (iv) we see that ||T,|| = e**. Therefore, we
replace T, by the equivalent process e~**T, and assume in the rest of
this paper that (v) below is satisfied unless explicitely stated otherwise.

(V) ”Tt” =1,
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The requirement of temporal continuity for a homogeneous process
is equivalent to the weak continuity of the restricted adjoint process
T,: C(X)— C(X), and by well known results, [5], implies the strong
continuity of this last process for ¢ > 0. The theory of semi-groups
shows that T, is strongly continuous at ¢ =0 on the closure of
U T.C(X). This may be a proper subspace of C(X). For example,
let (G, G) be the homogeneous space of a group acting on itself by left
translations with T, = ¢ * m, where m is the normalized Haar measure
of a non trivial compact subgroup. G. Hunt [7, pp. 291-293] has shown
that by enlarging the subgroups G, if necessary we can always assume
a homogeneous process possesses the following quality.

Property I. For any fixed x € X and any Borel measurable neigh-
borhood N of %, 6*T(N)-—1 or equivalently 6*T(N°)— 0 as t — 0.

It is a routine calculation to show that Property I is equivalent to
the strong continuity of T,: C(X)-—> C(X) at the origin, so we hence-
forth assume our processes satisfy Property I, and by Hunt’s result we
can do this without loss of generality.

In view of the above statements we can apply the Hille-Yosida
theory of strongly continuous semi-groups to the semi-group T,: C(X) —
C(X). An elementary application of this theory shows that there exists
a dense linear subspace of C(X) which we denote by D(A4), and a closed
linear operator A: D(A) —» C(X) with the property that for fe D(A)
lim sup, . || (T f — )t — Af]]l. = 0.

2. Properties of D(A). In this section we investigate the domain
of the infinitesimal generator for homogeneous processes which satisfy
Property II below. Later we show that Property II is automatically
satisfied if either X is separable or G is commutative.

Property II. There is a regular Borel measure @, on X — {z}, such
that ¢ (T.,1)z) — Q.(f) as t — 0 for all f € C(X) which vanish on any
neighborhood of z.

@, is positive and Q,L,; = Qu,;- In general, of course, @, will be
unbounded, although its values on any set E lying in the complement
of a fixed neighborhood N of 2z must be bounded, or equivalently
o°T(E) = O(]t]) as ¢t - 0. This is easily checked if one notes that D(4)
includes the constant functions and is invariant under G. For then we
can choose an f € D(A) which is everywhere positive on X, vanishes at
2, and is greater than 1 on N°¢. Clearly

Q(E) < (AfN2) = lim_ ¢ (T.f)(2)

is bounded independently of E < N°¢. i
The homogeneity of the process 7, entails a uniformity in this
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convergence to @, which may be stated as follows.

THEOREM 2.1. If J is an open subset of X, fe C(X), and f(J) =
0; then t'T,f converges to its limit as t — 0 uniformly on every com-
pact subset of J. If in addition J° 1s compact, this convergence 18 even
uniform on every closed subset of J.

Proof. To prove the first assertion it suffices to show that the
approach is uniform on a neighborhood of z € J of the form N[z] where
N zlc J and N = N-' is compaect. If a,be N, and K is chosen so
that t-0°T,(N[z]°) < K, then

[t T(f) — ¢ T ) < K| Lyo-o f) — fll -

The family {h,(x)|t > 0, h(x) = t7'0°T(f)} is accordingly, equicontinuous
on Nifz], and h,(x) > Q.(f) as t —» 0. It follows that this approach is
uniform on N[z]. The second assertion is a consequence of the fact
that for each ¢ >0 there is a compact set D, and a . > 0, such that
x € D, and t < ¢. imply [t(T,f)(x)| <. Assume on the contrary that
there is a sequence a,[z] — infinity, together with a sequence %, — 0,
such that [¢,7(T, f)a[z])] >¢. Now choose a bounded sequence of
functions ¢, from C(X) which converges to zero monotonely while
their supports approach infinity, and which satisfy the crucial inequalities
g5 = Sup iz Ly ()| The inequalities

e < lim inf, 4,7 (T, f) (@] < lim; Q.(g,) = 0

yield the contradiction which proves the second assertion.

Suppose h € D(A) and on some open subset J of X we have f=h,
where fe C(X). Suppose further that either J or J¢ is compact. Let
D be a closed subset of J, containing a neighborhood of infinity if J°
is compact; and let m e C(X) be constructed so that o< m <1, m(D) =
0, and m(J)=1. The mapS:X x X x (0, ©) > R defined by
S, ¥, t) = (Tho».S)(®) i8, because of the strong continuity of T, defined
and continuous in (x, %, t). Consequently its restriction to the diagonal
in the first two components is continuous on X x (0, ). When
e d% (Tnw ) @) = (T.f)2), while if J° is compact (T, f)(®) =
(T, f)Nx) = f(x) close to infinity. The maps W,: C(X)— C(X) defined by
f(@) > T, Sf(x) form a strongly continuous family of bounded linear
transformations, so that we may form the Rieman integral g(x) =

fr’lST(be)(x)dt. If 2 e D, m(x) =0 and ¢g(x) = f(x); while for any =,

l9@) = )] =71 | (Wor@) — r@)at)
< supe, || Wof — fll.—> 0 as 7 > 0.
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Thus for any given ¢ >0 we may guarantee that ||g — f|l. <& by
a sufficiently small choice of 7.

THEOREM 2.2. Let D be a closed subset of the open set J in X, where

either J or J° is compact. Let h e D(A), fe C(X), and f=h on J.
Then for each ¢ > 0 there exists a g. € D(A), such that () h = f = g. on
D, and (ii) |lg: — fll. <e.

Proof. We only need to prove that the g defined above lies in D(A4).
To do this we show that

sHTg = g} = v | s WATS = F)at
0
converges to its limit uniformly on X. The computations are divided
into two cases.

Case I. m(x) < 1/2. On this closed subset of J
sHTSf — f} =s7{Th — b} + sH{T(f — h) — (f — W)} .

Now s {T.h — h} — Ah in the uniform norm as s — 0, and by Theorem
2.1 sHT(f —h) — (f — h)} > Q(f — h) uniformly on {x|m(x) < 1/2}.
Accordingly,

ST — g} — S WAAh + Qf — k)}di
uniformly on {x]|m(z) < 1/2).

Case II. m(x) > 1/4. On this set

57T = g} = 197 || (Tuneon = Tucou )t
= {rom@)} (Tuf)du — | Tupdu ]
- {Tm(x)}_l{Tm(z)rf(x) - f(x)}

as s — 0, uniformly on {z|m(x) > 1/4}. These observations show that
g € D(A).

In the above proof we did not really need the fact that h e D(A).
Indeed, had we replaced & by h + u, where ue C(X) and u(J) =0,
there would have been no change in the proof. Furthermore, since

S m (2T +$

glx) = r? ST(TM(W Fx)dt, if f is real valued we have the relation

inf, f(x) < (i)nfy g(y) < sup, g(z) < sup, f(x). These remarks allow us to
state a corollary.
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COROLLARY 1. Let J,, J,, -+, J, be disjoint open sets of X and let

D, be a closed subset of J,. Suppose that for each 1t either J, is compact
or for at most one i, J; is compact. Let h; € D(A) and f e C(X) satisfy
f=h, on J;. Then for each ¢ > 0 there exists a g. € D(A), such that

G g.=h,=fon D,
(i) llg: — fll-« <e, and
(iii) if f is real valued then inf, f(x)<inf, g.(y) <sup, g.(2) < sup, f(x).

Specializing the preceding we get the following.

COROLLARY 2. If B is compact in X, H is closed, and H N B = ¢;
there exists an f € D(A), such that 0 < f <1, f(H)=0, and f(B) = 1.

The above results have been derived under Property Il and we now
show that we can replace Property II by a condition on D(4).

