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ON TERMINATING PROLONGATION PROCEDURES*

H. H. JOHNSON

In the classical treatments [3] of systems of differential equations
there are two outstanding techniques—the Cauchy-Kowalewski theorem
and completely integrable systems (the latter is really a special case of
the former [1, p. 77]). In terms of systems of differential forms the
Cauchy-Kowalewski theorem becomes the Cartan-Kahler theorem, and
systems with independent variables which satisfy its conditions are called
involutive.

Many systems are not involutive, and the central problem of prolonga-
tion theory is to construct a procedure by which one can reduce every
system to an equivalent involutive system. For total prolongations
Kuranishi's theorem [4, p. 44] gives a precise answer to the question
of when total prolongations will lead to involutive systems. If S is the
initial system in euclidean space En, Pg(S) the gth total prolongation in
the space Rg1 then for all points xeEn

f except possibly on a proper
subvariety, there is a number gQ such that if g ^ gQ and y e Rg is a
point over x, then Pg(S) is involutive at y if and only if y is an ordinary
integral point [4, p. 7] and the 1-forms of P°(S) do not imply any de-
pendencies among the independent variables at integral points in a
neighborhood of y. Then y is called a normal point.

The first part of this paper deals with an application of this theo-
rem to certain types of differential systems. We show that under certain
conditions the total prolongation process must result in normal points if
there are to be any solutions. An application of this leads to a theorem
often used in differential geometry [2, p. 14].

The second section is concerned with what can be done if normal
points are not obtained for Pg(S) as is the case with an example of
Kuranishi. Here we must distinguish two cases. If Pg(S) does not
contain ordinary intergal points, so that its 0-forms are not a regular
system of equations [4, p. 7] the Cartan-Kahler theory does not apply.
Let us call such systems singular. We shall not consider this aspect
of the problem in this paper.

If, however, the problem lies in a dependency among the indepen-
dent variables implied by 1-forms of P9(S), at generic integral points,
one would naturally think of restricting the system to those points where
dependencies do not occur, since solutions must lie only in these points.
Thus one obtains a sort of partial prolongation which could in turn be
prolonged. Such a procedure was certainly what Cartan and Kuranishi
had in mind. However, it is not clear that the process will ever result
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in an involutive system. One might conceivably go on obtaining non-
normal systems indefinitely.

Kuranishi has recently proved a generalization of his prolongation
theorem which is used to show that the above procedure does in fact
ultimately stop, barring the occurrence of singular systems somewhere
along the line.

The first section of this paper is part of the author's doctoral thesis
at the University of California at Berkeley, written under the direction
of Professor Harley Flanders to whom the author would like to record
here his appreciation.

All functions, forms, and manifolds are assumed to be real analytic.

1. Kuranishi's fundamental theorem [4, p. 44] concerns a certain
general type of differential system (called normal) which is generated
by 1-forms ΘΛ, a — 1, , αlβ If α>\ , ωp is a basis of a system of in-
dependent variables and π1, , πm any other 1-forms to fill out a basis,
then the θa are normal if dθ* can be expressed as

ι A πλ Σ Σ A

modulo (θ*). Suppose that these are defined on En where n = aλ + p + m
of variables x\ « ,x\ Then Rg is the euclidean space of variables

X , V/tι9 ^ί

where j = 1, , n; ilf , ig = 1, , p; λ = 1, , m, and the u\5...k

are symmetric in the lower indicies.
Then P9(S) can be taken to be the system on Rg generated by the

1-forms

dπλ - Σ •
. 7 - 1

Σ

ί
and certain functions

It turns out that for t < a — 2,

while

- 1

modulo
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^ t t W S-! ~ Aφ,}λdu\kχ...kg_)Σ

Σ+ Σ Bφ.i},tι...t t
fc = 1 y

modulo πy.
These JB'S are defined inductively by

where DkF is defined as follows.
If F is any function on Rt-1 it can be considered to be a function

on Rs for all s ^ t — 1. If we form dF, then modulo πs, when s ^ t,
dF involves only ωι, , ωp:

dF = X Ffcα>fc modulo πs ,

and the Fk are independent of s so long as s ^ t. Then one defines
D f cF to be Fk. DkF is a function on i^.

