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1. Introduction. The purpose of this paper is to consider a modi-
fication of the Hilbert transform and the singular integrals treated by
Calderon and Zygmund in [1] and [3], and to use the results to gener-
alize some standard results on fractional integration. In the one dimen-
sional case the Hilbert transform of a function f(x) is essentially the

integral gw f—(x—{—t)dt. In the one dimensional case the transform to
be considered will be a convolution with fﬂ%” instead of with tl

Throughout this paper v will denote a real number not zero. As in the
Hilbert transform case there is trouble with the definition; for the
Hilbert transform this is solved by taking a Cauchy value at the origin.
The obvious extension of this method was used by Thorin [6] when he
considered a transform of the type

limgwf(x—t)—f(x‘l't) dt .

£-0 Je t1+iy

Here and subsequently ¢ will always be greater than 0 and the limits
in ¢ will be one sided. In this case, however, obtaining cancellation by
taking a Cauchy value is unnecessary; the kernel already has sufficient

oscillations to accomplish this. The integral lim r&:ﬁ dt will not,

a0 t1+iy
in general, exist, but by using some suitable summation procedure, it

may be given meaning. Starting with two such methods, it is shown
that this transform has the usual singular integral properties. Specifi-
cally, for functions in a Lebesgue L? class 1 < p < o, it is shown
that the summation procedure converges in L” and that the resulting
transformation is bounded in L?. For p = 1 substitute results are ob-
tained. Furthermore, for functions in L?, 1 < p < o, the summation
procedure is shown to converge pointwise almost everywhere.

Carried along simultaneously with the preceding is the n dimension-
al extension of the sort considered by Calderén and Zygmund for the
Hilbert transform. In Euclidean n space, E*, let x = (x, %, -~ 2,),
|w| = (2} 4+ ++- 22)} and dax = dx, ++- dx,. The transforms to be con-
sidered are of the form

S F@ =) o4yde .
EN I t ’n+zy
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240 BENJAMIN MUCKENHOUPT

where Q(t) = Q(%) is integrable on the unit sphere, and the integral
in the neighborhood of the origin is again defined by a suitable summa-
tion method. In this case, unlike the Calderén and Zygmund results,
the integral of Q(¢) on the unit sphere need not be zero. Again for
functions in L?,1 < p < oo, the summation procedure converges in L?,
pointwise almost everywhere, and the resulting transformation is bounded
in L?. Substitute results for L! including pointwise convergence are
also proved although for some it must be assumed that Q(t) satisfies a
continuity condition. The method used to obtain all these results is
first to reduce the summation definition to one more closely resembling
the Cauchy value definition of ordinary singular integrals. After this,
lemmas similar to some lemmas in [1] make the methods of [1] and [3]
applicable to these transformations.

In the last section the preceding results and an interpolation theo-
rem of Stein [4] are used to prove the following theorem.

Let p, q, and N be positive numbers such that 1 < p < q < o and

1 1 . . t .
— = — 4+ . Let f(x) be in L* in E" and let 2t) = Q(— ) be in L*,
L-1. F(@) © = 2(57)

s = T _1 = on the unit sphere. Then the integral

Du(f) = SE L0 f(x —1) 4

n Itln(l—)\)

exists for almost all x and ||D\(f)|l. < Allf|l, where A is independent
of f.

For 2(t) =1 this is a well known theorem on fractional integrals.
See for example [5]. Substitute results are also obtained for p =1 and
g = oo using the proof for the weaker results in [8].

1
2. Summation. A summation method for the integral limS f(x)da
€0 €

of the form lim Slfps(a)clagl f(x)dz is a regular method if
g—-0 0 [+

lim Sllqag(a)lda — 0 for ¢ >0, liqu)s(a) da=1 and S} pa)|da < B
g—0 a -0 JO

LEMMA 1. If lim Sl f(x)dx exists, then any regular method of sum-
g0 €

mation will give the same limit.
This is a standard fact about these summation methods.

LemmaA 2. If Slf(ao, y)dy converges in L* morm to g(x) as ¢—0
4
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and has a uniformly bounded L® norm, then any regular summation
method will also converge to g(x) in L® morm.

Let B be a bound for Sll%(a)[da and C a bound for”Slf(x,y)dy” .
0 e D
Then given » > 0, choose B so that

”g(x) - S:f(x»y)dy”p <
for 8 < B and v so that

/a
[ 17e)ida < L

and
‘od)d —1'<-77_
fr@da—1|< L

provided that ¢ < . The existence of 8 and v follows from the hypo-
theses of the lemma.

It ¢ <, then ||u@) — |'puadal sz, vay

=[|s@)(x = (‘i dat) + ["pu@( o6a) — | £ v dy) da
+ S;%(a)(g(w) - Sif (w,y)dy>da ,

< 9@l + [[iod@ 1o - '@ v)du| da

1 1
+ | 17@l o) - [ sy e
by use of Minkowski’s inequality and Minkowski’s integral inequality.
Observing that ||g(x)||, is also less than or equal to C, this last ex-
pression is clearly less than or equal to L% + B77 + L2C =7. Since

3C 6C
7 was arbitrary, the lemma follows.