Property 11I. For each ¢ > 0 and f e C(X) which is zero in a neigh-
borhood J of x, there exists an f. e D(A), such that f. = 0 in a neigh-
borhood U of x which is independent of ¢, || f. — fll. <&, and if f is
real valued so is f. with inf, f(x) < inf, fi(y) < sup, f:(2) < sup, f().

THEOREM 2.3. Property 111 is equivalent to Property II for homo-
geneous processes.

Proof. We have already seen that Property II implies Property I11
and will now demonstrate the converse. First, let J be a neighborhood
of z, and choose a function h € C(X), such that 2 = 0 in a neighborhood
Uc J of z, and mJ°) = 1. We also require that 2 >0 everywhere.
Now for 0 < ¢ < 1 choose an k. in accordance with Property III.

165 T(JT) < (1 — &)0*Ty(ha)t < K(U) < + oo

for some constant K(U) depending on U. If fe C(X) and f(J) =0,
Property Il is equivalent to the fact that ¢-%6°T,(f) — a limit as £ — 0.
The inequalities

]lim t—lleT,(fs]) — lim t_l‘smTt(‘fe.})l <
10 -0 .
< limsup 70T (| fi, — £, 1)
t—-0
< (& + &) limsup ¢770°T(U°) < (& + &)K(U)
t—0

show that lim lim ¢%0°T(f.) exists. If we call this limit b, the inequality

g0 t-0

187107 T(f) — b] < [£710°T(f2) — bl + eK(U)
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shows by first letting ¢ — 0 and then ¢— 0, that t-(T,f)x)—> b as t— 0,
completing the proof.

By the use of well-known smoothing techniques which exist on
a differentiable manifold we ean conclude that if G is a Lie group or
if X is a differentiable manifold on which G acts differentiably, and
D(A) includes C~(X) N C(X), then Property III and Property II are
automatically satisfied.

We close this section by remarking that the only place where we
have used the homogeneity of T, was in the proof of Theorem 2.1, so
that a strongly continuous semi-group on C(X) satisfying the conclusions
of Theorem 2.1 also satisfies the conclusions of Corollary 1 if its adjoint
preserves positivity.

3. The paths of a homogeneous process and Property II. Before
we discuss the nature of the paths of a homogeneous process it is
necessary to take certain precautions which will assure us that the
properties we want to discuss can be handled by the theory of probability.
Given a consistent set of transition probabilities for a particle moving in
a locally compact Hausdorff space it is possible, using a theorem of
Kolmogoroff’s, to construct an infinite product space in which these
transition probabilities determine the finite dimensional distributions.
From this we can construet, in the usual manner, a set of paths and
a probability measure on this path space. Alternatively, we can consider
a process as a family X(f, ) of measurable transformations from some
abstract sample space 2 to the range space X. Since there is some
freedom in the definition of X(¢, w) given only the finite dimensional
distributions, it is important to notice that the concept of separability
as used on the real line is available in this case.

DEFINITION 8.1. A process {X(¢, w), 0 <t} will be called separable
relative to the class A of closed subsets of the locally compact Hausdorff
space X if, and only if, (1) there exists a denumerable subset {t,} C [0, =),
and (2) an event K C 2 with P{K} = 0, such that for every open in-
terval I C [0, ), and every set F'e A, the event

{o| X, w)e Fyt; e IN {t;}} — {0 X, w)e Fytel} C K.

The importance of the concept of separability rests on the validity
of the following theorem.

THEOREM 3.1. Let X be a separable locally compact Hausdorff space,
and let {X(t, w),t < 0} be an X-valued process. Then there exists an
X*-valued stochastic process {X(t, w), ¢ > 0} such that: (1) X(t, ») s
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defined on the same w-space, 2, as X(t, ) and takes values in the one
point compactification, X*, of X; (2) X(t, w) is separable relative to the
class of closed sets of X*; (3) for every t >0 {Pw|X(t, 0)= X(t, w)} = 1.

Proof. This theorem may be proved in a manner entirely analogous
to the comparable theorem on the real line, and its proof is given, for
example, in Doob [2 p. 57]. We remark that the separability of the
space is necessary for this proof.

In the following we discuss the displacements of the path X(¢, )
during a closed interval of time. The success of our technique depends
directly on the possibility of comparing two such displacements with
different origins. If our homogeneous space (X, G) is that of a group
acting on itself, we can translate all displacements origins to the identity
and their endpoints are uniquely determined. On a general homogeneous
space, however, the endpoint of a translated displacement is not deter-
mined by its new origin. We introduce several concepts from the
calculus of relations and a space of displacements to handle this ambiguity.

By a relation (U) on X we mean a subset of X x X which contains
the diagonal. The notations (U)™* = {(y, ®)|(z, y) e (U)}, (W) o (U) =
{(x, ¥)] for some z, (x,2) € (U) and (2, ) e (W)}, and (U)[A]= {z|(y, ) € (U)
for some y € A} are standard. It is sometimes convenient to substitute
U, for (U)[{«}] and in this notation (W) o (U), = Uyer. W,. A relation
(U) is called homogeneous whenever (z, ) € (U) implies (alx], a[y]) e (U)
for all a € G, and it is convenient to describe a relation by giving
a property possessed by all the sets U,. For example, we call a relation
(U) compact, open, closed, or a neighborhood relation if each U, is
compact, open, closed or a neighborhood of z respectively. Using a double
coset representation it is easily shown that the class of homogeneous
neighborhood relations forms a base for the natural uniformity of the
homogeneous space (X, ¢G). We say the displacement from x to y belongs
to the homogeneous relation (U) if (x,y) € (U). The reason for this
mention of relations is that they appear to be exactly what is needed
to generalize the statement and proof of a theorem from Kinney [9],
p. 292-293.

THEOREM 3.2. Let (X,G) be a homogeneous space satisfying the
first axiom of countability, and let X* be the space X compactified by
adding a single point at infinity. Let {X(t, w),t > 0} be an X*-valued
homogeneous stochastic process governed by the transition probabilities
0*T,. and separable with respect to the closed subsets of X*. Then if
T >0, there is an w-set E, with P{E;} =0, such that o ¢ E, implies
the statements below.

1) X, ) is bounded on t € [0, T). By which we mean
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Cl[{X(t, w)[t € [0, T)}]

18 a compact subset of X.

(2) X(t, o) has finite right and left hand limits at every t € [0, T').

(8) The number of jumps in [0, T) whose displacements lie out-
side a homogeneous neighborhood relation (U) is finitte. Furthermore,
for any homogeneous neighborhood relation, (U), the maximum number
of disjoint subintervals (t,s) of [0, T) for which (X(t~,w), X(s~,w)) € (U)
1s finite, where X(t~, w) = lim,,, X(t + k, o).

In particular the use of the one point compactification of X was
only necessary to cover the processes constructed in Theorem 3.1 and
may be eliminated as soon as (1) is proved.

The displacement or jump of a particle from « to ¥ can be considered
as a point in the space X x X. It is natural to consider classes of
similar displacements, and this involves the introduction of an equi-
valence relation on X x X, two points, (x, ¥) and (2', ¥'), being considered
equivalent if there is an a € G such that (a[x], a[y]) = (', ). This is
a closed equivalence relation and the quotient space is homeomorphic
to the space of double cosets {G,aG,} = Y. Let p: X X X— Y be the
canonical projection. Y is a locally compact Hausdorff space known as
the space of displacements, and p is a continuous open mapping. If we
fix the first component at x, so we only consider jumps origination at
x, we get a mapyp': X — Y given by z— p(x, 2). Using this map the
commutativity of 7T, with L, shows that we can very properly place
the measures 6°T, and @, on the space Y without losing a thing. If
feC (X), and m is the normalized Harr measure of G,, the equation

o*Ty(f) = S fla[z])m(da)6*T,(dz) indicates a means of returning 6*7T, and
Q, to X from Y. The following theorem is the key to the results of
this section. It and Theorem 3.4 are generalizations of similar results

for homogeneous processes on the real line which may be found, for
example, in Doob [2, p. 422-424].

