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AN ELEMENTARY PROOF OF THE PRIME NUMBER

THEOREM WITH REMAINDER TERM

ROBERT BREUSCH

Introduction. In this paper, the prime number theorem in the form
ψ(x) = ΣiP

mt*χlogP = β + o(x-\og~ll6+sx), for every ε > 0, is established
via a proof that in the well-known formula

(1) p(x) EE Σ - ^ r = l°Zχ + °W Ξ l°Zχ + a* >

α,, = — Ao + o(log~ll6+sx). (Ao is Euler's constant.)
Throughout the paper, p and q stand for prime numbers, k, m, n, t,

and others are positive integers, and x, y, and z are positive real
numbers.

Some well-known formulas, used in the proof, are

(2) Σ ! ^ = l _ . l o g - * + ^ + 0 ^ ) , forfc = O fl,

θ(±-\og«(zly)) ,( 2) Σ log(^/?/) log

?/<w^z w- k + 1

for /c = 0, 1,

( 3) Σ log^x/n) = O(x) , for fc = 1, 2,
( 4) Σ log p.log*(α;/pw) = O(x) , for fc = 0,1, •

( 5 ) Σ μ(n)ln = 0(1) (/i(n) is Moebius' function.)

Two other formulas, used prominently, are

6) σ(x) = Σ ^ ^ - l o g (x/pTO) = i - log2x - Λ log x + gx {gx = 0(1))
p-» P" 2

^ ^ ? ) m ) = — -log3* - Λ log2x
3£* Pm

With the help of (1), (2), and (4), (6) can be proved easily:

σ(x) = Σ ^ 2 - -( Σ 1/w - Λ + 0(p-/x)) , or, with k = n pm ,

Φ) = Σ -̂ - Σ log p - A0 log * + 0(1)

- A0\ogx + 0(1) = - ί log2x - Λlogx + 0(1) .
2

^ A0\ogx + 0(1)
k 2
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Also, again with k = n pm,
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(by (2)

W

f+0(1)
and (4))

= i- φ ) + A0 σ(x) - A.-pix) + 0(1) .

(7) follows now by (1), (2), and (6).
The proof now proceeds in the following steps : in part I, certain

asymptotic formulas for an (see (1)) and gn (see (6)) are derived they
suggest that " o n the average," an is — Ao, and gn is A2

0 + 2AX. In
part II, formulas for an and gn are derived which are of the type of
Selberg's asymptotic formula for ψ(x) part III contains the final proof.

PART I

First, the following five formulas will be derived; Klf K2, •••, are
constants, independent of x.

(8) Σ — αn - - A0\ogx + gx + K2+
n

(10) Σ M α . = - Λlogx + g, + l α i + JΓ4 + θ ( M ^ )

(11) 2 — 0» = (AS + 2 Λ) log a? + 0(1)

(12) Σ — -9χin = (Aj + 2.AJ.log a? + if5 +
X

Proofs.

σ(x) = Σ log -(P(n) - />(̂  - 1)) = Σ P(n)Λog 2L

x )
\oκn



AN ELEMENTARY PROOF OF THE PRIME NUMBER THEOREM 489

(8) follows now from (6) and (2).
Also

y JL.α — Y—.( y logv _ i x \

— y _ y loo* Ύ) — y _i- loσ — (k — w. Ύ)m\
Jc^x k p

m/k n^x fi γi

= Σ ~ ^ - - Σ — log— . which proves (9) by (2).
k£x fθ n ̂ x 71 71

And

Σ ^ = Σ ^ ( Σ J3OL-log(p-))

+ 1 Σ M
2

1 Σ g Σ Σ g

Thus, by (1), (2) and (6),

Σ Jθ££.αfl» = i(log a; + αx)
2 + ϋΓ4 + θ ( M ^ ) _ l o g a,.(log x + ax)

™ix pm 2 \ x I

Λ log2x — Ao log x + gx , which proves (10).