3. Definitions of the transform. To give meaning to the integral

Foy=|T1E =t a

t1+iy
it may be written as

(S)S f(x — t) dt -+ S:"f(w —1) dt

t1+iy tl+i-y
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where the first integral must be obtained by using a suitable method
of summation. For this purpose logarithmic Abel summation defined by

(S)Slg(t)dt - limgltfg(t) dt

or logarithmic Cesaro summation defined by

@ o=t [oofs - B2y

may be used. Both are regular methods for they may be written as
. 1 1
lim S P() daS g(t)dt
3—0 0 @

where @ (@) = ea®* in the case of logarithmic Abel summation and

—1

P = { alog s
0 0<a<e

e<a<l

for logarithmic Cesaro summation. That these satisfy the necessary
conditions is clear from their forms.

In either case f(x) may be written as

(S)Sof(x t) dt + Slf(w t) dt

t1+iy t1+iy

N ECEUERC R I S

tl-ny 1 t1+ty

By the first lemma the existence of this expression can be shown by
proving the existence of

lim Slf(x —t) — f(») dt .

t1+iy

g-0
Therefore, showing the convergence almost everywhere of the expression

i (L@ =D =@ g @), [0 g

e—0 iy 1:(), iy

el e

£—0 t1+iy Ty

(3.1)

will imply convergence almost everywhere for the original definition of
f(x). Furthermore, by Lemma 2 the convergence in L? norm of (3.1)
will imply the convergence in L? norm of the original definition of

F(@).
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4. Convergence in L’ norm. Define

1

t1+iy

e<t< N

Kyo(t) = , and let

0  elsewhere
Fata) = |7_flo =~ Kyt — LSO

Then the transform of f(x) defined before, f(x) = hm hm fN J(z) if this

last limit exists. Now if f(x)eL?, it is possible to take Fourler transforms
and obtain

e~ )

vy

where ¢(x) denotes the Fourier transform of g(x).

Frol@) = F@) K@) -

1

LEMMA 8. The expression Ky () — e is in absolute wvalue less

than c(y) = C(—l%;_l—ll where C 1s an absolute constant. As M — <o
the expression comverges to a function K(ac) except for x =0. Fur-

thermore, as €¢—0, K,_,(w) converges to a function K (x) except for x=0.

. o 5 1 .
From its definition Kj .(x) — = is equal to
N eixb 1 . N x| eusgnz e—i'y
— = |x | — 0l — —
Ss tri Ayed | Sﬂzl ety 1y
Now
b pitsgn it sgn 1_]_,'/,}, oeusgnz
4.1 S ¢ dt =2
( ) a t1+ty isg'n xt1+iy a 'isgnx a t2+iy
and
(4 2) Sb eusgnx _ 6usgn1: b Sgn be eusgnx
a t1+iy —'l;')/tiy“ % B tiy

If necessary, split the integral

S‘lel eit sgn T
elz| t1+iy

into two parts, the first with limits less than or equal to one, and the
second with limits greater than or equal to one. Then applying (4.2)
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to the first part and (4.1) to the second part, it is clear that the whole

integral is in absolute value less than C%lﬁ for some absolute con-

stant C.
Using (4.1), it is clear that

1 1 eitsgnx eicsgnm Nzl
lim Ky o) — =1 = Jop([| S dt + lim o0
Nosoo iryet elol EHHY Noo 4t ggn @ 1
+ hm 1 + ’L’)’ Slel eiosgnm) _ 1
Noe SN L iy pyet

and the two limits certainly exist. From this and (4.2) it follows that

tsgnzx [1

wt"y elzl yt? sgn X 18gN %
it sgnx
+ }+WS  dt) — ]
L8gna Ji 2+ Byet

The limit of the integral clearly exists. The lower limit on the first
integrated part and the last term combined give

hm K (x) = hm l:| X |W

1 it sgnx isgnx
e e
S dt

HEA

. —iypiex
hmlwl“(— lwl, ¢ )— ,1 = lim & (em—l)=0.
&0 —gryet BryetY e 3y

It follows that

A N > plsgne yobsgnz 1 it sgnx
K@) = lim K@) = |o(20 4 L2270 4 [ gy
-0 ¥ sgn x oyt™ sgn x
Y oo ,Hélsgnx
+ %+WS e dt)
1sgna Ji A

(4.3)

COROLLARY 1. If f(x) belongs to L*, them the transformation
Ftay = LGBt — SO satisfies £l < collF @1 As <o,

t1+i-y i'y
fi(®) converges in L norm to a function f(x) which also satisfies

1F @)1l < eMIf @)1,

The expression ( v o) — fysiv> f (x) converges in L* norm to K’E(x)f(x)
because the first part of the product converges boundedly. Con-
sequently, taking Fourier transforms, fN,e(x) converges in L? norm to
fu(x). Similarly, since K.(x) f (x) converges in L* norm, the Fourier
transform, fi(x), converges in L* norm to a function f(x). The state-

ments concerning the norms follow immediately from the estimate in
Lemma 3.