THEOREM 3.3. Let (X, G) be a homogeneous space satisfying the first
axiom of countability, and X(t, w) a separable homogeneous process on
X governed by the transition probabilities 6*T,(-). Suppose that for
some sequence of t-values, t,— 0, there is a not necessarily bounded
regular Borel measure Qx on X — {x}; for which fe C(X),x & sup-
port (f), imply t;l(Ttif)(x)an(f) as t;— 0. Let Y be the space of
displacements of (X, G), and denote the measures 6°T, and Q, after
transference to Y by the same symbols. Suppose X (0, )=z a.s,, C(D) =
{o)lim,.p(X({t — n', w), X(t + n7Y, w)) € D for some te[0,T)}, and
let P, and P* be the inner and outer measures induced by P on 2.

(1) Then for any compact subset D of Y — {x}:
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1 — exp {Tlim sup, t;'0°T(D)} < P, {C(D)}; P*{C(D)} <1 — e "%®™ ,

(2) If D is a compact subset of Y — {x} satisfying, either

(i) thereisa Uopen C D for which 6*T (U — D) = o(t) as t — 0, or

(il) there ewxists a sequence C, compact C interior (D) for which
QAC) = QD) as k— «, then

P{C(D)} = PH{OD)} = 1 — o7

Proof. Using the monotone sequence ¢, > 0 we define a sequence
of partitions of [0, T'). The jth partition being given by

{[O; tJ)r [tjy 2t])’ M) [(kj - l)th thJ)7 [kft.h T)} ’
where k; is the largest integer < T/t;. Define Y-valued random variables

H(.?y 71/) = p(X({% - l}tj—! w)’ X(ntj_v w)) 1 <n< k)
H(j,k;+ 1) =p(X(kity, 0)X(T-, w)),

where as usual X(¢7, ) = lim,;, X (s, ). For any measurable subset
FcYweput F(j,n)={w|H(j,n)e F} and F(j)=U%"" F(j, n). Since
{H(7,n),1 <n < k;} are independent and identically distributed random
variables, it follows that

P{F(§)} =1 — {1 = &"Tpy, (F)H1 — T, (F)}

where 1 > ¢, ->0,0< T —kit; <t; | 0, and k; = Tt,7' — ¢,. Let D be
a compact subset of Y, and U an open neighborhood of D whose closure
does not contain x. Our knowledge that the paths have right and
left hand limits at every point shows that C(D) < liminf, U(5). If
o € lim sup; D(7), choose a sequence of semiclosed intervals [n,t;, (n; + 1)t;)
which converge to a point, and across whose length the path o has
a displacement H(j, n;) e D. By passing to further subsequences if
necessary we can assume that the sequences of endpoints are monotone.
There are four cases;

(@) mgi, 1, (n; + 1)t, ] leads to w € C(D);

(b) mit,l, (n; + 1)t,1is impossible; while

(¢) mit;1, (n, + 1)¢; T and

(d) ngt,l, (n;+ 1t, | both lead to «’s having infinitely many dis-
placements close to D in [0, T'), and, accordingly, occuring with proba-
bility zero by condition (3) of Theorem 3.2. Therefore, lim sup, D(j) C
C(D) c liminf; U(j) which in turn implies

1 —exp {— Tlimsup,t,70°T, (D)} < P{C(D)} ,
and

P*{C(D)} <1 — exp{— Tliminf, 76T, (U)} .
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It can be shown by a standard arguement that if Vopen> U and x ¢ V,
then QD) < lim inf, ¢,726°T, j(U) < Q,(V), and by letting V and U shrink
to D it follows that

PH¥C(D)} <1 — e T%W
If in addition D satisfies either (i) or (ii) in (2), it is easy to see that
QD) < lim sup, t,76*T, (D) ,

which implies the conclusion of (2).

We now show that the conditions (i) and (ii) placed on the compact
set D in (2) of Theorem 3.8 are sufficiently unrestrictive for us to prove
Property II for homogeneous processes.

THEOREM 3.4. Let (X, G) be a separable locally compact homogeneous
space, and let T, be a homogenous process on (X, G). Then there exists
a unique not mecessarily bounded Borel measure Q, on Y — {x}, the
space of displacements of (X, G), such that fe C(X) and x & support
(f) imply

e (T ) (@) > Q) as t—0.

Proof. The use of the Hille-Yosida theory of strongly continuous
semi-groups shows that when restricted to the complement of any neighbor-
hood U of z ¢ Y, the family of measures t-'0°T, is bounded. We compact-
ify Y by adding a point at infinity and denote the compactified space by
Y*. Using the compactness of bounded sets in the weak star topology,
and the first axiom of countability for Y, we can find a sequence ¢, > 0
and a not necessarily bounded Borel measure Q, on Y* — {x}, such that
for any feC(Y) = C(Y*), x € support (f) implies t,‘IB”TbJ(f) as t,— 0.
There remain two problems.

(a) to prove @, is unique, and

(b) to show that Q,({~})=10. Using the separability of (X,G)
construct a representation, X(¢, w), of the paths of T, satisfying all the
conditions in Theorem 3.2.

Suppose that s,7'6*T; — @Q,’ were another limit and let C be any
compact subset of Y — {x}. For an arbitrary e > 0 let U, be chosen
so that C < U, open < U. compact ¢ Y — {z}, @.(U.) < Q,(C) + ¢, and
Q. (U.) < Q,/(C) + . Now construct a function fe C(Y), such that
SWU.)=0,0< <1, and f(C) =1. Select a b€ (0,1) such that

Q.({z] f(x) = b}) = Q/({z| f(x) = b}) =0
and put D = {z| f(x) < b}. Note that

C compact C interior (D) © D compact — U,,
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Q, (interior (D)) = Q.(D), and Q,’ (interior (D)) = Q,'(D). Accordingly, D
satisfies condition (ii) of Theorem 3.3 (2), and thus for any fixed 7 > 0,

P*{C(D)} =1—e"Q D) =1— e 7%D
so that Q.(D) = Q./(D). This shows
1Q./(C) — @uC) <1QuD) — QD — C) + QD — C) — Q/D)| < 2

for every ¢ > 0;s80 @, = Q..

To show that @, is really a Borel measure on Y — {«}, and not on
Y* — {z}, we must show that Q,({})=0. In order to do this we
make a final appeal to the paths. Except for an event of probability
zero we know that Cl[{X (¢, w)|t € [0, T)}] is a compact subset of X, and,
consequently, its projection on Y will also be compact. Using the
method above, choose a sequence of compact sets D, | {co} in Y™ and
satisfying condition (ii) of Theorem 3.3 (2). Then if Q,({}) # 0,

P{ICD)} =1—e"QD)) =7 >0,

and P{N ;.1 C(D,} > 0. Any path with a jump in every D, during the
time interval [0, T') certainly contains oo as a limit point. Thus our
process violates the condition that the paths are a.s. bounded. Hence
Qu({o}) = 0.

The temporal continuity (weak continuity) of 7', enables us to restrict
congideration to a sigma-compact subset of X, namely {J ., support (6°T).
As a consequence of the preceeding theorem this remark proves the
following corollary.

COROLLARY. Let (X, G) be a homogeneous space where every compact
subset of X is separable. Then every homogeneous process on (X, @)
possesses Property 11,

The following theorem gives an accurate description of the important
set support (Q.).

THEOREM 3.5. Let (X, G), Y, X(t, »), 6°T,, and Q, be as in Theorem
3.4. For those o's which have one sided limits let

F(w) = {lim p(X(t — 17", @), X(¢ + 07, w)) [t = 0] .
Then F(w) = support (Q,) U {x} a.s..