In the next proof, use is made of the easily established fact that

p(n). log n + 1 = σ(n + 1) - σ(n) .
n

Φ) = Σ log2(-)(pW - p(n - 1))

- Σ/(^log2(^-) - log^-^-j j + 0(1)

= Σ Pin) log ̂ ± ^ log χ2 +0(1)

nύx 71 7l\7h + 1)

- Σ (Φι + 1) - σ(w)) log ^ + 0(1)
«sχ «(» + 1)

= Σ ΦO log ̂ ^ + 0(1) = Σ σ{n) -?- + 0(1)
w^x 71 — 1 n^χ 71

U
( b y ( 6 ) ) >

This proves (11), with the help of (2) and (7).
Finally

Σ i α,,- = Σ i ( Σ ^ i o g ^ i o g
n n^xn \pmύx/n pm n-pm 2

or, with k — n pm,
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Σ ^ flr,/.

ft^» k k pm/k 2 n^x n \n/ °n^xn n

Σ f l o g f l o g / b Σ l o g ( ) + Λ Σ l o g
JC^X k k 2 n^x n \n/ n^x n n

(12) now follows by (2).

Formulas (8) through (12) suggest setting

(13) bx = ax + Ao , hx = gx - (Al + 2AX) .

In terms of bx and ha, the five formulas read

(8') χL.b, = h, + K.
nύx 71

(9') Σ i . . 6 β Λ i = Jκτ +

n

(10') Σ

(12')

Next, it will be shown that

(14) Σ — 61 = Σ —

and

(15) Σ - K 6,/w = Σ ^ *,/,* + 0(1) .

For a proof of (14), we know, by (10'), that

and

1 .62 _ 2 v logp . h 2 , 2 «. o/logn\
n n p™<n pm n n \ n /

Σ
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Thus, by (3), (11') and (12'),

491

&, - Σ

2. Σ

2 Σ

Σ -ί- Σ i

Φ m ) + O(llpm) - log (α

= 0(1), by (10') and (4). This proves (14).
Also

U /n V U

tiίxln

= Σ

= Σ

= Σ

P

P

Σ -6» - Σ 4- Σ -K + 0(1), by (8')

Klpm + Kβ log x - Σ -r^« - ^ log x + 0(1)

(by (8'), (1) and (4))

*,/,- + 0 ( 1 ) , by (12').

From (14) and (15) it follows that

n^x γi

and therefore

- ^±2. Σ
n

0(1),

(16) logp
K ip71 + 0(1) .

PART II

In the following, we shall employ the inversion formula

G(x) = Σ g(—) for all α; > 0 =φ flr(a?) = Σ μ(n) G ^ ) ,
n ̂ x \n/ n^x \n/

as well as

(17) log^- = O(l) .
n

For a proof of (17), we make use of the fact that
x log x + Aox + 0(1) thus, by the inversion formula,
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kg + Λ - + 0(a;)

(17) follows now by (5).
If f(x) is defined for x > 0, then

i . tog £./(£)+*.. Σg / ( ) Σ

n n \nJ n p™Sx/n pm

= Σ- log- /(-) + Σf •/(•§-
p m / f c

Thus, if we set

then, by the inversion formula,

x log x ./(a?) + * Σ - ^ Z(^/Pm) = Σ μ(n)

In particular, if

then

Σ μ(n) F(^-) = K. Σ A£(̂ ) - log(-) + θ( Σ log f c(

by (17) and (3), and thus

(18) f{x) log x + Σ - ^ Z(ί»/2>ro) = 0(1) ,

n \n/ \ x

(Selberg's asymptotic formula for ψ(x) corresponds to f(x) = ψ(x)lx — 1.)
By (9') and (12'), f(x) = bx and f(x) = hx both satisfy the condition of
(18), and thus

(19) bx log x + Σ - ^ &,/,* = 0(1)

(20) hx \ogx+ Σ ^ψ Λ,/^ = 0(1)
2>

1 Compare K. Iseki and T. Tatuzawa, " On Selberg's elementary proof of the prime
number theorem." Proc. Jap. Acad. 27, 340-342 (1951).
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From (16) and (20) it follows that

(21) Σ — δ l ^ l Λ * ! - l o g s + 0(1).

If we add to (19)

(log x - Λ) log x + Σ ^ ψ (log (xlPm) - Ao) ,

which by (1) and (6) is equal to 3/2 log2 x — 3 Ao log x + 0(1), we obtain

p(x) log x + Σ - ^ - ^ P(xlPm) = — log2^ - 3 Λ log x + 0(1) .