For later proofs there is a more convenient form for K (x). Adding
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the identity

0 _ Ix[w + (xliyeisgnx _ |wl”Sgnxsleusgnxdt
iy Y Y 0

to (4.3) gives
1Y
0

Y o ,Hitsgnz
+ 1ets"Fggn x + %"—WS ¢ dt].
psgna i Y

A — i
K(z) = ———ZI ’ + loc]“[sgn xS ettsenr

(4.4)

Now for |y| < 1 the expression in brackets is uniformly bounded. This
is obvious for the last two terms. Furthermore,

log tSyt““ du
0

‘t-wv_l': < |logt|

so that the first integral is also uniformly bounded. This leads to the
following.

COROLLARY 2. The tramsform F(x)=lim %—S %Q%ﬂdt,
g0 1tl >3

ly| < 1, satisfies || Fyx)]], < Allf(x)||, where A is independent of v and
f. As y—0, Fy(x) converges in L* to the ordinary Hilbert transform

of f ().

F(x) may be written in the form

lim }_S“f(w SUPTS (ONE O (CE5) dt | f(@)

€0 T Je ey dyet o (_t)1+i"/ ,i,),eiy *

Now observing that
-z eixt, . Ne'i(—:c)t
S_N(__t)u-iydt - L Py dt,
it is clear that

#(x) = Llim lim (KN,e(x) _ KN,E(—x)> F@) = %(K(x) - K(—x)) f) .

T &0 N-oeo

From (4.4) it is clear that I{'(oc) — K(—x) is bounded wuniformly in «
since the unbounded terms cancel. Letting v — 0 in (4.4) then gives

lim (K(z) — K(—2))

1 oo
_—_—Zisganlogtcostdt+2isgnxcos1+ i 2 S cost g
0 isgnali 2
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N ot
= 21 sgn x<lim S s ¢
N—oo t

0

dt) =Tisgn .

Therefore,

lim 7(¢) = if (@) sgn @ .
¥-0

The Fourier transform of the Hilbert transform of f(x) may be
written as
Llim lim (SNfT—Tt—ﬂdt> F(@) = if(x)sgnzx .

7T e—0 N-0 2

Thus, the two transforms are the same.

5. The N dimensional case. Most of the important results for
the n dimensional case can be obtained from one dimensional results
quite simply by the method of rotation which is treated in §8. Rota-
tion methods, however, fail in certain cases, and for these a direct ap-
proach must be used. This will be similar to the one dimensional
methods and is actually just a generalization of them.

In n dimensions the transforms will be of the form

o) = S f@ =D g4 where 0(t) = Q(-t—)
SRS ]
is a function only of angle and is integrable on the unit sphere, 2.
The part of the integral for which 0 < |¢| < 1 is obtained by using the
same summation methods as before. The same reasoning shows that
the existence of

(.1) limS F@—820) g4 ’MS Qt)do
e-0 Jize [ E|RrY 1ye" )=
where do is the element of ‘‘area’’ of the unit sphere, implies the ex-
istence of the original definition. The convergence in norm implies the
convergence in norm of the original definition.
In n dimensions define

Q) o 141 < N
Ky.t) = { e T
0 elsewhere .

LEMMA 4. The expression K'N_,_,(x) — ﬁgzg(t)do s in  absolute

vvlue less than c(y) = C%}ZS | 2(t) |do where C 1is an absolute
=
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constant. As N — oo the expression converges to a function K;(ac) except
for x = 0. Furthermore, as ¢ — 0, Ks(x) converges to a function K ()
except for x = 0.

Let ¢ be the angle between « and ¢. Then using polar coordinates

Ky ) — - 2y do
Frye™ Js
(5'2) t d N etrlxlcos@ d 1
= SEQ( ) G(Se—frl”v r — irye“) .

The inner expression is the same at the one dimensional Fourier trans-
form except that = has been replaced by |x|cosd. Hence by Lemma

3 it is in absolute value less than CM, The convergence.as

N — o, and ¢ — 0 follow from this. Applying Holder’s inequality then
shows these conclusions hold for the whole expression.

COROLLARY 3. If f(x) belongs to L? the transform

Flw) = S f@—1)0¢) 4, _ ) g Q) do
) et Js

wze ¢

satisfies || fe(x)llz < ef(®)|),. As €—0, fs(w) converges in L* morm to
a function f(w) which also satisfies ||j°(x)||2 < e f ()],

The existence almost everywhere of f;(x) follows from the reason-
ing of [3] p. 292. The result then follows from Lemma 4 in the same
way that Corollary 1 followed from Lemma 3.