Proof. By definition C(U.F.) = U.C(F,) for F, measurable C Y.
Now choose a sequence of compact sets D;, such that U.,D, =
{support (Q.) U {z}}°. P*{C(D)} <1—e"" =0, s0

PHC(UDy)} = P*{U.LD)} < 2 PHC(DY} =0,
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which shows F(w)cCsupport(Q,)U {#}. Let U openc U compactc ¥ — {x},
and U N support (Q,)# ¢. Choose fe C,(Y), such that 0 < f < 1, sup-
port (f) < U, and Q,(f) > 0. Let

r(U) = lim sup ¢, T,(U > Q.(f) > 0.
=0

If {U,4=1,2, ..., n} is a finite class of such U's, let

P, {o|o has a jump in every U, when t < T} = A(T) ;
P.{w|o has a jump in U, when T(k — Lyn* <t < Thn™'}
— Bk, T) .

We have the following inequalities relating the above numbers

A(T) = B(1, T)B@, T) --- B(n, T)
> (1—exp {—n'Tr(U)})--- (1 —exp {— n'Tr(T,)}) .

Letting T approach infinity one sees that
P, {o|o has a jump in each U, for some ¢t > 0} > 1.

If we now choose a countable sequence of finite classes of the type {U,}
above, and let their sets become arbitrarily fine while their unions swell
out and eventually cover support (Q.),

P, {w|w has a jump in each U, of the kth covering} =1.

Hence the inner measure of their intersection is one. Now the paths
in their intersection have jumps in the closure of each of the finer and
finer covering sets, and consequently for these paths Cl[F(w)] D sup-
port (Q,). The existence of left hand limits for X (¢, ») implies x € [F(w)].

4, Compound Poisson processes. The poisson process with rate
parameter » > 0 on the real line is a homogeneous process with transi-
tion probabilities ¢°7T,(E£) = exp {tr(6* — 69} (&). It can be generalized
to a compound Poisson process by replacing & by any positive regular
Borel measure # of norm one. Probabilistically one thinks of a compound
Poisson process in the following manner. A simple Poisson process is
run at a rate r, and when a jump occurs in this simple process, the
particle ruled by the compound Poisson process jumps from its position
x into the set E + x with probability pu(E).

Suppose we observe two Poisson processes, exp {tr,(é* — &)} 2 =1, 2,
running simultaneously. We can then define a new process as follows.
The state of our process will be described by a finite sequence of =z,’s
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and z,’s called a word, and we change states when a jump occurs in either
of our two simple Poisson processes. If a jump occurs in the 4th process
we lengthen our state by placing the symbol x; to the right of the
current word. One can calculate that the probability of starting with
the empty state at time zero, and being at a fixed state with n,x,’s
and n,’s at time 7, is independent of their order, and given by
exp { — (ry + r)T}(r,T)s(r,T)2/(n, + m,)!. To give an alternative de-
scription of this process, let H be the free group generated by the symbols
{x;, x,}. Topologize H with the discrete topology, and consider the
compound Poisson process on H given by

3T, = exp {t(r, + 1,)(pd™ + g&% — &) ,

where p = r(r, + r,)™* and ¢ = 7,(r, + 7,)"*. An elementary expansion
shows this process is identical with the word generating process defined
above. It would seem natural to define the superposition of the two
Poisson processes exp {{r, (6% — ¢°)} to be the process 6°7T,. This symbol
generating process can also be interpreted by running a simple Poisson
process at the rate », + »,, and each time a jump occurs, multiplying
on the right by «, with probability » and by #, with probability q.

The analogue of the compound Poisson processes for a homogeneous
space (X, G) is the class of processes of the form 7T, = exp {tr(P — 1},
where P is a homogeneous transition probability of norm one. We shall,
accordingly, call these processes compound Poisson processes. An easy
computation shows that the infinitesimal generator of such a process is
A=7rP —1) and D(A) = C(X). Thus the superposition of the two
processes in the preceeding paragraph corresponds to the addition of
their infinitesimal generators. We use this last remark to define the
superposition of an arbitrary homogeneous process and a compound
Poisson process.

DEFINITION 4.1. The sequence T'™ of semi-groups on C(X) is said
to converge in the sense of Bernoulli {strongly} to the semi-group T, if,
and only if, whenever f e C(X), (T f)(x) = (T,f)(x) for each fixed
and ¢t as n— o {if, and only if, the following condition is satisfied.
For each 6 > 0 and each fe D(A) where A is the infinitesimal generator
of T, there exists an integer N;, such that = > N;, implies
(T f — T.flle < 6t for all ¢ > 0}.

It is an elementary consequence of this definition that 7' — T,
strongly implies T — T, in the sense of Bernoulli. We now recall a fact
from the theory of semi-groups which we need in the proof of the next
theorem. Put A. = e Y(T: — 1), then ||e4f — T, f|]l.—>0 as ¢—0 for
any f e C(X), and uniformly for ¢ e (0, M), M < . More precisely,

(4.1) (e — T)f |- < tlim sup [|(4: — A)fl-
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which for fe D(A) becomes ||(e*s — T,)fll. < t]|](4: — A)f|l.

THEOREM 4.1. Every homogeneous process is a strong limit of
a sequence of compound Poisson processes.

Proof. Let T, be a homogeneous process, f e D(A), and A, be as
above. Then ||(exp {t4,} — T\)f ll. < td,, where o, — 0 as t,— 0.

We now study the concept of strong convergence in more detail
for compound Poisson processes. Our main results are stated in Theorems
4.2 — 4.5, but before proceeding to these theorems we establish the
following useful lemma.

LemMmA 4.1. Let n,, n=1,2, -+, oo be positive Borel measures on
(X, G) while t ranges over the compact separable set F. Suppose for
each f e C(X), n, (f) is continuous in t, and =, (f) = 7.,(f) as n—>
uniformly for t € F. Under these conditions

sup { |7, (Lof) — 7w (Lof):a € G} -0

uniformly on F as n— .

Proof. We show first that given e > 0 there exists a compact set
B, for which =, ,(B°) < ¢ whatever n and ¢. Choose {¢;} as a countable
dense set in F, and consider the union, E, of the supports of all a0y
E is sigma-compact as the closure of a sigma-compact set in a uniformly
locally compact space, and includes the supports of all the measures
7,.; because by the continuity of z,,(f) if a point does not lie in E it
cannot lie in the support of any =,,. Select a sequence of functions
fa € C(X), such that £,J0 on E, f,0%) =1, and f(V,) =0, where V,
is a compact set contained in the open set 0, ¢ V,... For fixed &k the
sequence of continuous ¢ — m, (f,) converges monotonically to zero on
the compact set F' as n — o. This convergence is then uniform. Ac-
cordingly, we can find an M,, such that n > M, implies 0 < r; (f,) < €/2
all t e F. Using the hypotheses of the lemma, we can find a K,, such
that k> K, implies |7y (fy) — 7w (fn)] < €/2 for all ¢. Put #' = M..
Then for any K, < k < o, and every t e F,

”k,t(()?u) < ﬂk,z(fnr)
< ”w,z(fnl) + ‘”k,z(fn') — nwwt(fm)l <e.

Whereas for k < K,,, and every t e F,

”k,t(ozcuk) < ﬂk,t(fﬂk) < 5/2 .

If we put W. equal to the union of 0,, and U Oy, B: = W. satisfies
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the desired condition.

Now put f=1 and observe that from =, ,(f)— 7. (f) uniformly
on F, we can conclude there is an M, such that 0 <||=,.||< M, and
H7a |17 ;|| uniformly on F. This shows we need only to prove the
lemma for fe C.(X). Choose a d >0, an fe C.(X), and put D; =
{: | fx)|> 0}. D is compact. If H; = {a € G:a[Ds]N B. = ¢}, H; is
open, and a € H; implies.

| 7, (Lig=r ) — T o(Lig-1 )| < 2el| flo + 20M .
In this paragraph we show that
lim sup, sup {|7,(Ls-1f) — 7w, (Lo f)|:t € Foa e H§} = 0.