THEOREM 1. Let S be a normal system where
(1) the Aφ.ιλ are constants,
(2) dBφ.tj = 0 modulo (ω\ Θa).

Then if P9(S) is non-singular for all g, there is a g0 such that P9(S)
is involutive for all g >̂ gQ at ordinary integral points, or else there
exist no solutions.

Proof. If an ordinary integral point y e Rg is not normal, then there
must be a dependency among ω\ , ωp implied by the 1-forms of Pg(S)
at integral points yt arbitrarily near y. This can happen only if there
is a relation of the type

EE 0 modulo (ω*) ,

where the left side does not vanish identically. This can only happen if

0 = ^Γ ί p " ;*i-*α-i(1/1)[A^ tλ(i/1)(d<1... fc^1)yi - Aφ.Jλ(y1)(duikl...kg_i)Vι] ,

while for some k,

!) Φ 0 .

Since the A depend only on x1, « ,a;w, we can choose the Γ to be
functions of x1, , xn.

Now, the functions in P9+1(S) have the form
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m

Θφ'Λl Ίcγ lGg — Σ \Aφ.,i\Hj1Cι%m.kg — Aφ jλUilCγ..kg) + Bφ;ij Jc1...kg

Hence we have in Pg+1(S) the function which is not in P9(S),

Consider now these B. Since the A are constants,

where

modulo π s .
By assumption (2), d-B^, have the form

= Σ Cφ,ihkω
h modulo

fc = l

hence

are functions of cc1, , α;w alone. Obviously dBφ.ij.1e = 0 modulo (̂
also, so the argument can be repeated to show that the functions

depend only on x\ » ,xn. But that means that

(I)

is a function in P9+1(S), not in Pg(S), and dependent only on x1, « ,x\
Now, to any integral manifold I oί S there corresponds a unique

integral manifold Ig+1 of Pg+1(S), such that if />g+1 is the natural fibre
bundle mapping on Rg+1 to En, then pg+1 (P + 1 ) = / [4, p. 15]. I9+1

must annihilate the function (1). Since it is a function of x1, « ,xw

alone, / must itself annihilate it.

We conclude; if there exist ordinary integral points in Rg where
Pg(S) is not normal, then the manifold of integral points of S where
solutions can occur must satisfy an additional condition to any imposed
by Pι(S), t < g. Clearly, this can happen at most n — p times if there
are to be solutions

Since the Aφ,iλ are constants, every point of En is regular of order
0 [4, p. 36], so by Kuranishi's fundamental theorem there exists an in-
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teger g1 such that if y is an ordinary integral point in Rg for g ^ glf

then Pg(S) is involutive at y if and only if y is normal. Taking g0 —
gλ + (n — p) one obtains the theorem.

Next an application of this theorem will be made to a certain type
of system of differential equations.

Let En be the euclidean space of variables x1, ••-,xp,z\ * ,zm.
Consider the problem of finding m functions fλ(xτ

y , xp) = zλ which
will satisfy a given set of first order partial differential equations

dz0*
= φ*(x9 z), a = 1, , m; i = 1, , p .

dx%

In terms of differential forms this is the problem of finding integral
manifolds of the system S generated by the 1-forms

θ« = dz" — Σ ψt{x9 z)dxι

with independent 1-forms dx\ — ,dxp. Here there are no πλ. Then

ί i j i \ β i dzβ β i dZβ

If then

ίψl _ dψ±λdχj Λ d , modulo
dxj dx* /

1 ' β î ^ β Ύj β-i dZ? T

one can deduce the following theorem from the nature of the forms

THEOREM 2. /u order that the system of differential equations

have a solution, given that the equations

Bφ tj.^...^ = 0, t ^ g

are non-singular for all g, it is necessary and sufficient that for all

ψy i,j, K * , ^ ,

BφΛUkγ...kg = 0 modulo (Bθ.rs,hχ...ht\t % g - 1)

for some g ^ m — 1, [See 2, p. 14],
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2. In Theorem 1, the prolongation process had to yield an involutive
system because whenever a non-normal prolongation occured, this implied
additional restrictions on the original system. In general this need not
happen. Kuranishi gives an example of a system in which P9(S) is not
normal for any g ^ 1 [4, p. 45].