COROLLARY 4. If LQ(t)da = 0 and Q2(t) belongs to Llog+* L on %,

then the transform F(x) = limS i(il;—_i,%?g)—dt for |v| < 1 satisfies
~ g0 J|t|>e

[ K x)|l. < Al|f(%)]], where A is independent of v and f. As v—0,

F(x) converges in L* to the ordinary Calderon and Zygmund singular

integral limS S =99 4,
-0 Jitl=>¢e ltln

Using the one dimensional formula (4.4) in (5.2) shows that
6.3) K@) :S Q(t)(M)da—{—S Q()H(| %) cos 0, v) do
s vy =

where H(|x|cosd, v) is uniformly bounded in both arguments. The
first term may be written as

—_ lﬂfl“ S Q(t)( leos O] — 1 )dO'
7 J= Y

since LQ(t)da =0. Now
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log | cos | Sy'il cos 0 |*du
2 < log

v lcos 8] ’

|eos 6] — 1 ‘:
Y

and since Q(t) belongs to Llog* L on X, an application of Young’s in-
equality' shows that the first part of (5.83) is also uniformly bounded.
Convergence follows from the pointwise convergence of the expressions
in the integral signs and the bounded convergence theorem. The first
part converges to 0 and the second part as in Corollary 2 converges to

Lm' sgn (cos 0)2(t)do. That the Fourier transform in the case of the

ordinary singular integral converges to the same value follows by ex-
pressing the transform in polar coordinates and again applying the re-
asoning of Corollary 2.

6. Convergence in norm. Let B’(y) = sup|S| where all sets S

such that S f(x)dx > |Sly are considered. Further, given a function
S

2(x) of the type considered in the last section, let w(r) be its modulus
of continuity; that is w(r) = sup |2(z) — 2(y)| where z and y both lie
on the unit sphere and | — y| < 7.

LEMMA 5. Let f(x) be mon megative and belong to L*,1 < p < 2,
t

wm E™.  Let Q(t) = Q(|_tl> be such that its modulus of continuity satis-

fies SI$ dr < . Let E, be the set where
0

©6.1) ﬁ(x):S Q(t) f(x—t)dt—{%gzg(t)da

le1>e | ¢ |7+
exceeds y in absolute value. Then |E,| < c—gzlg L @)de + e(v)B (),
B

where [f(x)], = min (f(x), y) and c(y) = C(_Ivllr?—lﬁ where C depends
only on 0.

Note. The primary use of this lemma will be for the one dimen-
sional case where the continuity condition is automatically satisfied and
the constant C is an absolute constant.

This lemma is the same as Lemma 2, Chapter I of [1] except that
the transform

S 20) o — tydt
lerza |t
has been replaced by (6.1) and N by 1/e. The proof is almost identical,
and therefore will not be repeated. The few minor differences will be

1 See [7] Vol. I, p.{16.
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mentioned.
When f(x) is split into the two parts g(x) and h(x), the proof for
the one in L2 h(x), is a consequence of Corollary 3. The proof that

2t)

le1>e | §]PH0

g(x — t)di

M@:S
satisfies
[ l@) s < e 19@)do

is the same except where the expression for the difference of the
kernels is obtained. The principal difference there is that the expression

1 1
|t|n+z'y !tklnuy
arises instead of
l 1 1
[t [t

However, using the fact that

1 1 =_S°n+i(ydu

an+zy bn+i7 a un+1+iy

the same inequality can be obtained. Now

Gu(@) = k(x) — %—L@(t) do

so that
[, i) iae = | 1k@)de < o] 19@)lda .

From this point the proofs are again identical. Following the details
closely also shows that the constants are of the desired form.

From this result Theorems 1 through 7 of Chapter I of [1] follow
immediately, either with the same proofs or with minor modifications.
In some cases where only norms are concerned it is more convenient to
carry through the proof for

S 0O _ 1yt

le1ze | [m+EY

and then to add in the other term for which the theorems are obviously
true. Lemma 5 is also obviously valid for just this term of the
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transform. Thus, for example, the following are true.

THEOREM 1. Let f(x) belong to L*,1 < p < o, in E™. Then with
the continwity condition on Q of Lemma 5, the function f(x) of (6.1)
also belongs to L. Furthermore, || fs(oc)llp < e, DI f ()], where c(y, p) =
o (vl + 1

[7I(p — 1)
The form of ¢(v, p) can be obtained by using the reasoning of the

remark on page 99 of [1], following the constants through the proof,
and using the fact that for

and C depends only on Q.

(o] +12\7 _ (] + 1y
p>1,( o )s S

THEOREM 2. Let f(x) be a function such that
[ @i+ log*lr @D de < .

Then with the continuity condition of Q of Lemma 5 fu(x) is integrable
over any set S of finite measure and

| @iz < o 17 (@)lde
+ )| @ log* (ISI"5/ @) dar + o)™

where ¢(vy) = C-(—I'-Y%-lz and C depends only on 2.

