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Introduction. In this paper, the prime number theorem in the form
(@) = 3 me, log p = & + o(x-log~%+°x), for every ¢ > 0, is established
via a proof that in the well-known formula

(1) o@) = 3 8P _ 1605 1 0(1) = loge +a,
"5z p
a, = — A, + o(log="***x). (A, is Euler’s constant.)

Throughout the paper, p and ¢ stand for prime numbers, k, m, n, t,
and others are positive integers, and =z,y, and 2z are positive real
numbers.

Some well-known formulas, used in the proof, are

logkn = 1 . i +1 logk m = o o e
(2) Ex P A log x+Ak+O( . ) for k=0,1,
’ _l_. k = 1 .log®+t O __1 .Jlog*
(2) y%ﬁz p” log*(n/y) 1 og*+(zy) + (y og (z/y)),

for k=0,1, ---
(3) X logk(xfn) =O(x), for k=1,2,.--

nEw

(4) S log p-logh(x/p™) = O(x) , for k=0,1, .-

"5z

(56) 3. pm)n =O0Q) (p(n) is Moebius’ function.)
Two other formulas, used prominently, are

(8) @)= 3 %%’i-log (alp™) = Llog's — Ap-loga + 4. (9, = OW)

(1) tw)= 5 XL logi(alp™) = -log's — Avlog's
™Sz

+ (2-43 4+ 4-A) log z 4+ O(1) .
With the help of (1), (2), and (4), (6) can be proved easily :

o) = 3 2B (5 1 — A+ Orf)), or, with k=npr,

p" S n<z/p™

k=x k

=3 loik — Ajlog x + 0O(1) = —;—‘bgzm — A, log z + O(1) .
kz2m
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o(x) = ZL- Zklogp — Ay-log @ 4+ O(1)
™/
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Also, again with k& =n.p™,

logk . x
Z g ey
=>L.og®. S logp= S logp- 3 L 1og( & )
iz kg k ™k pM< nsz/p™ W p In.pm
1 1
=3 in-{log(—gfn—)- 5 == 3 logn}
P P nsz/p™ n n<xz/p™ U
= 5 182 Jiog?(afp") + A, log (afp") ~ -L1og*(wp") — A} +0(1)
p 2z

(by (2) and (4))
= —-7(a) + Ay 0(@) — Ay-p(a) + O1) .

(7) follows now by (1), (2), and (6).

The proof now proceeds in the following steps: in part I, certain
asymptotic formulas for a, (see (1)) and g, (see (6)) are derived ; they
suggest that ‘‘on the average,” a, is —A, and ¢, is Ai+ 24,. In
part II, formulas for a, and g, are derived which are of the type of
Selberg’s asymptotic formula for «(x); part III contains the final proof.

PArT I

First, the following five formulas will be derived; K, K,, ---, are
constants, independent of x.

(8) l%n:—Aologf)c+9m+K2+O<1°a‘-3~’90>
nsx N "
(9) Lt = —Aloga + K, + 0(_1"”)
nsz N z
(10) Z 10gp.am=_Aologx+gz+lai+K4+O(logx)
» =z pm ? 2 T
(1) % gn = (4} + 2-A))-log = -+ O(1)
2
(12) "1"gzln = (A} + 2-A)-logx + K, + 0(10g 90) .
n=s=x N x
Proofs.

o(x) = z log i(p(n) — p(n — 1)) = 3 o(n)-log n ;LF 1 O(M)

X
=52+ K+ 0(£2)
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(8) follows now from (6) and (2).
Also

1,
Dy = 3
gz N nZw

( 5 logp _Iog%>

m
pMsz/n D

fl

&)= SEPS

>, logp — >
g nEw

pa

oghk 1 e ®
== k gén ogn

k=

[a—

which proves (9) by (2).

=4

And

3 REL = 3 RER( 5 B 1og(pm)

3 Vi1
p"zz P pmsz D "=p™

:L( 5 10gp> +1ly logmp —logz- S logmp + s 1ogmp10g_];%

m 2
2 Mze D 2 »Msx D PPz D p"=z

Thus, by (1), (2) and (6),

5 logmp c@m = %(log x+a,)?+ K, + O(lo—i-ﬁ) ~log x-(logx + a,)

pM< p

+ % log*x — A log « + g, , which proves (10).

In the next proof, use is made of the easily established fact that

n+1 =0dmn + 1) — an) .
n

p(n) - log
“@) = 3 log*(L Jio(m) — pn — 1)
- oo (2) - (-2 )) o0

n+1 X’
; o(n) log - log wm £ D) +0Q1)
Z (o(n + 1) — a(n)) - 10g———~ + 0(1)

nn + 1)
= S0t -log 221 4 0(1) = S ot 2 4+ 0(1)

n=x

_ ;loi_"—z-Ao-n; loi” +2-7;;x—?1;-gn+0(1) (by (6)).

