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1. Introduction. A real number & 0 < £ < 1, is said to the normal
in the scale of r (or to base r), if in £=0-qa,a,--- expanded in the
scale of »® every combination of digits occurs with the proper frequency.
If b, .-+ b, is any combination of digits, and Z, the number of indices
42 in 1 £ 14 < N having

by=a; <+, b, =, ,
then the condition is that
(1) 1\1m ZyN="' =r".

A number £ is called simply normal in the scale of » if (1) holds
for k = 1. A number is said to be absolutely normal if it is normal to
every base r. It is well-known (see, for example, [6], Theorem 8.11)
that almost every number £ is absolutely normal.

We write r ~ s, if there exist integers n, m with #* = s®. Other-
wise, we put » ~ s.

In this paper we solve the following problem. Under what condi-
tions on v, s is every number & which 1is normal to base r also normal
to base s? The answer is given by

THEOREM 1. A Assume v ~s. Then any number normal to base
r 18 normal to base s.

B If r + s, then the set of mumbers & which are normal to base
r but not even stmply normal to base s has the power of the continuum.

The A-part of the Theorem is rather trivial, but I shall sketch a
proof of it, since I could not find one in the literature.

Next, let I be an interval of length | I| contained in the unit-interval
U=10,1]. We write My(& r, I) for the number of indices 7 in 1<i1<N
such that the fractional part {r'&} of »'¢ lies I. A sequence &, 7§, v, --.
has uniform distribution modulo 1 if

RN(E! r, I):MN(EVT! [)_NIII :O(N)

for any I. It was proved by Wall |8] (the most accessible proof in |6,
Theorem 8.15) that & is normal to base » if and only if & »& +%, .-
has uniform distribution modulo 1.

Write T, ,, where 1 <t < s, for the following mapping in U: If
&£ =0-a,a, - in the scale of ¢, then 7, ,& = 0.-a,a, --- in the scale of s.

Received June 2, 1959.
1 In case of ambiguity we take the representation with an infinity of g; less then » — 1.
But this does not affect the property of ¢ to be normal or not.
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662 WOLFGANG SCHMIDT

THEOREM 2. Assume v+~ s. Then there exists a constant «a, =
a,(r, s, t) > 0 such that for almost every & there exists a N,(§) with

(2) By(T.&, 7, [) = N

for every N = N(&) and any I

Thus T, . is normal to base r for almost all £ Since T, is not
simply normal to base s part B of Theorem 1 follows. It does not follow
immediately for s =2, but instead of T,, which does not exist, we
may take T,,.

We can interpret our results as follows. Write C,, for the image
set T,,U of the unit-interval U under the mapping 7T,,. C,, is es-
sentially a Cantor set. In C;, we define a measure y,, by

(3) J,, s = g,

where f(€) is any real-valued function such that the integral on the
right hand side of (3) exists. Then it follows from Theorem 2 that
with respect to v, , almost every & in C, is normal in the scale of r.

Throughout this paper, lower case italics stand for integers. a,=
a(r, s, t), a, o, +++ will be positive constants depending on some or all
the variables 7, s, t.

1. The case r ~ s. First, it follows almost from the definition that
any number normal to base s® is normal to base s.

Next, assume & is normal to base r, we shall show it is normal in
the scale of ™. If £€=0.a,a,--+ in the scale of r, b, ---b,,, is any
combination of mk digits and Z¢ is the number of indices1in1 <41 < N
with 7 = 1 (mod m) satisfying

by =+ bk = Ciampor »
then it was shown in [7] and in [3] that

lim ZPN-" = r="m!

N-ooo
and hence

lim ZGN-! = (r™)~* ,
N—ooo
Thus & is normal to base ™.
Combining the above remarks we obtain the A-part of Theorem 1.

2. The measure t,;,. We define numbers of order h to be the
number 0:a,:--a, with 0 <a, <t in the scale of s. There are t*
numbers of order 4, we denote them in ascending order by 6™, ..., 6%,
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LEMMA 1. Let f(&) be a step-function, having a finite number of
steps. Then

1 &h
[, r@dn. = ar.ode=1im e S o).
st oo =
The integrals and the limit exist and are finite.