THEOREM 3. Let f be integrable in E™ and Q satisfy the continuity
condition of Lemma 5. Then if S is a set of finite measure,

[ JA@rar< Li81(] If@lds)”
N (44 E
where ¢ is a constant independent of a, S, e and f.

THEOREM 4. Let p(x) be a mass-distribution, that is a completely
additive function of Borel set in E™, and suppose that the total varia-
tion V of p in E™ is finite. Let p'(x) denote the derivative of ()
which exists almost everywhere. Then if 2 satisfies the continuity
condition of Lemma 5and if

2(t)
lei>e |7+

@ = dpw— - LD o) do,

over every set S of finite measure
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[ JF@ian <15y
8 «

THEOREM 5. Let f(x) belong to L1 < p < o, and let Q satisfy
the continuity condition of Lemma 5. Then f.(x) converges im the

mean of order p as € — 0 to a function F(@).
From this last theorem it follows by use of Lemma 2 that the

original summation definition of f(x) also converges in L* norm if f is
in L? and 1 < p < co.

7. Pointwise convergence.

THEOREM 6. If f(x) belongs to L*,1 < p < oo, then f.(x) converges
almost everywhere to a function f (x) as € — 0. Moreover, the function
sup |£.(x)| belongs to L* and Hsup ]fs(m)ll]p < c¢||f(x)]],, ¢ being a constant
whwh depends on p, v, and 2 o%ly

The proof is similar to that of Theorem 1, Chapter II of [1]. Define

2x) |
K.(x) = {lwl"*“
0 lz| < e.
Let H(x) be non negative, zero outside the unit sphere, have continu-
ous first derivatives, and have S JH(z)dz = 1. Denote by F(@) the limit
in norm of f.(x) and define 3

x| >¢€

Flz) = EI‘SEH< =t V@ a.

By the lemmas in Chapter II of [1], fs(x) converges almost everywhere
to f(2) and |[sup fu@)ll, < ellf(@)ll, < el /@I, As in [1] every con-
stant not depending on f will be denoted by ¢ simply.

Using the fact that fi(x) converges in norm to F@),

Fz) = lims 1 (w - t)ﬁ F(t — v)Ky(v) dv

A0 JET Sn

%Lg(w)dw] dt .

This may be considered as the difference of two integrals and written

F(@) = lim B g H(E= )5 - K@) dt dv

A—0 en

~ (O EE o]
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Making the substitutions ¢ =x—u-+v in the first integral and t=2—u
in the second gives

ftay =tim| s —wf| KO g(¥=2)a0— La(* 2] 0o

e en 1Y

= lim SE fl@ — u)[gwm Ki(v) H(“ —v )dv

A—0 e 15

] () (- D L

en L & irye” +iy

Since H(zx) is differentiable, the limit may be taken inside the integral
signs to give

fE(x) - SEnf(x - u){glvlze K(v) H<u - Q))dv

en 3

Q
o () (e, - KN,

where K(v) = K\(v).
Now it is also true that

fitw = | rw —wf | KL g (L= 2)ay au — SO o

et Jz

since the integral S J@de =1. For |u| > 3e it is clear that
E

[, 2 n(2 =2 )d0 - | KL p(2=t)an|

SEne—n H(u : v)(Kg(v) — K,(u)) dv;

< S ns-nﬂ(u — vv:w(%-,) dv — cw(]%i) )

e/ Julr |

As before w is the modulus of continuity of 2 and ¢ is independent of
¢. The last inequality for |K.(v) — K.(u)| is the one used in the proof
of Lemma 5; it is valid here because |u — v| < & when the integrand
is not zero.

For |u| < 8¢ it is clear that both

SE" K;(f) H(u : v)dv’ and

| St
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are less than or equal to

b B (250 < o ()

Here X5 is the characteristic function of the interval (0, 5).

Similarly
oo () = () Jao] = of |, S e ()

= St (121)

Combining all of these results
ce

(‘T) T N)(lgl)

lw]”

Ju Ju }
+?X(05>(8> “—X(oz)(e> du
[l - Glse - on()al e

From this the lemmas of the second chapter of [1] give

lIsup |f(@) — Fu@)ll, < ell F@)l, -

Then since llm fi(x) = f(x) almost everywhere and Ilsup[ F@)l, <cllf @),
and fE —F 1n mean of order p, the theorem follows

@ - F@ < | 1r@ - u)l[

THEOREM 7. Let m(x) be a mass distribution, that is, a completely
additive function of Borel set in E"™ and suppose that the total varia-
tion V of p(x) inm E™ is finite. Then the expression

flw) = S 2O _ g — t) — ———‘."(’”)S Q,

e1>e | £ |70 1yeY Js

where p'(x) is the derivative of p(x) where this exists, has a limit f
almost everywhere as ¢ tends to zero, and over every set S of finite

measure Sslf(x)ll‘“dx g%IS[‘”V““.