This proves (11), with the help of (2) and (7).

Finally
Zl-gm:Z—l—-( s 12D pop xm-—log( >+Alog )
nsx N nszx N pmgx/n p n - p

or, with £k =n.pm,
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Z'l—'g:cln

nsr N
= .l_.log.a;.. Zlogp—i.Zl.log2<£>+AOZ_1_.log_£
iZx k k m 2 azzm n sz N n
= L.logﬂ_.logk__l_.El.logz(.%_)—{—Aozl_-logﬁ_
<o k k 2 aszm n =X n

(12) now follows by (2).
Formulas (8) through (12) suggest setting

(13) b:c = Uy + AO ’ h’x =9, — (Ag + 2A1) .
In terms of b, and h,, the five formulas read
() 5L b, =h, + K, + 0(22)
n=z N X
(9 s Lob,, =K+ o(122)
nsz N €
w = —1‘%"—.@ — Ay (—Ay+b) + A+ 2- A + by + K,
p™sx
1 . 2 log
+ 5 (— A+ b) +0( : )
. 1 ., log %
= b+ b + K, + O ‘ )
() >Lon, =0 -
nszx N
(12) 5L b = K, + 0(E2).
nsz N, X

Next, it will be shown that

(14) slip=-sL.e, 100,
nsx N nzr N
and
(15) S byt = 8P t0q).
nszx N M= p

For a proof of (14), we know, by (10’), that

_l.-b?l.:_z_. Zlo#.obpm—_z_o "___2__.K8+O(10g2%)’
" N ymsn D n n n

and

L, =2, 5 logp .bpm_i.hm_E.K8+0(L.10g£),
n n n &€ n

N picam D"
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Thus, by (8), (11') and (12'),

nsx N

shog-ty=2 23 B2 . 5 1BR.) 40

p™=n p™=z/n
—2. 2 8P, v Lo 5 L)iom
sz P pMsnsz T ngz/p™

=2 3 YE g (log (o157) + O™ — log (ol

— 4, — O@}2)) + O(1)
= 0(1), by (10’) and (4). This proves (14).
Also

s Lop b, =x2Lp,( 5 P8P 105 4 4)
n=z N nsz N pMsa/n D n

1 log » 1 n
= e bn . —~o i — 2. A O P
nsz N (pmz‘/n ™ tSZz;n t + o T (x >>
=xnker 5 L _s2sli 0w, e
P2 p nSz/ym n tsz t nga]
-5 130%n L R + Kilog s — 3, %hm — K,logx + O(1)
Pz <
(by (8'), (1) and (4))
= 5 g2 0, by (2).
pme
From (14) and (15) it follows that
Sl puzrbay=2-Stomre. s 82 0oy,
nszx N n=x N "<z
and therefore
(16) stonz| s P8P 1 o0q).

sz

PArT II
In the following, we shall employ the inversion formula
G(z) = 3, g( ) for all x > 0= g(x) = 3 pn) - G<£> ,
n=ET N n
as well as

a7 5 40 £4n) log £ = 0(1) .

For a proof of (17), we make use of the fact that 3,.,a/n =
z.logx + Ax + O(); thus, by the inversion formula,
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o= pn)LlogZ + A, 3 pn)- E 4 O@) .
n=x n n n=x n

(17) follows now by (5).
If f(x) is defined for x > 0, then

S og(L)+ Lo 5w KR ( 20
=Solg s () + S (F) Do =nepn)
=52 0L f(L)+ S8 f(F) gk =0 loga- 3L os(L).

Thus, if we set
Fa)y=x-logx- Z,l-f<-g—c—> )
nszr N n

then, by the inversion formula,

pméz

o-loga-f(@) + o+ 3 BL. flafpm) = 5 pw) - F(L).
D ns» n
In particular, if

B Lo(2) - sof2).

nsz N n
then

S p(n) - F( ) K- 3 ) 2 10g< )+ O(Zlog"*“l(n)):O(ac),

n=w nsz

by (17) and (3), and thus

(18) f@)-loge + 1‘;?” - fl@)p™) = 0(1)

psz

. 1 (2N _ log* x
i S () =K+ o(*EE).
(Selberg’s asymptotic formula for yr(x) corresponds to f(x) = y(x)/x — 1.)