If 0 < c < 1, and c x < y < x, then it follows from the last equa-
tion that

Q

p(x) log x — ρ(y) log y ^ — (log2^ — log2?/) + 0(1)

= — log — (log x + log ί/) + 0(1) ,
2 ΐ/

log x - (p(x) - ί>(?/)) + log *- ί>(ί/) ^ A log ^ (log x + log y) + 0(1) ,
2/ 2 y

or, since ,0(2/) = log y + 0(1),

log x (|0(a;) - /o(y)) ^ log — ( - | log x + \ • log y) + 0(1)
y \ Δ Δ /y V2

V
< 2 log — -loga;+ 0(1) .

Thus

p(x)~ p(y) <2 log—+
log x /

and, since p(x) = log a; — Ao + 6X, it follows that bΛ — by < log α /2/ +
O(l/log x). Also obviously bx — by ^ — log #/?/, because />(̂ ) is non-
decreasing. Thus we obtain

( 2 2 ) I b x - b y I g l o g -*- + θ ( - ± — ) if c - x < y < x , 0 < c < l .
y V log x /

PART III

Let ΰ ^ 1 be an upper bound of | bn \.
Since 6W — bn^ is either —log [nfcn — 1)], or log p/n -~ \og[nl(n — 1)],

it cannot happen that bn = 6 -̂i = 0.
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Let the integers r19 r2, , rt,
bn change signs. Precisely :

be the indices n for which the

(23)

>! = 1 n = rt if bn bn+1 ^ 0, and bn+1 φ 0

if rt < v ^ w < rt+1 then bυ 6W > 0 and

JδrJ < (log r t)/r t for ί > 1.

Let {sk} be a sequence of integers, determined as follows : every
rt is an sk if log (rt+jrt) < 7 B, and r c = sfc, then rt+1 = sfc+1 if
log(r ί+1/rβ) ^ 7 B, enough integers sk+υ are inserted between rt = sfc and
r ί + 1 = sfc+m such that 3 B ^ log (sk+υ+1lsk+v) < 7 i?, for v = 0,1, ,
m — 1. If there is a last r ί o = sfco, a sequence {sfco+ϋ} is formed such
that 3 B ?g log(sfco+ϋ+1/sfc+ϋ) < 7 J5. Thus the sfc form a sequence with
the following properties :

(24)

rs1 = 1 log(sfc+1/sfc) < 7 5 for & > 1, either

log(sfc+1/sfc) ^ 3 JB, or | 6βJ and |68 f t +J are both

less than g 8 f c 6β bw > 0 for sk < v ^ w < sk+1 .

Assume now that a (0 < a < 1/2) is such that

(25) not hx =

Then I Λx I-log* a? is unbounded. Let x be large, and such that
\hx\ log" x^\hy\ log* /̂ for all y ^x. Let c and d be positive integers
such that

(26) c-i < log x ^ sc , and sd ^ x < sd

It will be shown that

1. (1
Δ

log x rg 1-
ό

where

(27) S(x) = h.-h.

From this it will follow that a ^ 1/3.
Clearly

I hx I log x =

^ \' k Σ (I

log* x ί log1"* x - log1"* sd + Σ (log1-* sfc - log1"*
{ fc=2

log" sfc + IΛ.^ I log" 8,-J (log1"" s, - log 1-^,.,

^ -=r * Σ \h.-h,\- log" «»_, (log 1- sk - log 1 - s s .
2 Λ-C+l Λ fc 1
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If y < z, it is easily shown by the mean value theorem that

l/ ί s 1 - - yι-«) > ( 1 - «)•-£-•(* - ») > (l - a - *—£){z - y) .

z V z I
With y = log s ^ , 2 = log sk, and from the fact that sfc > log x,
log (Sfc/Sfc-j) < 7 JB, it follows by (27) that

(28) |Λ,| -log* > i (l - α -
2 V

( l α ) S(s) .
2 V log log x I

For the next estimate, we need the following lemma.