Normality at integral points y of Pg(S) involves two conditions; the
set of 0-forms of Pg(S) which define y must define a regular system of
equations at y, and the 1-forms of P9(S) must imply no relations among
the independent variables at integral points near y. This paper will
ignore the first problem. It would seem to call for a more delicate ap-
proach to the Cartan-Kahler theorem. Let y be a non-normal integral
point of Pg(S) such that for all integral points yx near y there is a de-
pendency of the type

in Pg(S). Then obviously solutions can occur only at points yx where
Ax{y^) = A2(y^) = = Ap(y^ = 0. Hence a natural step to solving the
system would be to add A19 •••, Ap as 0-forms to the system Pg(S).
One would obtain a system having the same solutions as Pg(S).

Observe also that if P9(S) contains a 0-form which is a function
on Rg-19 obviously any solution of Pg~τ(S) must annihilate that function;
hence, adding it to Pg-\S) would generate a system having the same
solutions as P ^ S ) .

We introduce the following definition: let the system T in indepen-
dent variables x\ , xp, and dependent variables y\ , y\ z1, , z™
be called complete if the 1-forms of T contain no forms of the type
2Ά|ft>', where ω1, , ωp is a basis of independent variables, A% not in T.

LEMMA. Let S be any system with independent variables x1, , xp,
and dependent variables z1, •• ,2m. Then there exists a sequence {S9}
of differential systems S9, closed, on Rg such that

(1) Sg has the same solutions as Pg(S),
(2) Sg is complete,
(3) PiS9-1) s S°, and
(4) the 0-forms of Sg contain no functions on Rg-λ except those in

sg-\
(5) Sg is generated by 0-forms, πg, and their derivatives.

Proof. Let X be the set of all sequences {Tg \g = 1, 2, •}, where
Tg is a closed differential system on Rg generated by 0-forms, πg and their
derivatives and having the same solutions as Pg(S) and PiT9'1) £ Tg.
The elements of X can be partially ordered by inclusion: {Ug} ^ {T9}
if Ug S T9 for all g = 1, 2, . If A = {{Π} |α e A} is a nest in X,
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then {T9}, where Tg is the closed differential system generated by
U{T9

a\ae A}, is in X and is Ξ> every element of A. Hence, X contains
a maximal element, {Sg}. By definition, {S9} satisfies (1) and (3). If
Sh were not complete, one could add to Sh the coefficients of forms of
the type ΣA^1 to obtain a still larger system S\ and {S9}, where
S9 = S9 for g < h, and S9 = P9~h(Sh) for 0 ^ Λ,, would be properly
greater than {S9}. Similarly, if condition (4) did not hold for some Sh,
we could enlarge Sh~\ Hence the lemma.

The construction of such a sequence, given S, could proceed as fol-
lows. Form P(S) and complete it in the obvious way to form a system
T\ If the resulting system involves any functions on RQ i.e., depending only
on the coordinates of Ro, add these to the system S and begin again.
Otherwise, form P(Tλ) and complete to form T2. If T2 contains func-
tions on Rly add these to ϊ\ and begin again at that step. Observe
that the addition of new functions to any one system on, say, Rg, is
limited by the dimension of Rg, since each such addition reduces the
dimension of the variety of integral points, which must have at least
dimension p if there are to be any solutions at all.

Granted that such a sequence {S9} as given in the lemma exists,
it is still not clear whether any S° is involutive. Of course, the 0-forms
might not define a regular system of equations for the integral points.
But barring this one can prove that for g sufficiently large, Sg is in-
volutive. This follows from a recent extension of Kuranishi's prolonga-
tion theorem [5, Theorem III. 1], where the required conditions are
precisely those of the lemma.

THEOREM 3. Given a differential system S with independent vari-
able dx1, ' *,dxp, there exists a sequence {S9} of closed differential
systems, where S9 is on Rg, g = 1, 2, , which have the same solutions
as P°(S). Moreover, if for all g ^ g0, S

9 is non-singular, then there
exists a gx such that for g ^ g19 P(Sg~1) = S9 and S9 is involutive.
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