By (9’) and (12'), f(x) = b, and f(x) = h, both satisfy the condition of
(18), and thus

(19) b,-loga + 3 ‘ﬁp “Bym = O(1)
™=z

(20) hologo + 3 l‘ﬁf’ iy = O(1) .
pUs=z

1 Compare K. Iseki and T. Tatuzawa, ‘‘ On Selberg’s elementary proof of the prime
number theorem.”” Proc. Jap. Acad. 27, 340-342 (1951).
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From (16) and (20) it follows that

(21) S =k, loge + O(1) .

n=x N

If we add to (19)

(logz — A)-log e + 3 1‘;%1’ - (log (¢/p™) — Ay) ,

m
M=z

which by (1) and (6) is equal to 3/2-log*’x — 3+ 4, log ® + O(1), we obtain
ox)-logx + > %ﬂ-p(x/pm) = % -logix — 3+ A,-logx + OQ1) .
Pz

If 0<e<l, and ¢-x < y < %, then it follows from the last equa-
tion that

o@)-log x — p(y) -log y < —g - (log* — log*y) + O(1)

3 X

= -2—-1og?-(1ogx +logy) +0(Q1),
log @ - ((x) — 0(y)) + log g- oY) = »2« log —2 -(log z + log ) + O(1)
or, since p(y) = logy + O(1),

log - (p(@) — p(v) = log L+ (S log & + -+ log y) + O(1)

Y 2 2

< 2-10g—z—-logoc + 0(1) .

Thus

o) — o) < 2-log L+ 01 1),
Y log «
and, since p(x)=logx —A, + b,, it follows that b, — b, < log z/y +
O(1/log z). Also obviously b, — b, = — log #/y, because p(x) is non-
decreasing. Thus we obtain

1

) ifecxa<<y<e, 0<e<1.
log

(22) b, —b,] = log &+ O(
Y

PartT III

Let B =1 be an upper bound of |b,|.
Since b, — b,., is either —log [n/(n — 1)], or log p/n — log[n/(n — 1)],
it cannot happen that b, =b,_, = 0.
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Let the integers », 7, +++, 7, +++ be the indices n for which the
b, change signs. Precisely:

rn=1;,n=», if b,°0,,,=0, and b,,;, = 0;
(23) if r,<v=<w< 7, then b,-b, > 0; and
[b%] < (log r,)/r; for t > 1.

Let {s;} be a sequence of integers, determined as follows: every
r, is an sy; if log (r,../r) < 7-B, and r, = s, then 7, = s4.,; if
log (74:/7;) = 7+ B, enough integers s,., are inserted between r, = s, and
741 = Sg+m SUCh that 3:B < 10g (SpspsifSpee) <7+ B, for v=20,1, -+,
m — 1. If there is a last r, = s,, a sequence {s;.,} is formed such
that 3B = log (syy+o+1/Sk+s) < 7+ B. Thus the s, form a sequence with
the following properties :

s, =1; log(sysifs:) < 7+B; for k > 1, either
(24) log (Sg+1fse) = 3+ B, or | b, | and |bsk+1| are both

log s,

less than 3 00, >0 for s, <v=w < 8y -

Sy
Assume now that a (0 < a < 1/2) is such that
(25) not h, = O(log~" x).

Then |h,|-log*x is unbounded. Let x be large, and such that
|h,|-log*x = | h,|-log*y for all y < x. Let ¢ and d be positive integers
such that

(26) Sy <logax <s,, and s, <2 < 844, -
It will be shown that

‘}15'(1 —a— o(1))- S(x) < | b, | - log @ g%-a + o(1)) - S() ,

where
d
27 S(x) = k;%l L by, — P, _, | - 10g (84/85-1) -
From this it will follow that a = 1/3.
Clearly

d
|hy|-loga =|h,|log*x - {logl‘“ x — logt*s, + ICZ, (log*=* s, — log"* sk_l)}
% + 5 (1l |+ Tog" s, + [, | - 10g" 5,-) - (log* s, — log'*s,-)
1
2

1]
« X |k — by, _ | -log® s, - (log'=* s, — log'™ s;-) -
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If y <z, it is easily shown by the mean value theorem that

-y >t-a-Le-y>(1-a-2"Y)e-y.
? 4

With y = logs,_,, #z=1logs, and from the fact that s, > logu,
log (sx/sx-1) < 7+ B, it follows by (27) that

1 7-B
. i—a—-_"5 \.50.
(28) o log @ > — (1 “- logx) (@)

For the next estimate, we need the following lemma.
LEMMA. Let v and w be positive' integers such that
(1) log = =0(1);

(2) 6,>0 for v=n=w;

3) b, < lo8Y
v

Then
b

SEESS
IIA

—g-logﬂ- > lbn + 0(_19_g_(11)_@l> )
3 v vsnzw n log v

A

VER=W

Proof. If b, <1/3.logw/v for every » in [v, w], the lemma is
obviously correct. Otherwise, let n, be such that

1

;__.1og_“i b,,<—3—-log% for v=n<n,.