Regard a — |7, (Lg1f) — oo, i(Lgrf)] = hao(t) as & map from the com-
pact set HE to the space of continuous real valued functions on F.
If b is sufficiently close to a, ||L,of — Lyfll. <€, from which
[ B n(t) — Ry o(t)] < 2M¢', so that the maps h,,(-) are equicontinuous in
a. Now lim,_. &, ,(t) = 0 uniformly in ¢ by hypotheses, so that we have
a sequence of equicontinuous functions, @ — h, ,(-), defined on a compact
set, H§, with values in a normed vector space and converging pointwise
to zero. As a trivial consequence, they converge uniformly to zero and

lim sup, sup {h,,(t):te F,ae Hi} =0.
Collecting results we have shown
lim sup, sup {A,.(t):t € F,a e G} < 2¢|| fll. + 20M .

Since ¢ and & are arbitrary, this gives the conclusion of Lemma 4.1.

THEOREM 4.2. If r,— 7 and P™, P are homogeneous transition
probabilities, such that for each fe C(X), P™f— Pf pointwise as n— oo,
Then.

exp {tr,(P™ — 1)} — exp {tr(P — 1)}
strongly as n —> o .
Proof. Given fe C(X) define W(n,t) by
tWi(n, t) = ll(exp {tr,(P™ — 1)} — exp {tr(P — D})f |l .
We must show that lim sup, sup {W(n, t):t > 0}=0. An expansion gives

Wn,t) <[t e " — e )| || fll-
+ sup {|r,e-6"P ™ (L, f) — re""6*P(L,f)|: a € G}
+ sup {|t7'Qx (L.S)|:a € G},
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where Qz, is a difference of two positive measures and satisfies:
Nz 0l <2;11t7'Qz , || > 0 uniformly inn as ¢ — 0; t7'Q2,(g9) — 0 for each
g € C(X) as n —> o uniformly in every compact ¢ subinterval of (0, ).
We handle these three terms separately. Clearly

lim sup, sup {|t*(e"""» — e"")|[:t >0} = 0.

Lemma 4.1 shows that the second term is also zero in the limit. For
the last terms we let ¢ range over a bounded interval [, T'] where
0 < t, and again use Lemma 4.1. If ¢, is small enough and 7T large
enough the extra pieces are arbitrarily small, so that for sufficiently
large n we can make this last term small too. This completes the proof
of Theorem 4.2.

For later use we weaken the hypothesis of Theorem 4.2 by gene-
ralizing the concept of a homogeneous process to allow an escape of
mass to infinity. Let X* = {X, #*} be the cannonical one point com-
pactification of X with «#* denoting the point at infinity. Extend the
operations of G to X* as proper maps, so that G[z*] = «*. In order to
use our earlier notation we consider the spaces C.(X), C(X) as imbedded
in C(X*) = C(X). A homogeneous transition probability on (X*, G) is
a continuous endomorphism P: N(X™*)— N(X*) satisfying (i), (ii) and (iii)
of Definition 1.1. It follows as before that P satisfies equations (1.1),
(1.2), (1.3) and (1.4) of §1 with fe C(X) and ze N(X*). On the sub-
space N(X) of N(X™*), P can be expressed as

(4.1) P=P +kS,

where P’ is a homogeneous transition probability on (X, G) and pS =
m(X)H)o*.

A homogeneous process on (X* G) is a weakly continuous one-
parameter semi-group of homogeneous transition probabilities of norm
one acting on C(X), or as adjoints on N(X*). If X is not compact it
is easy to show that whenever x = «* there is an » > 0, such that

4.2) FT(E)=6T(X N E)+ {1 —e"}o"(X),
and
(4.3) & T(E) = &(E) .

THEOREM 4.3. If r,—r and P™, P are homogeneous transition
probabilities on (X*, G), such that for each fe C(X), P™f— Pf point-
wise as n— . Then

exp {tr (P™ — 1)} — exp {tr(P — 1)}

strongly as n — oo,
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Proof. An expansion shows immediately that one only need con-
sider those fe C.(X) in the criterion for strong convergence. Since
for these f, Pf = P’f, the conclusion of Theorem 4.3 follows by the
methods used in the proof of Theorem 4.2.

THEOREM 4.4. Let exp{tr,(P™ — 1)} be a sequence of compound
Poisson processes on (X, G). Suppose r, < K< o« and exp{tr, (P™ — 1)}
converges in the sense of Bernoullt to the homogeneous process T, on
(X, G), where |T,\|l=1. Then T,=exp{tr(P— 1)} is a compound
Poisson process on (X, G), and for some subsequence {n;} of {n}, T, = T,
and P®f — Pf pointwise whenever f e C(X)

Proof. Choose a subsequence {n;} so that 7, approaches some r
and 0°P™? — 6*P’ + ko in the weak topology generated by C(X). By
Theorem 4.2 it suffices to show & = 0. If &k # 0 it follows from Theorem
4.3. that

T, =exp {tr(P' — 1)} + (1 — e~*")5*" |

violating the condition that ||T,}| =1 on (X, G).

The following theorem is known for homogeneous processes on
a commutative group. A proof based on an analysis of characteristic
functions is given in Bochner [1, p. 76].

THEOREM 4.5. Let X be a discrete space so that every one point
subset of X 1s an open set, and let T, be a homogeneous process on
(X,G). Then T, is a compound Poisson process.

Proof. Select a sequence of compound Poisson processes
exp {tr(P™ — 1)}

converging strongly to T, and normalized by 6°P™({x}) = 0. Using the
discretness of X the characteristic function of the set X — {x}, Iy,
is in C(X). For any & >0 we can choose an fe D(A), such that
I Ix-zy — flle < e By addition of the constant — f(x,) to f we obtain
an h = f — f(x,) € D(A) which vanishes at z, and is greater than 1 — 2¢
elsewhere. Using this . in the definition of strong convergence we find
that on the one hand

e~ Hexp {tr,(P™ — 1)} — T)(A)lle < 6, — 0
as 7 — oo, while on the other this first expression approaches
| ra(P™ — 1)(h) — Ah|l.
as t >0, From this it follows that
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A — 2e)r, < r,0%P™(h) < &, + Ah(z,) ,
which implies
7, < {8, + AR(X)}(1 — 2) ' < K < oo

Then T, is a compound Poisson process by Theorem 4.4.

5. Processes with continuous paths. We define in this section a
class of processes having continuous paths, and we give conditions
for a process to belong to this class.

DEFINITION 5.1. We say that a homogeneous process T, on (X, G)
has the property G,, {G,}, or belongs to the class of processes designated
by the symbol G, {G,}, if, and only if, for any fixed x, € X and any
neighborhood N, of z, there is a sequence of compound Poisson proc-
esses exp{tr,(P™ — 1)} converging in the sense of Bernoulli {strongly}
to T, with support (3**'P™) c a[N,] for all a € G

THEOREM 5.1. If T,eG, and satisfies Property Il of §2, it follows
that 6T, (N%) = o(t) as t — 0 for every measurable neighborhood N, of .

Proof. Choose a compact neighborhood, V,, of x contained in the
interior of N,, and in accordance with Corollary 2 of Theorem 2.2 let
feDA),0<LF<L, f(V,)=0, and f(Ni) =1. Now select a sequence
of compound Poisson processes exp {tr,(P™ — 1)} converging strongly
to T, and satisfying support (6*P™) < V,. It suffices to show (7T,f)(z) =
o(t) as t >0, or that for every ¢,— 0, lim sup, ¢;}(T, f)(x) =0. It is
no restriction to assume ¢,7, and t,r: are both less than n~'. The con-
dition of strong convergence applied to f, then shows that

lim sup, t;(T, f)(x) = lim sup, ¢;'[exp {£,7.(P™ — 1)}(f)](x)
< lim sup, t;'e"t"n(et™ — 1 — #,t,)
< lim sup, t;'e " n(t,r,)
< lim sup, n-t¢" %" = 0
as we desired to prove.
In the proof of a partial converse to Theorem 5.1 we will need the

following lemma.