Proof. It will be sufficient to prove the lemma for f(&) = {§, v},
where 0 < v <1 and

ey ={b 18 <

0 otherwise.

Eb = SI{TS,,S, 0}dE is the least upper bound of numbers & having
0

T, £<0». Thus if 0% =0-a,+--a, in the scale of s, then &» =
0-a, -+ a, in the scale of ¢t and therefore & = (k — 1)¢t-".
Hence if 0 < v < 0%, or if 6 < v with k = t", then

[T 8 e = ke —e,

0

where 0 < ¢ < t~". We can rewrite this in the form
1 7
({6 mae =1 S om ) — e,

and Lemma 1 follows.
Particularly, for

pr @) = | (T, 7hag

e, w,9) = | (0T NHUT. 6, 1)

we have
L/L
(4) MUy, x) = limt=* 3 {x0”, v} ,
h—o0 k=1
R
(5) gy, @, ) = lim £ 3% {064, v} fyo®, 7} -
h—>c0 k=1

3. Exponential sums. Write e(§) for ¢, There exist ([5], pp. 91-
92, 99) for any v, 0 < v < 1, and any 7 > 0 functions f,(§), f.(§) periodic
in & with period 1, such that fi(§) = {& v} < fi(§), having Fourier ex-
pansions

F(&) =7 =7+ S APe(u)
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FAO) =7 + 7+ 3 APe(u)
where the summation is over all v #+ 0 and A{ is majorized by

(6) | A= L.
uwn

Applying this to (5) we obtain
et 3, 9) S (7 )+ Tim 0 5| AP 1| AP ]S, el(um + op)o)|
00 =1

where we put A =v + 7 and take the sum over all pairs u,v of
numbers not both being zero. Since

h
£ S e(uz + vy)%’“)! <1,
k=1

and since the double sum over u, v is uniformly convergent in h, we
may change the order of limit and summation and obtain

ey, z, ) < (v + 7)) 4+ SV AP || A | Tim ¢

w,v h—oo

h
S el(uz + vp)o®)|.
k=1

The numbers 0¥ are the numbers

,a_1_|__aT?+...+T
S S S
where 0 < a, < t. Hence

;é e(wo) = ﬁ (1 + e(%) + e(@) +oeee e(@_:_l)_’w» .

Py 8‘7

i=1

If we keep w fixed, and if 5 is large, then

\<1+e<%> g +e<(t—¢))t_l_1}<tlu_)l .

s gt
Therefore
(7) I (s, t; w) = E <1 + e(s_uj’> 4oeee e<(t _sil)w ))tql
exists and

(8) ﬂ('y,x,y)é(’7+7])2+uZ’IA&”HA;”lH(s,t;ux—I—vy).

The next three sections will be devoted to finding bounds for sums
like
SV (s, t; urt + vr™)

1\71<1|,m§N2
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4. Two lemmas on digits.

LEMMA 2. Write w =c¢, +-- ce, tn the scale of s. Assume there
are at least z pairs of digits c;..c; with
(9) 156008 — 2.
(Here ¢;v.¢; = s8¢, + ¢;). Then
(s, t;w) = af,

uhere a, = ayfs, t), 0 < a, < 1.

Proof. There are at least z numbers ¢ having

1

{w 1
- él?i}él 1.

SZ

For such an 7 we have

)1 + e(s—uj> A+ e <a<%%>‘§!11 -+ a<é>!+ t — 2= ta,

and the Lemma is proved.
There exists an a,(s), 0 < a, < 1/4, such that

(82 — 2)04321/2—01«3

< Wi
(21 — 2a)"

LeEmmA 3. If kis large, k > a(s), then the number of combinations
of digils cyCe_, ++- ¢, tn the scale of s with less than ay(s)k indices ¢
satisfying (9) s not greater than 2C/Y%,