L= 3 v’
If log (n,/v) > 1/8log (w[v), let z (v =2 < mn,) be such that log (n,/2) =
1/8log (w/v); otherwise, let z=wv. Thus by (22), in every case,
log (n,/z) = 1/3 log (w/v) + O(1/logv). Clearly b, — 2/3-log w/v < 0 for
v=<n =2 Thus

T= 3 _l_.bf'—i.logﬂ. i.bn
v=ns=w N 3 v v=nsw N

< s Lip_ 2. 0%, 1.,
z=nzw N 3 v zsnsw N

i. -—.l- ﬂz_i, 2 . log(w/v)
Ts 5 (b= 5 log ) — o -log? (wh) - log (w)z) + (B

by — —13- log (w]v)

= 16, — by, | + O(1%E2)

S llog (mfm) | + O( 1) = lHog () — Tog (nf2) | + 0 L),

and thus
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s et - L] of L)
3 - log og log + O< Tog v>
Thus
1 n 1 w\?
T=< —+(log =~ — —.log —
T ashzw 1 <0g‘ z 3 log ’v)
— L tog? (w)v) - Tog (wjz) + O(M)
9 log v
= 3 =lognj) - Z10g 2. 5 L.jog 2 4 ol l))
s<nsw N 3 v zEnze N log v
= -+ log* (wfe) — 2 log* (w]o) - -+ - log* (w]2) + o(liiﬁgi”qfi’l) :

by (2'), and thus 7T < O(log (w/v)/logv). This completes the proof of
the lemma.

COROLLARY 1. If condition (3) is replaced by b, < log wlw, the
conclusion still holds; if b, <0 in v < n < w, the conclusion holds if
b, 1s replaced by |b,|.

COROLLARY 2. If instead of (3) it is known that b, < log vjv and
b, < log wlw then

S tons Lo 5 Loy, 4 o8
vEnsw Y, 3 vsns=w N ].Og' v

For a proof, we split [v, w] into two intervals by a division point at

(v-w)"?, and apply the lemma separately to each subinterval.

COROLLARY 3.

2) > Lt.w <— dog (sfsi-)- S Ljb,| + 0(18 ulnd)

Spor<nss, N Sp_1<n=s; N lOg Sk

Proof. If log (sy/sy-) < 8- B, this follows from (24) and Corollary
2; if log (sy/sx-,) = 3B, it is obvious, since |b,| < B.
By (26), Xinss, 1/n - b; = O(log log x), and stméz 1/n-b: = O(1); also

d

2 10g (Slc/sk,—l) < Zd“ log <l)gi) = 10g ].Og .
k=c+1 log s, k=c+1 log sy,

It follows from (29) that
St S Slog(se): 5 Le1b+0(ogloga).

n<z N k=c+1 Spo1<PESE N

By (8) X, i<nss, 1n-|b,] = | Ry, | + O(log s4/ss), and thus, by (21)
and (27),

slcl
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(30) |h,|-logz < % . S(@) + O(log log ) .

It follows from (28) and (30) that
1 1 7-B }
— —=(l—-a—-—=—"}|-S(x) = O(og 1 ,
[3 2 ( “ loglogac> (@) = Ollog log )

and since by (25) and (30) S(x) = K -log"*«, this implies that a = 1/3.
Thus &, = o(log="*+* ), for every ¢ > 0, and therefore, by (&),

(31) S Lb,| = oflog=es,)

Sp—1<m=8, N

In order to find a bound for |b,|, we consider now a particular
interval I, = (sy-i, s,]; let us assume that b, > 0 in I,. Let n,el, be
such that b, = b, for every nel,. Let n, (s,-, < n, < n,) be such that

1

bnL é E ’ bnz < bnl+1 ’
Then
Lo, 5 Lop s Lip, clogmym) — 01, .

nEI,C N n=ni+l N 2
But by (22),

log (m,fn) = by, — by, — O =) = L-+b,, — O(- 1) .

2 ! log s, 2 2 log s,

Thus

It follows from (31) that biz = o(log=*** m,), and thus
(32) b, = o(log="*+¢ ) .
Finally,
@) = Sn- (p(n) = pln — 1) =[] p(lw)) — 3 o(n)
=x-(logx — A, + b)) — > (logn — A4, +‘bn) + O(log x)

n=wx

=x-logw —Aj-x+b,cx—x-loge+ax+ A,-2 — 3,6, + O(log )

=2 + o(x - log=%** x) + O(Z log‘lf"”n) , by (32).

n=sx

The last sum is easily seen to be o(x -log=/*** %), and thus

(33) Yr(x) =« + o(x - log="1*** x) .
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