LEMMA 5.1. If t,6,6 >0 and k > (te* + 1) * + 1 — logd, then

Sexp { — tet}(te ) n! < €8 .
n=k
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Proof. Rather than prove this lemma in detail we will indicate
a method of proof. If the sum is overestimated by an integral and
the n! in that integral is underestimated using (27)"*n"*@/»e=" < n!, one
obtains the statement that k > ¢ 'te? implies

zo]o exp {— te~}(te)n! < @rk) 2 exp {— (k + te™)} .
n=k+1
The desired conclusion follows easily from this estimate.

Lemma 5.1 gives more than we need to prove a weak converse to
Theorem 5.1, but not enough to prove a converse. The best we are
able to achieve in this direction using the above estimate is stated
below.

THEOREM 5.2. (i) If &*Ty(N:) = o(t) as t — 0 for every neighborhood
N,of xe X, T, e G,.
(ii) If ¢*TUN?Z) = o(t?) as t— 0 fore very neighborhood
N,ofxe X, T, e,

Proof. These results are stated together because their proofs para-
llel one another. Let T, be (at first) any homogeneous process, and
suppose N, is a compact neighborhood of x,. Put W% Neeo, a[qu]
and W, = b[W,] where b[z,] = y. This choice of W, insures that W,
is well-defined, W3 C a[N,], and W, is a compact nelghborhood of x.
Now define a homogeneous transition probability, P., by &T.(F) =
MW, N F). Let s(e) =06"T(W:), and qe) =1 — s(e) = 6*T(W.,).
We show that the compound Poisson processes exp {te'([1 — s(¢)]"'P. — 1)}
approximate 7, in the desired sense as e¢-—0. Since support
(6°P;) ¢ W, C a[N, ] whenever a[z,] = x, this will be sufficient to prove
Theorem 5.2. Since it is known that the processes exp {te (T — 1)}
approximate T, in the strong sense, it suffices to show

Utt, ¢) = |l exp {te[q(e)7"Pe — 1]} — exp {te(T. — 1)} || >0

ag ¢ —> 0 for fixed ¢ in conclusion (i), and that ¢-'U(t,¢) > 0 uniformly
in ¢ as ¢ > 0 in conclusion (ii). Calculation shows

U, e) < +Zmexp {— te*}(te )" B(n, ¢)/n!,
n=0
where

B(n, &) = || {q(e)"P:}" — TEl} .

Since o*(T7 — P3) = 0, it follows that ||T7 — Pl =1 — q(e)"; so
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B(n, ¢) < 2¢(e)™{1 — q(e)"} .

For large n there is a better bound because B(n,¢) < 2 in any case.
We will also use the fact that 1>s>0 implies log(1 —s)> —s(1 —s)™".

Proof of (i). Let s(¢) = f(¢)e where f(¢) — 0 as ¢ — 0, and suppose
t is fixed and ¢ small enough so that ¢ 'K > (te* + 1)e-! + 1. Putting
0 =1 in Lemma 5.1, and using the substitution

E(n, r) = exp {re-'log[1 — " f(¢)]} ,

we find
Ulit,e) < >, {terms above} + 21 {terms above}
nzKe" Ke™'<n
< EQ,—-K)Y{1—-—EQ1,K) +2 -0
as e—>0.

Proof of (ii). For ¢ > 0. We will show lim supe_, sup,s,t*U(¢, €) <.

Since U(t, e) < 2, we only need to consider those ¢ < 26-'. For these
t choose K > 0 and a range of ¢'s sufficiently close to zero, so that the
hypothesis of Lemma 5.1 is satisfied for all ¢s and ¢'s which come
under consideration. Let s(¢) = &*f(¢) where f(s) >0 as ¢ > 0. Com-
puting as before and noting that

©Sexp {— tem}(te™) e Yn ! < et
n>0

we find
11U, ¢) < el — E2, K)}EQ2, — K) 4 ¢Ke! 2_1 {terms above}
< el —exp{ — Kf(e)e[l — &f ()]} E(2, — K)

+ 260K — 0

as ¢ > 0, which completes the proof of Theorem 5.2.

In Euclidean spaces it is eagy to see that T, (N¢) = o(f) implies
OT(NS) = o(t™) for any m — 0 as ¢t > 0. Accordingly, in these spaces
the of) condition and the G, condition are equivalent. This may be
true in general but we will not explore the question further here.

6. The commutative case. This section contains an independent
proof of Property II that is more general than the proof in § 3 in that
X need not be separable, and more restrictive because G must be
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commutative. LetG = {z,¥,7,---} be a commutative, Hausdorff, locally
compact topological group, and let G = {a, b, ¢, ---} Dbe its character
group. Denote the Fourier-Stieltjes transform of the measure p# e N(G)
by fx) = S(oc, a)(da), and write g, ¢ if, and only if, for every
g € C(@), p.(9) > p(g). If f,, f are uniformly continuous bounded funec-

tions on G, we write f, > f as a substitute for the fact that f, —f
pointwise and uniformly on compact sets. It is convenient to denote

the Haar measure of a Borel set E by |E|, and to let N+(G) be an ab-
breviation for the cone of positive measures in N(G). We need the
following results which we state without proof from harmonic analysis.

(@) If g, ¢ e N.(G), then p, > p is equivalent with Jr, = fi.

(b) If p,e N+(G) and f1, — f pointwise, f being continuous at ee G,
then f is continuous on G and there is a # € N,(G), such that f = g2 and
i > i

(¢) If p, e N+(G), P, — [t almost everywhere with respect to the
Harr measure on G, and f,(e) — #(e); then f, > f.

(d) If G is connected, g, € N+(G),||pn|[ <M< + o, and g, > M
on a set, A, of positive Harr measure in G; thens, > M on G.

(e) If ||pm,)| < M < + o, then p,— p if; and only if,

[, fu@)1dal> | u@)ldal

for every compact E C G.

Let P*(G) be the cone of regular not necessarily bounded Borel
measures, @, on G—{é} for which the integral Q'(x) = S {1 — (%, a)}Q(da)
exists and is continuous on G. If U is a compact symmetric neigh-
borhood of e € G, we define the function ~ on G by

Mo =101 | (1= @ a}ldyl,

and observe that this z has the following properties:

(i) A is real valued and continuous;

(i) 0<he)<2;

(ili) it G is connected, h(a) = 0 implies a = ¢;

(iv) h(a) - 1 as a — infinity, so that & € C(G).
By choosing if necessary a new Haar measure we can assume |U| = 1.
We do this in the proofs below, and in addition denote the measure

MF) = | h@)Q(da) by Q.

Lemma 6.1. If Qe P*(6),0 < Sh(a)Q(da) — 1hQ|l < + o.
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Proof. SUQ’(x){dac] - SU1dml Sa_{e; 1 — (z, )} Q(da) :Sh(a)Q(da).
The first term above is clearly bounded, so ||2Q]|| is finite.

Let {Q,, qge L} be a directed set with Q, e P*(G), and g a con-
tinuous complex valued function on G. We say Q] — ¢ boundedly on
every compact set if @, — g pointwise, and for every compact set D c G
there is a positive K, and an N, ¢ L, such that ¢ > N, and = € D imply
|Qi(x)] < K,. We denote this by Q.= g. The following theorem collects
the Fourier analysis we need for P*(G).

THEOREM 6.1. For Qe P+(C) define Q"(x) = S(w, 0)(@)Q(da), and let

Q, be a directed sequence from P“(G). Then

(1) Q> Q =Q!— Q" pointwise & Q! > Q" & hQ, > hQ;

(2) Q.- g continuous =>Q" — some continuous f QD £ EDRQ, >
some z e N.(G).