Proof. It will be sufficient to show that the number of combinations
with less than a,(s)k indices 7 satisfying both (9) and 7 =1 (mod 2) is
not greater than 2¢/9%*  We first assume & is even. There exist

L3
2 (82 _ 2)12k/2—L
l

combinations ¢, ++- ¢, with exactly [ indices ¢ having both (9) and ¢ =1
(mod 2). Hence the number of combinations with less than a,(s)k
indices ¢ satisfying (9) and 7 =1 (mod 2) does not exceed

k

k 2 (82 _ 2)[m3k]2(kl2)—[w3k] .
[aske]
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Using Stirling’s formula for the binomial coefficient we obtain for large
enough k the upper bound

(82 _ 2)a31c2(<1/2)-w3)/c

N Gt — 2y

< 2(3/4)Ic

Actually, the expression on the left hand side is < 2%, where «a; < 3/4.
This permits us to extend the result to odd k.

5. The order of * modulo p* as a function of k.

LEMMA 4. Assume p is a prime with p tr. Then the order o(r, p®),
of r modulo p* satisfies

o(r, p*) = a,(r, p)p* .

COROLLARY. Let n run through a residue system modulo p*. Then
at most a(r, p) of the numbers r* will fall into the same residue class
modulo p*.

Proof. Write
g:g(p).—_{p"l’ if p is odd
2, if p=2.
There exists an a, = a,(r, p) such that
(10) r* =1+ gp»™" (mod p~),

where ¢ # 0 (mod p). We have necessarily e, > 1 and even «, > 2 if
p=2. If follows from (10) by standard methods (see, for instance, [4],
§ 5.5) that

,,.yp«: =1 _+_ qu9—1+c (I’l’lOd pm9+e)

for any ¢ = 0. Thus for k£ = a, we have

k—wy

P =14 qp*t (mod p*)
and
o(r, p*) = gp*~" = a(r, P)p* .
Assume r 4 s. Write
r = Dl e p
S = PP - DM,

where we may assume that never both d, =0, ¢, =0. We also may
assume that the primes p,, ---, p, are ordered in such a way that
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6

d,

62 o o
d,

[

h

’
dy,

v
Y
%

where we put (¢;/d;) = + o if d, = 0. Since r + s, we have

From now on, p = p,(r, s) is the prime defined above. We have p|s
but ptr,. For any =+ 0, ¥y >1 we define two new numbers x, and
x, by x = x,x,, where x, is a power of ¥ and y } «;.

LEMMA 5. A. Assume r + s, v+ 0. Let m run through a system
K{(s*) of mon-negative representatives modulo s*. Then at most

a Y
(7 3)(—2“> ¥y
of the numbers

o,

are in the same residue class modulo s*.
B. Assume r + s, furthermore ptr. Suppose w + 0, v %= 0, n are
fixed. Then, 1f m runs through K(s*), at most

a,(r, s)(-%)k Vp

of the numbers
ur® 4+ vr™
will fall into the same residue class modulo s*.
Proof. A. Write m = me, + m,, 0 < m, < e¢,. Then ¢™ = y™erm™ =
smArprm gnd v(r™), = vrP(r™),. The equation
r™M = q (mod p*)

has for fixed ¢ at most e,ayr,, p) solutions in m = m,e, + m,, if m runs
through a system K(p*) of residues modulo p®. This follows from the
corollary of Lemma 4. The equation

av(r™); = b(mod p*)
has for fixed b, m, at most
g.c.d.(v(r™);, p*) = v,r™

solutions in a. Hence the number of solutions of
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vri(r™); = b (mod p*)
in m = me, + m, e K(p*) does not exceed
e, (1 + 7 + < oo + 797 = ay(r, s)v, .
But this implies that the number of solutions of
vr7(r™), = b (mod s*)

in m = m.e, + m, e K(s*) is not greater than
k k
(7, s)vp<i> =< ay (7, s)<i> UV .
P 2

B. The equation
wur”® - vr™ = b (mod p*)
has according to the corollary of Lemma 4 at most

a's(q"; p)vy

solutions in m € K(p*). The result follows as before.