This corresponds to Theorem 2, Chapter II of [2]. The proof is the

same except that Theorem 6 is used to obtain the convergence of the
integral involving g(x).

8. Other theorems. With this basis all the basic theorems in [2]
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and [3] can easily be shown to have their analogues for transforms of
the type considered here. The periodic and discrete cases can be done
simply; in the discrete case the subtracted term even disappears.

The rotation method as presented in [3] can also be applied in this
case but the proof is much simpler. The method that applies only to
odd kernels in the ordinary case applies to all kernels in this case. To
illustrate this the following important theorem is given.

THEOREM 8. Let f(x) belong to L*,1 < p < «, in E™ Let Q(t) =

Q( l§l> be merely integrable on the unit sphere 3. Then if

fs(w)zg D) e t)dt—{T(ﬁHEQ(t)do,

| t ,n+iy
it satisfies

; C(yl 4+ 1yp*
If@)l, < =) lo@)ll»

where C depends only on Q. As ¢ — 0, fu(x) converges in L* morm to
a function f(x). Furthermore, || sup |7e@) |11, < cllf(@)|l, where ¢ is in-
dependent of f, and f.(x) converges almost everywhere to f(x) as ¢ — 0.

That f.(x) exists almost everywhere is shown on page 292 of [3].

Let the norm symbol || ||, apply to the variable x. To write the
integrals in polar coordinates let ¢ = rt’, ¢’ on the unit sphere. Then

lIsup | f@) ll, = sgp” 2O _r(q t)dt—_f@)g o

ltize |E]P+Y pyet Jz

= supIS Q(t')d‘T(SEMdr — L(@_)
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Using Minkowski’s integral inequality this is less than or equal to
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Using the one dimensional version of theorem 6 on the inner integral
by first integrating x parallel to ¢ and then over the space of such
lines gives

Isup 7)1, < ([ | 2@ ido Yellr @, < ellF@lls -

The inequality for || f,(x)ll,, follows using the same method and the one
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dimensional version of Theorem 1. The rest of the proof is the same
as that of Theorem 3 of [3] once convergence for continuously differ-
entiable f vanishing outside a bounded set is shown. Writing ﬂ(x) as

fel@) = SESWI f@ =8 =@ o4y as

It |n+z'y

1t1>1 ’I:'Y

'tlnMy b
shows clearly that it converges pointwise in this case.

9. Transforms of fractional integral type.>

6(¢)
[e]"

DEFINITION. T(f) = C’S ns(t)( >z fx —t)dt for 0 < R(z) < 1,

1@ sexemydo

(nz — m)er=-—"
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for R(z)=1 and z+1, and T(f) = — 1+ f(ac)Ls(t)H(t)do, where ¢, =

_(z__z_)i_, 0’ is taken as 0, 0(t) = 9( | tl> > 0 is integrable on the wunit

sphere 2, s(t) = s(

real part of z.

To obtain the principal theorem of this section a theorem of Stein
[4] p. 483 will be used. For this purpose it will be necessary to show
that the operators T, as defined above satisfy the conditions of this
theorem. Using the terminology of [4], the following lemma may be
proved.

| tl> has absolute value one, and R(z) denotes the

LEMMA 6. Consider the set T, as a family of operators from
Sunctions in E™ that are zero off the sphere |x| < D to functions in
E". The set T, is then an analytic family of operators of admissible
growth in the strip 0 < R(z) <1. For a simple function ¢ in the

sz1 l@ll, for 1< p< o, and

I Tywplle < ll@|l, hold where C depends only on 6(t) and not on D.
Throughout the proof ¢ and 4 will be simple non negative functions
and M the maximum of @. Since any simple function can be written
as the difference of two such functions, it will be sufficient to prove
the assertions for these. The lemma will be proved in parts as indicated.
a. Simple functions in the given set are transformed into measurable
functions for 0 < R(z) < 1. For R(z) =1 this follows from the preced-

2 The method of this section was suggested by A. P. Calderon.

given set, the tnequalities (| Ty, 2|, <
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ing sections. To consider the case 0 < R(z) < 1, let » = |t| and t'=t/|t].
Then changing to polar coordinates

9.1) T(p) = ¢ S s(')(0())" daS Jf(jf—_”_) dr

Using this,
, 5 dr
| Tdp)| < M(L(I + o ))do)(SAm>

where A is the greater of || — D and 0 and B = |¢| + D. Both in-
tegrals are obviously finite so that T,p exists. The measurability follows
from the Fubini theorem.

b. If R()=1and 1>¢>1/3n, then |T,_«(p)| is bounded by a
constant that is independent of z and ¢. For e =1