Proof. Only the first implications need proof in each case. Cal-
culation shows

Q@) = S(ac, Oh(@)Q(da) = SU dy) SQ(da){(x, ol — (y, a)l}
=, 1av! | @@o) (@, ) — 11+ [1 ~ o, )
= SU Q(yx)|dy| — Q'(x) .

The implications follow after an application of the Lebesgue bounded
convergence criterion.

THEOREM 6.2. Let T, be a homogeneous process on G. Put 5‘?Tt = w,.
Then w,(x) = e’ ™ where f is a uniquely determined continuous com-
plex function on G.

Proof. This is an immediate consequence of the semi-group prop-
erty w,(x)w,(x) = w,.,(x) and Property I, w, >1 as t —>0. For small
enough values of t we can even define f directly at a particular x € G
by putting f(x) = t'logw,(x) and using the principal branch of the
logarithm,

We can now prove a slightly weaker statement than Property II
for commutative groups.
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THEOREM 6.3. If T, is a homogeneous process on the locally compact
abelian group G, there is an me N.(GQ), such that t-hé*T, > m ast— 0.

Proof. g(ac, a)SQT,(da) = e ™ from Theorem 6.2. If we put @, =
t-°T,,

=41 — exp {— tg(x)}) = Qi) > g(x)

as t - 0, and Theorem 6.1 shows AQ, — some m € N+(G).

In general it is not possible to choose a single & in the above manner
which vanishes just at é. For example, if G is the real line with the
discrete topology, denoted by R, then in order to satisfy the condition
|U] < + o, U must be a finite point set and generate a proper sub-
group K of R,. In this case the associated A will surely vanish on
K* = R,/K which is certainly not equal to {¢}. By K* we mean, as
usual, the set of characters identically equal to one on K. By varying
U we can, however, prove Property II. In the following we denote by

J the class of &'s defined by h(a) = [Ul‘lg {1 — (y, @)} |dy]| for some
U
compact symmetric neighborhood U of e.

LEMMA 6.2. If hed, then H,= {a:h(a) = 0} is a compact subgroup
of G.

Proof. H, is closed and compact because 7 — 1 as a — infinity.
Since a € H, is equivalent to (x,a) =1 for all x ¢ U, H, is also a sub-
group of G

LEMMA 6.3. For each a € G — {é} there is an h e J with hia) > 0.

Proof. Choose a y € G for which (y, @) = 1, and for any U satisfy-
ing the above conditions construet a new U' =yU U Uy Uy, U’
satisfies the required conditions and since (x,a) =1 for every xz e U’,
the h corresponding to U’ satisfies h(a) > 0.

With this preparation Property II is immediate.

THEOREM 6.4. Given any open neighborhood N; of ¢é e G and any

homogeneous process T, on G, t-10°T, 2> some p e N.(N3) when restricted
to N:.
e

Proof. Compactify G by adding a point at infinity. Then taking
complements in the compactified space {H; N N§:h e J} forms an open
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covering of the compact N % Choose a finite subcovering {H n, 0 N % 1<
v <n}, then 3,7, h, >0 on Nz. By Theorem 6.3 ht6°T, 5 m,, on G
as t— 0 and, accordingly,

n i ¢
ZAlhzt—‘ 66T6 - ;mhi ’
i= 1=

so that

-1mn

t16°T, > (ihz> > My,
i=1 i=1
on Ng.

7. Subordination of stochastic processes. In this section we give
a new definition of the concept of subordination introduced by Bochner
for homogeneous processes on FEuclidean spaces. Using this definition
we are able to show that there are a great many processes which are
not subordinate to any but themselves. We introduce this topic by
discussing subordination from the characteristic function viewpoint.

Bochner calls a map v: (0, + o) — (0, + =) a completely monotone
mapping if for every completely monotone function f: R* — R, the func-
tion f-v:R* —> R is completely monotone. A mapping, v, is a complete-
ly monotone mapping if, and only if, dv/dx is a completely monotone
function, or equivalently e¢~* is a completely monotone function for
every t > 0. If v is a completely monotone mapping, it can be extend-
ed to a mapv:R* 4 1R — R+ 4 iR of the closed right half complex
plane into itself, which is analytic on the interior of its domain, and
is of the form v(z) = ¢, + ¢z + Q,(2) where ¢, ¢ > 0;

Q) Re{Qu)} > 0;

(i) Re{Q,()} = 0, Re(z) > 0 implies @, = 0;

(iii) Re{Q, ()} = 0, Re{z} = 0 implies Jm{Q,(z)} = 0;

(iv) Re{Q,(2)} = o(|z]) as |z| > + o with Re(z) > 0. If v is a com-
pletely monotone mapping (0 +) exist, and we call » a subordinator
when (0 +)=0. v is a subordinator if, and only if, ¢~**® = Sm e >r(ds),
where m, > 0, [[z]l = 1, 7({0}) = 1, =%z, = 7,1, and s — ¢ implies =, — =,.
If v is a subordinator and =™ = S(m, a)6°T (de) is the family or Fourier-

Stieltjes transforms of a homogeneous process on G, then exp {— tvlh(x)]}
is also the family of Fourier-Stieltjes transforms of a homogeneous

process on G.

DEFINITION 7.1. (Bochner) A process e~*(*) = S(x, )3 T(dw) is called

subordinate to a process =@ = S(x, a)éth(da) if, and only if, one of
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the three following equivalent conditions is satisfied.

(1) There is a subordinator v, with e *® = re'”nt(ds,) such that
0

v{h(x)} = h(x).
@) e = S“e—w%(ds) .
@) 8T, = S”ae‘Tsm(ds).

If T, is a homogeneous process with infinitesimal generator A and
A. = e Y(T: — 1), then the equation exp {— tv(— A4.)} = Sexp {sA:}m,(ds)
shows that subordination leads from a process with infinitesimal gene-
rator A to a process with infinitesimal generator — v(— A) when suitable
interpreted. Bochner has proven that an infinitely decomposable process
with a Fourier-Stieltjes transform of the form exp {— #(bx* + ib'x)} on
the real line is not subordinate to any processes but those with ch.f.(X,) =
exp {— te(ba® + ib'x)} and ¢ > 0. In this case subordination is simply
a linear change of time scale. In general we denote the relationship
T! is subordinate to T'; by T.:< T,. If processes differing only by
a linear change of time scale are identified, it is easy to show using
Bochner’s result that the relation <is a proper partial ordering of
homogeneous processes.

An alternative definition of subordination rests on a probabilistic
choice of time scale. If X{(¢, w) is a measurable stochastic process and
Y(¢, w) is a non negative stochastic process which is independent of
{X (s, w)}, and whose paths are almost surely non decreasing in R+, we
can form the composite process Z(t, w) = X(Y(¢, w), w). Under special
circumstances this composition corresponds to subordination of the
X(t, ) process by the Y(¢,w) process. In general the transformation
X(t, o) > Z(t, v) will preserve any of those properties of the X(t, w)
process which depend only on the order relations of the time scale.
For example, if X(¢, ») is Markov, a semi-martingale, a martingale, or
spatially homogeneous, so is Z(f, ). The stationarity of X(¢, w), a prop-
erty depending not only on the order of the time scale but on the
magnitude of certain time differences, will in general not be preserved
unless Y(f, w) is a homogeneous process (i.e. spatially homogeneous
and stationary). In this last case if Y(0, w) = 0 with probability one,
we say Z(t, w) is subordinate to X(¢, ») with subordinator Y(¢, w).