LEMMA. Let v and w be positive integers such that

(1) log^-O(l);
v

(2) bn > 0 for v ^n^w;

(3) b Ό < ^
v

Then

Σ I . * . <ς | . i o g ^ . Σ λb* ς | i o g Σ bn + o(ψ
U ό V υ^n^w % \ Jog V

Proof. If bn ^ 1/3 log w\v for every n in [v, w], the lemma is
obviously correct. Otherwise, let nλ be such that

δ W l ^ y l o g ^ , 6 n < l . l o g ^ for v £ n <nx .

If log (njv) > 1/3 log (w/v), let z (v ̂  z < nλ) be such that log (njz) =
1/3 log (w/v) otherwise, let 2 = v. Thus by (22), in every case,
log (njz) = 1/3 log (w/t;) + O(l/log v). Clearly δw - 2/3 . log w\v < 0 for
v -^ n ^z. Thus

Γs Σ - δ^--| log^. Σ - K

^ Σ — &2

W - — log — Σ — &n >

T^ Σ ^ ( \ - i log^Y- i.log («/»).log(«/«) +Of!5£ί!2/2l).

By (22),

bn- — log (

^ I log ( n » I + θ ( — ί — ) = I log (njz) - log (w/s) | +
\ log v /log

and thus
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1 i w

z 3 v

Thus

tί Σ A. (tog*.-!., to* »

= Σ i

logv

( n / * ) i o g Σ log + θ(
3 v *̂ »£w w # \ log v

= I- log3(tφ) - A log2 (wlv) i log2 (wlz) + θ(log(wlv)) ,
3 3 2 V logv /

by (2'), and thus T ^ O(log (w/v)llog v). This completes the proof of
the lemma.

COROLLARY 1. // condition (3) is replaced by bw < log wjw, the
conclusion still holds if bn < 0 in v ^ n ^ w, the conclusion holds if
bn is replaced by \bn\.

COROLLARY 2. // instead of (3) it is known that bυ < log vjv and
bw < log w\w then

Σ i δ^i- ioĝ . Σ i.|6.| + ).
log v /

α proof y we split [v, w] into two intervals by a division point at
(v wf12, and apply the lemma separately to each subinterval.

(29)

COROLLARY 3.

Σ ^ 4 log (s J8,_x)6
- I b n\ +
n logsfc

Proo/. If log (sjs^i) < 3 JB, this follows from (24) and Corollary
2 if log (sfc/sfc_j) >̂ 3£, it is obvious, since \bn\ <^ B.

By (26), Σ»*.β Vn 6̂  = O(log log x), and Σ.d<n^, 1M &1 = 0(1) also

It follows from (29) that

4" Σ
By (8') Σ

and (27),
1/Λ + ), and thus, by (21)
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(30) \hx I log x :£ - ί S(x) + O(hg log x) .
3

It follows from (28) and (30) that

( l - a - JLB—X\.S(x) }> O(\og\ogx) ,
2 V log log x /J

and since by (25) and (30) S(&) ^ iΓ log1/2ίc, this implies that a ^ 1/3.
Thus /&x = o(log~1/3+ε x), for every ε > 0, and therefore, by (8'),

(31) Σ - | 6 J = o(log-1'3+εs fc).
**-i< n g β* n

In order to find a bound for \bx\, we consider now a particular
interval Jfc = (sk-lf sk] let us assume that bn > 0 in /fc. Let n2elk be
such that δW2 ^ bn for every nelk. Let ^ (sfc_! ^ t < n2) be such that

Then

Σ - K > Σ — K > 4-
n-nj + 1

But by (22),

log {njnd ^ Kt - bni - θ(-L-) ^ i-1 ι Mogsft/ 2

Thus

It follows from (31) that 6Ja = o(log-1/3+ε n2), and thus

(32) bx = o(log"1/6+5 x) .

Finally,

ψ(χ) = Σ ^ * (i°(w) — jθ(n — 1)) = [ίc] jθ([aj]) — Σ P(n)

- x . (log x - A0 + bx)~ Σ (log w - Λ + 6») + O(log a?)

= a; log x — Ao x + 6X a? — x log a; + x + Λ x — Σ δw + O(log a?)

= x + o(x log"1/6+ε α;) + o(" Σ log~1/6+ε n^ , by (32).

The last sum is easily seen to be o(x log~1/6+ε x), and thus

(33) ψ(x) = x + o(x log"1/6+ε a;) .
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