I Teie)] < | ot — )]t

and is obviously bounded. For 1 >¢ > 1/3n

o(t)
[t

1T0-i@)] < lewal | (2D0) 0t — )t

) I_S<—|0{(T—)‘)_¢(ac K dt]%ﬂm —1) dt}%

by use of Holder’s inequality. The second integral is certainly bounded.
Writing the first integral in polar coordinates shows that it is in abso-
lute value less than

[+ eenao|” 2

so that it too is bounded. Since the exponents are between 0 and 1
the whole expression is bounded.

c. If R(z) =1 and 1/3n > ¢ > |I(z)|, where I(z) denotes the im-
aginary part of z, then |T,_.(®)| is bounded by a constant that is in-
dependent of z and ¢. Using polar coordinates,

| o)) < lenel| fo€) 10| LE—TE)
D——M—dr

,rl—ne

< 2552(1 + G(t’))dogz
< 265 (L + 6(t))do-2 (2D)’”

<4DM S A + o)) do .
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d. If R(z)=1, e <|I(2)| and ¢ < 1/2n, then the integral

9.2) cz_egmms(t)R'g—ﬁr)&—)z_e — (—HI(?,)#](p(w —t)dt

is uniformly bounded. For 2z = 1 it converges to 0 as ¢ approaches 0.
2(1 + 6(1)) P — t)di

The integral of (9.2) is clearly dominated byg | =
[t1>1 n-3

which is finite. Since ¢,_. is bounded, the expression (9.2) is bounded;

convergence follows from the dominated convergence theorem.

e. If R()=1, e<|I(z)] and ¢ < 1/2n, then the integral

(9.3) oo mearrida SO0 gy

1tz [t |

has uniformly bounded L? norm. For z # 1 it converges in L* to T,(¢)
as ¢ approaches 0.
As before, let the norm symbol || ||, apply to the variable x. Then
changing to polar coordinates the L* norm of (9.3) is
“02-88 s(t’)(&(t’))"?doSlneam‘ldarM
3 0

» ,rnz-n+1

2

Then applying Minkowski’s integral inequality twice shows that this is
less than or equal to ’

le,e [La + a(t'))dajlnsané-lda
0

S‘” p(x — rt’)dr

T?’Lﬂ—n-{-l

@ 2

Using Corollary 1 and performing the integration of «x first over lines
parallel to ¢’ and then over the space of such lines shows that the whole
expression is bounded by

2@ e CAE IR 0y :
1+|1(z)|zgz(1+"(t))d" Tl el ZCH@HzL(l—l-ﬁ(t))do.

To prove the convergence consider the expression

(9.4) cz~ESzs(t’)(e(t’))'daS:nea"E‘ldogz%ﬂ dr .
This converges in L* norm to T,(p) by Corollary 8 and Lemma 2 since
its limit is the Abel summation definition of 7,(®) written in polar co-
ordinates. The reasoning used above to show that (9.3) had bounded
L? norm can be applied to the difference of (9.8) and (9.4). This shows
that the L* norm of the difference is less than or equal to

2 | @w)y= — @y dsliplh,
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and this converges to 0 as ¢ approaches 0. Consequently, (9.3) converges
to T (o).

f. F(z) = S«pTz(q)) dx is analytic in 0 < R(z) < 1. For 1 — R(z) >
|I(z)] or 1 — R(z) > 1/3n this follows immediately from the majorizing
expressions for T,(p) in parts b and c¢. Since T,(p) is a uniformly con-
vergent integral of an analytic function in these cases, T,(®) and hence
F(z) are analytic. For 1 — R(z) < |I(?)| and 1 — R(2) < 1/3n observe
that T,(®) is the sum of (9.2) and (9.3). By the same reasoning as in
the other case, the integral of the product of 4 with either (9.2) or
(9.3) is analytic. Therefore, the sum of these parts, F'(z), is analytic.

g. F(z) = g«pT,(cp) dx is continuous on R(z) = 1. By its definition
T/(p) is the product of ¢, and the transformation of the previous sec-
tions where s(t)(6(t))’ has replaced £2(t) and (nz — m)/t has replaced 7.
Using Fourier transforms then gives Zf’z,(cp) = czf{,q‘J where If, is the
function K of Lemma 4 with v = (nz—n)/i, provided that z = 1. Using
the expression (4.4) in (5.2) gives an expression for czK,. Its form shows
that czK, is uniformly bounded in 2 and z. Furthermore, for 0 <a <
x < b< o, it is also clear that czf{, is continuous in z, uniformly in x.

Both statements remain valid if —%st(t)ﬁ(t) do is used for ¢,K,. Using
this, it is also clear that ’f’l((/)):clli'@.