The following conjecture seems related to our results: Assume
r~s. Then for any ¢ and k almost all the numbers r,r* -+« are
(¢, k)-normal to the base s in the sense of Besicovitch |1]; that is, the
number of n < N for which r* is not (¢, k)-normal is o(N) as N — oo
for fixed ¢ and k.

6. Bounds for exponential sums.

LEMMA 6. A. Let »,s,v be as in Lemma bA. Then

SV (s, t; vr™) = vt TR
me K (s%)

B. Let r,s,u,v,n be as in Lemma 5B. Then

SV (s, t; wr + vr™y < o, TR
mEK (%)

Proof. A. Write v(r™); = ¢, +++ ¢, ++- ¢, in the scale of s. Lemma
5A implies that any digit combination ¢,c,_, +++ ¢; will occur at most
a7, s)(s/2)*v, times. According to Lemma 3, there are for large k not
more than 2®/%* digit-combinations ¢, - -+ ¢, with less than .,k indices 7
satisfying (9). Thus of all the numbers »(r™);, m € K(s*), and hence of
all the numbers vr™ there will be at most

7y 8)(8[2)F 0,201 = auo(r, s)v,([214)" = (T, s)v,s*= 10"
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having less than a,k digits ¢, in their expansion in the scale of s satisfying
(9). Thus Lemma 2 yields

(s, t; vr™) < akes
for all but at most

(1, 8)v,s¢t-"e®
numbers m € K(s*). This gives

> . I (s, t; vr™) < staf® + a,v,s" "% < q,v,st 2wk |
meEK(s")

B is proved similarly, using Lemma 5B.

LEMMA 7. A. Assume r~s, v+ 0. Then
11) S (s, t; vrm) S (N, — N,

N1<7'L§N2
B. Assume r~ s, u #0, v % 0. Then
12) Sy (s, t; ur® + vr™) < a (N, — N,)* %0 max (u,, v,) .

Nl<n,m§1\72

Proof. A. There exists a k having s* < N, — N, < §***V hence
there exists a w satisfying s*w < N, — N, < s¥(w + 1), where s* < w < s¥+%,
Thus if m runs from N, to N,, then m runs through w systems K(s")

of residue classes modulo s* and at most s* other numbers. Hence by
Lemma 6A

> (s, by vr™) £ w st TUWE 4 8P < (N, — N, .
Ny <m=N,
B. If p}tr, then we proceed as in part A. We first take the sum
over m and use Lemma 6B.
If p/r, then our argument is as follows. Consider, for example,
the part of the sum with » < m. Changing the notation in n, m, we
see that this part of the sum (12) equals

NZ—Nl—l Nz»—n

S (s, t; (ur* 4+ v)rm) .
n=0 m=N +1

Except for possibly one exceptional » we have (ur"), # v, and therefore
(ur™ 4+ v), < v, < max (u,, v,). If n is not exceptional, then the al-
ready proved Lemma 7A can be applied to the inner sum and we obtain
the bound

(N, — N, — n)=*Bmax (U,, v,) .

Taking the sum over n we obtain (12).
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7. A fundamental lemma. Generalizing M,(& r, I) we write
» My (&, 7, I) for the number of indices % in N, < ¢ < N, such that {r*€}
lies in I. We put

NIRNZ(Er r, I) = NlMNz(Sv r, I) - (N2 - M)l Il .

Fundamental lemma. Assume r ~ s. Then

1
SO NIREVZ(Ts,tff /r, I)d& é am(Nz - N1)2—¢22 .

Proof. It is enough to prove this for intervals of the type I = [0, ¥).
Then

WMy(Er, D= S (g )
1<n§N2
and
(13) [ Ml Tost v, DA = 5 plor, )
1<nSN,
(14) S oM (T fr, de = S py, v, 7).
0 N1<n,m§l\l2

Now we combine (8) and Lemma 7. We obtain, together with (6),

Wy, ™) Z (v + N, — N

N1<n,m§NZ

+ 207 + 1) 5 -Za(N, — N
240 W’U

33 B e 0ol g (N, — Ny
uF0OE DUV

Since the sums

f‘ip_ Z max (uzn 7710)
i vt W0 50 w?