After making the observation that P{Y(¢, ») € E|Y(0, w) = 0} should
correspond to 7, (E) in Bochner’s definition, we can show the coincidence
of transition probabilities in the two concepts of subordination. If X(¢, )
is a homogeneous process on the commutative group G with X(¢, w)=¢ and
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P{X(t + s, 0) € E|X(s, 0)} = 0 TYE) ,

then subordinating by Y(¢, w) according to Definition 7.1, we get &*T}(E) =
SBQTS(E)m(ds). If we subordinate the same process using the definition

in terms of paths, we find
*TE) = P{Z(t, w) € E|Z(0, ) = e}

FTUE) = SP{X(u, ) e B1Y(t, 0) = w}P{Y(t, ») e du}
- SP{X(u, ) & E}n(du) = SaeT,u(E)m(du) .

Consider a homogeneous process on a not necessarily commutative
locally compact topological group, G, described by the transition proba-
bilities 6*T,. For such a process, define the set F(T,)= )., support
6°T,). F(T,) is a closed possibly empty semi-group of G.

THEOREM 7.1. Let T! be a homogeneous process subordinate to T,
on G, and supporse t7'6°T} — Q, on G — {e} in the sense of Theorem 3.4
as t — 0. The either T! = T,, for some ¢ > 0, or support (Q,) D F(T,).

Proof. Since the paths of Y(¢, w) are non decreasing and accord-
ingly, of finite length in any time interval,
0

(7.1)  Ef{exp {iu¥(t, o}} = exp {#(icu + S [e — 11 (dx)}

where ¢ > 0 and g 2J(dx) < + o for any ¢>0. If J=0, Y(t, )=
ct a.s. and T! = ch. If J+0, the Y(¢, ) process will have jumps
with probability one, and during any of these jumps there is a positive
probability that the 7T, process will move from its position to a neigh-
borhood of any specific point in F(T,). This means the subordinated
process may have jumps anywhere in F(T,), then from Theorem 3.3
F(T,) C support (Q,).

That support (Q,) # F(T}) in general can be seen by subordinating
a Bernoulli process on the real line (see Bochner [1] for definitions).
It is easy to refine Theorem 7.1.

THEOREM 7.2. Let T! be a homogeneous process subordinate to T, on
G. Let t7%6°T, » Q. and t-0°T, > Q, as t — 0 wn the sense of Theorem
3.4. Let Y(t, w) be the subordinating process as in (7.1). Then if ¢ <0,

support (Q!) = Cl[ U {support (6°T,): s e support (J)} U support (Q.)] ,
and if ¢ =0,
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support (Q)) = Cl[ U {support (6°7T;): s € support (J)}].

In particular, support (@) = ¢ 1f, and only tf, J = 0 and either Q, or
¢ equals zero.

Proof. Let z e support (6°7T) and s e support (J). Then given any
neighborhood U, of z there is a neighborhood V; of s, such that ¢t e V|
implies ¢°T(U,) > 27%T(U,) > 0. We can show this by choosing a com-
pact set D U, and a function f € Cy(G), such that f(D) =1, fF(U) =0
“and 0 < f< 1. If D is chosen so that ¢°T(f) is close to ¢T(U,) the
assertion follows from the continuity of 6°7T,(f). There is a positive
probability that Y({, ») will have a jump while ¢e V; and the 7! proc-
ess a corresponding jump in U,. Thus z e support (@!). If ¢ > 0 it is
clear from the definition of subordination, and the fact that the paths
of a homogeneous process can be chosen to have limits from both the
left and the right at all time points, that support (,) C support (Q)).
If, conversely, y e support (Q}), the subordinated paths will have a jump
in every neighborhood of % and the only manner in which this can
happen is for y to lie in the right hand side of the above expressions.

COROLLARY 1. If F(T,) = support (6°7) for every s > 0, and J = 0,
then support (Q)) = F(T,). If J = 0 support (®)) = support (Q,).

COROLLARY 2. If all motion in the T, process occurs by jumps, as
18 the case if T, is compound Poisson, and J = 0, then

support (@) = F(T,) = C1[ U -, {support (Q,)}"] .

Proof. In this case F(T,) = support (6°7,) for every s > 0 and the
first corollary applies.
If G is commutative we can use a different method of description.

THEOREM 7.3. Let T} be a homogeneous process subordinate to T, on
the commutative group G. Let t-0°T! — Q! and t*6°T, — Q, as t — 0.
Then

support (Q!) D support (Q!) - support (Q,) .

Proof. In this case it is clear that
support (6¢T,) - support (Q,) < support (6°T)

and the conclusion follows from Theorem 7.2.
Let us now restrict our attention to Euclidean n-space. In R” we
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denote the inner product by <z, %> and the norm by |[x|. The charac-
teristic functions of a homogeneous process X(¢, ») have the form

(7.2) Elexp {1<z, X(t, 0)>}] = exp {tS(b, A, F, 2)} :

where b € R", A is a positive semi-definite linear transformation of R*, F'
is a positive, bounded, regular Borel measure on R" — {0},

(7.3) S, A, F,z) =ib, 2> — {Az, 2> + Q(F, 2) ,

and

_ ; _1_ w2 71+ jul
(7.4) Q(F,z)-S[ul>u[exp{z<u,z>} 1 1+lulz] Lt Fa.

Corollary 1 shows that if X'({, ®) is a process subordinate to X(¢, w)
in a non trivial manner and

(7.5) Elexp {1z, X'(t, w)>}] = exp {tSW', A", F', 2)} ,

then support (F') contains the subspace of R” orthogonal to {x|Ax = 0}.
If, in particular, A is positive definite support (F’) = R". Theorem 7.3
states

support (F') + support (F') C support (F”) .

This shows if support (') is compact that X(¢, ) is not subordinate to
any process but itself and possibly a Bernoulli process of the form
X(t, ) = tb. In the latter case X'({, w) = Y(¢, w)b and all displacement
of the X'(t, ) process takes place along the ray {sb:s> 0} = R~*b.
These observations are summarized below.

THEOREM 7.4. Let X'(t, ) be a homogeneous process on R" for which
support (F') is compact, then X'(t, w) is not subordinate to any process
but itself unless support (F') C R*b, and A’ =0. In the latter case
X'(t, w) 18 subordinate to the Bernoulli process Z(t, ) = tb.

Theorem 7.4 does not exhaust the results which can be obtained
by the above technique. In particular we will improve Theorem 7.4 for
the real line.

Let X'(f, ) be a homogeneous process on the real line subordinate
to X(t, ) as above. For convenience put

L) = | 17 Fdo),
and

B(s) = [b + L(x)]s + CI[ U 5 {support (F)}"]
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when L(|x|) < + o. Then if 6°T, denotes the transition probabilities
of X(t, w), and X(¢, w) has no Gaussian component, it is clear that
support (6°T) = B(s) when L(|2]) < + oo, and support (6°T,) = R other-
wise. Using Theorem 7.2 this leads to the following.

THEOREM 7.5. Let the homogeneous process X'(t, w) on the real line
be subordinated by Y(t, w) to the process X(t, w), where their Fourier-
Stieltjes transforms are given by (7.1) and (7.2).

1) If A+0 or L(Jx|) = + o, support (F') = R.

2) If A=0 and L(|z]) < + o, then

support (F') = [ U {B(s): s € support (J)}] U support (J)
of ¢ >0, and
support (F’) = U {B(s): s € support (J)}
if ¢=0.

It should be noted that we are using the notation of a multiplicative
group, so that U ;2 {support (£)}" in B(s) refers to the additive semi-
group generated by support (F).

If we use the easily proved fact that a closed additive semi-group
of the real line which contains both a positive and a negative number
is necessarily a subgroup of R, the following corollary of Theorem 7.5
is immediate.

COROLLARY. If X'(t,w) is non trivially subordinate to a homogeneous
process, then support (F') has one of the forms (H+ S) U W or H 4 S,
where W is a closed set which generates the closed additive semi-group
S, and H 1is not empty and is contained in either [0, + o) or (— oo, 0].
If S is mot a closed subgroup of R it is contained in either [0, + o)
or (— o, 0].

This rules out, among others, sets like {..., — 2, — 1,0} U (0, + =)
as the support of the F of a non trivially subordinated process.
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