Now let z be a complex number with R(z) =1, and let ¢ > 0 be
arbitrary. Choose real numbers a and b so that if S consists of points
in E™ whose distance from the origin lies between a and b, and S’ is
the complement of S in E”, then

(1, ieyrae)’ < T ol

Let w be another complex number with R(w) = 1. Then
|F(2) — F(w)| < |9l Top — Tuplls < 1011 Top — Tl
< [ l([, #do ) sup ek, — cuK,
S’ €S’

N 1 N N
+ 1| #dz )t sup ek, — o -

The first part is less than ¢/2 and the second part approaches 0 as w
approaches z. This shows the desired continuity.

h. F'(z) is continuous and bounded on 0 < R(z) < 1. From parts
b through e it is clear that F'(z) is uniformly bounded in 0 < R(z) < 1
and lgm(r)l F(z —e) = F(z) for R() =1 and z+ 1. These facts, together

with the analyticity and continuity on R(2) =1, give the desired con-
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tinuity and boundedness.

L ITwpll <llell and || Thuell, SAp%’_ TlPlnl <p < e,

where y is real and A depends only on d(¢) and not on D or . The first
is trivial. The second follows from Theorem 8 since (1 + |y [*)|ci+ey /Y] 18
bounded.

This completes the proof of the lemma.

THEOREM 9. Let p, q, and )\ be positive mumbers such that

1<p<g< o tmd%—:%——x. Let f be in L* on E™ and 2(t) =

Q(-t—> be in L%, s = , on the unit sphere. Then the integral

1
2] Y

Dx(f>=§ 20 riy — pydt

" ] t In(l——)\)

exists for almost all x and

1 pq 1-A
1Dl < C{ S22 ) Tl

where C depends only on 2.
Applying the theorem of Stein [4] p. 483 to the T, with p, =1,
q,=o,p,=¢,=¢q(l —N\), 2=1—\ gives for simple ¢,

1Tl < A(- 2 ligll, -

2

Now let 4(t) = ]Q(t)l'li—k, and s(t) = sgn 2(t). Then dividing the above
inequality by c,-, gives

1D, < (TN YL EN 0,

gl —x) —1 x
— 4(Pe@ =NV LN
= A(PE )T g,

2A< pg \"*
< ==
< Z8(_2) gl

Now if 2 > 0 all the integrands are positive. Given an arbitrary posi-
tive function f in L®, take a sequence of simple functions ¢, that
vanish off bounded sets and converge in L* norm to f. Then taking
the limit in the inequality above gives

24 q 1-A
D)l < 2 {2LL) Tl
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From this D,(f) exists almost everywhere. In the case where f and 2
are not positive the integrand of D,(f) is majorized by a positive func-
tion that does satisfy the desired inequality. This completes the proof.
It is known that the usual fractional integration theorem and, as a
result, Theorem 9 fail for the cases p =1 and ¢ = . Zygmund [8]
p. 605-6 proved substitute results for the usual fractional integral case,
and these results can be extended to the present case. The proof of
Theorem 10 is an adaptation of the corresponding proof in [8].

THEOREM 10. Let p = 1/A be a positive number greater than 1.
Let f be in L* on E™, vanish off a bounded set R and ||f|], < 1. Let

_of t A | -
Qi) = (I“)bemL $ =3~
presston D,(f) exists for almost all x. Furthermore, if @(x) =

e” — x° — 1, there exist constants a and A, independent of f and R,
such that

on the unit sphere. Then the ex-

[ o@ninn < ar.

Using Theorem 9

|, @ninn < £ 2 Do
3 gty ()
where p, = ﬁ‘_——m Now using the fact that <\RIS (fl”)r in-

creases with p shows that the preceding sum is less than or equal to
Z (@’ Dn) ——~_|R|||f]l?* where D is a constant independent of n,f, and R.
2

Then usmg the fact that ||f||, <1 and Stirling’s formula shows that

for a* = 1/(2¢D) the series converges to a constant A.

THEOREM 11. Let q =1/(1 — \) be a positive number, 1 < g < .
Let U(x) =1 + x)[log (A + 2)** and f be a function in E™ such that

SE"QT([fI) 18 finite. Let Q(t) = (, |) be in L*, s = 1/(1 — \) on the unit

sphere. Then the expression D,(f) ewxists for almost all x, and over
any set R of finite measure

(o) < a(ir1+ | was)

where A 1is independent of f and R.
By differentiating it is clear that ¥(x) is greater than the function
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conjugate to @(x) = e* — 2° — 1 in the sense of Young.®? Consequently,
for real positive numbers b and d, bd < @(b) + ¥(d) by Young’s inequ-
ality. Now consider a function ¢ in L?, p = 1/\, vanishing outside R
and with ||g|l, < 1. Then using Theorem 10
1 1/
],.@s] <L ap@iiri<L(( o@pion) + | s
B B a \Je E

a
1
< L(ari+{ wasm).
a E
However, by interchanging the order of integration

[, 20| = |{ guir)] -

Since ¢ is an arbitrary function in L? on R, the least upper bound for
.. . / . .
this integral is (S | Dy( f)l")1 ! by the converse of Holder’s inequality.

R

Therefore (| D))" < ABLL [ wg) .
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