are convergent, and since » was arbitrary, we have

ey, ™) - (N, — N7 £ ap(N, — NP,

1\’1<7’l/,m§N2

In the same fashion we can prove

Z ﬂ(% ", /"m) - (Nz - Nl)zvz

N1<n,m§N2

Y (v, ") — (N, — Nx)vl = ay(N, — N2,

N1<n§N2

S (N, — Ny

These two inequalities, together with (13) and (14), give the Fundamenta.
Lemma.
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8. Proof of the theorems. Once the Fundamental Lemma is shown,
we can prove Theorem 2 by the standard method developed in [2].

By Jz, B > 0, we denote the set of intervals [3,7), 0 =8 < v <1
of the type 8 = a2 & = (a + 1)2°?, where 0 < b < a,,B/2. By Py we
denote the set of all pairs of integers N,, N, having 0 < N, < N, < 2%
of the type N, = a2, N, = (a + 1)2® for integers a and b = 0.

LEMMA 8. Assume r + s. Then

Z Sl NLREVZ(TS,LS, r, I)dg = 61’27223(1“”23) .

(N}, Ny)EPR IE€JTRJO

Proof. Because of the Fundamental Lemma the left hand side is
not greater than

a212w223/2+12 ,
where 2#25%%! ig an upper bound for the number of intervals in J, and

(15) Y= > (N,— Ny,

(v NpEP,

In (15) each value of N, — N, = 2° occurs 2%7° times, so that

B
_): — Z 23—0+0(1~w22) é a%zzlf(l—ww/z) .
b=0

Hence Lemma 8 is true with a,, = «,,/4.
LEMMA 9. For large B there exists a set K, of measure not greater
than 2-*%% sych that
(16) Ry(T, &, r, I) < 250~
Sor all I, N < 2° and all & in [0, 1) but not in E,.

Proof. We define E; to be the set consisting of all £ in [0, 1) for
which it is not true that

an S N w B (TE D) S 2l

(N ,N)EP, IEJg
Lemma 8 assures that the measure of E, does not exceed
a272—2ba28/2 < 2-wnB

for large B. We have to show that (16) is a consequence of (17).

We first assume I to be of the type I=[0,v), v = a2 where
0 <b =< «a,B/2. Then the interval [0, 7), is the sum of at most b < B
intervals I, IeJ,, as may be seen by expressing a in the binary scale.
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Expressing N in the binary scale we see that the interval [0, N) can
be expressed as a union of at most B intervals [N,, IV,), where the pair
N,, N, e P;. Hence we can write Ry(T £, r, I) as asum of y By (T,.&, r, I)
over at most B? sets N,, N,, I, where N,, N,e P, IeJy:

By(T; &7, I) = ZNIRNz(Ts.&E’ r, I).
Hence by (17) and Cauchy’s inequality,
R?V(Ts,bgy 7, I) é B292B(1~agg/2) < 2213(1-@32)

for large B.
Next, let I =1[0,v) be of the type a2° < v < (a + 1)2°°, where
a,B/4 < b < a,Bl2. Then

|RN(Ts,t§r 7', [01 f')/))l = |MN(Ts,c§y /r’ [07 (Y)) - 7N|
= | Ry(Ts. i, 7, [0, (@ + 1)27°) | + | BW(T 1€, 7, [0, a27%)) | + 27°N
é 2.23(1—4132) + 2(1—w22[4)B < 2B(1-a33) .

The Lemma now follows from

| By( s o (BN = By, 5[0, )]+ [ By( 5 5 [0, M) -

Proof of Theorem 2. Since Y2-*%* is convergent, there exists for
almost all £ a B, = By(£) such that & ¢ E; for B> B,. If N = 2%, then
we can find a B = B, satisfying 22! < N < 2% and Lemma 9 yields

RN(TS,&§) r, I) < 2BU-az) £ QN1-93 L N1i-%
for large enough N.
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