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Introduction. In 1956 [4] we gave two classes of matrices whose
elements are simple functions of their row and column numbers and
whose characteristic roots, inverse, determinant as well as the general
element of any power of the matrix can be given explicitly. The ele-
ments of these matrices are simple real functions of the real non-principal
character X modulo an odd prime. Such matrices are useful as test
matrices in checking out automatic machine programs for general matri-
ces with real elements. In this paper we present corresponding matrices
with complex elements which may be used likewise as test matrices.
The elements are based on kth power characters ¥ which are complex
roots of unity if k£ > 2.

The general method for finding characteristic roots is the same in
both papers and depends on the simple fact that the roots of a poly-
nomial are determined by the sums of like powers of its roots.

All matrices in this paper are square and of order p — 1 where p
is an odd prime.

NOTATION AND DEFINITIONS. Let % be an integer greater than 1.
Let p=1F%kt + 1 be a prime and let g be a fixed primitive root of p.
Let a = exp {2mi/k}. The kth power character X, depending on g, is
defined by
0 if p divides h
a™" otherwise

1) = |

where ind A = ind, k is the index of h to the base g defined modulo
p—1 by
9" = h(mod p) .

The following well-known properties of )X are simple consequences of
our definition of ¥ and are used many times in the sequel.

X(h + p) = X(R)

(1) A(hihs) = A(h)X ()
(k) = 1/1(h) = x(h) (W =1 (mod p))
. (0 if p|h
x(h)" = {1 otherwise
p-1 . p—1if k|r
(2) n2=1 [x(wl" = {O otherwise .
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896 D. H. LEHMER

By way of examples, if k=4, p=5, ¢g=2 we have
x00=0, x)=1, 262 =1, xB)=—1i, X4 =-—
and if k=38, p="7, g =3 we have
X0)=0, 2(1) =1, x@2) =, 1) =0, X4 =0, X5 =, X6) =1
where @ = e*,
For simplicity we denote X(—1) by . Thus
(3) e=(—1).

In particular, ¢ =1 when % is odd.
We use two types of Kronecker symbol
s — {1 if 7 =7 (mod p)

"7 10 otherwise

and
o (11 206) = 20)
832(1) = { .
0 otherwise .
Thus
(4) k&%) = Z @ .

Matrices of the first kind. We begin with a very simple type of
matrix based on an arbitrary matrix N of £ < k rows and columns

N = {a,} (r, s = 1(1)x)
whose characteristic roots

401’ Pz, c0 0y px
are supposed known. The matrix M of order p — 1 = kt is defined by

(5) M= {a},a, :é‘:laﬂx(ir—lljs—l) .

We denote the general elements of N™ and M™ by a and a{”. We
can then state:

THEOREM 1. The general element a{™ of M™ is given by
ap = (p— ™ 3 awuir ) -
r,8=1

REMARK. Thus, aside from the factor (p — 1) !, M™ is the same
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function of N™ that M is of N.

Proof. The theorem is trivial for m = 1. If true for m =n we
may write

af™ =S analy
(p _ l)n 1 {rslelarsx(,br 1/h8 1)}{ Z a(n)x(hu—l/jv-—l)}
-1 5 5 a5

By (1) and (2) the inner sum vanishes unless u = s in which case the
sum is ¢ — 1. Hence

agt = (p— 1", S . aln(ire)
§=1 r,v=1
— (p — 1)n KZ a%ﬂ)x(ir—l/‘?’u—l) .
r,v=1
Thus the induction is complete.

THEOREM 2. The characteristic roots of M are

(p— Do, (p— 1), +++, (p — 1)0,0,0, ++-,0.

Proof. Let m be any positive integer and consider the trace of
M™, This is the sum of the mth powers of the roots of M. It is also

Sap=@-1 35 Sarui) = @ — G ay

=(p— 1" épr = S (> — D" +2 o

Since this is true for all integers m, the roots of M must be those
stated in the theorem.

It follows from Theorem 2 that M and N have the same rank.
That the rank of M cannot exceed k follows directly from the definition
of M. In fact if 7, = 1,(mod k) then by (5) a;; = a;,, so the number of
distinct rows of M cannot exceed the number % of incongruent numbers
4 modulo k. Actually the matrix may be partitioned into #* equal matri-
ces of k rows and columns since a,, = a,,, whenever ¢, =1, and j, = 1,
modulo k.

We turn now to a much more sophisticated class of matrices.

272

Matrices of the second kind. We define the matrix M of order
p—1 by
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M = {a,} where a,; = X(i —j).

This matrix has been considered recently by L. Carlitz [1] who found
its determinant. Before attempting a further analysis of M we need
to recall a few well-known facts from cyclotomy. We shall use Jacobi’s
Jr-function defined for r = 1(1)k — 1 by

/‘Ifr — izainds—(r«)-l) ind(1+s) — pilzx(s)[x(l + S)]—r—l .

§=1 s=1

LEMMA 1. ’\PT = 61[I‘k_1_,
Ypa = —€.
Proof. To prove the second statement we note that by definition
Y= XA =0—2p—1) = —¢.
To prove the first statement we make the substitution
s= —u/(1 + u)(mod p) .
Thus we find
p—2 p—2
v, = SZ:'{ 1A + s)F = uizll X=X + w)] " = ey .

This completes the proof of Lemma 1.
We now introduce the following sum

(6) S,(1, 5) =gx(i — Bt — DI (r = 1(1)k) .

LEMMA 2.

_ [e(ps] — 1) tfr=kFk—1

S.(2,7) = )
() X — NIt otherwise .

Proof. Suppose first that + = 5 then
—1
S.6,9) = 8,6, ) = & 33 Uk — DI+ .

By (2) the sum is p — 1 or 0 according as » = k — 1 or not. Next we
let 7 # 7 and make the substitution

h =1+ (1 — j)s (mod p)
in (6)

S.6,9) = 516 — MGG — DAL + 9
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-1
= elX(i — DI S A + )]
= S[X(@ - j)]r+l‘lfk—r—1 = [X(’L - "]')]T'H\[fr
by Lemma 1. If » = k — 1 this is —¢ by Lemma 1.

THEOREM 3. Let M be the matrix whose general element is a, =
2 — J) and let af) be the general element of M". Then, if 1<r<k-—1,

alf = M 26 = 9) = 5 Moy 2L H(~3)
where

Hm:il"l"l’&""lfm-

Proof. The theorem is true for » = 1. If true for r <k —1 it
may be proved true for » 4+ 1 as follows.

af? = 5 anal]
= 1, S 16 — WKk — )T
= 3 Myl 326 = WHRPI—)T

= 11,186, ) — WD~V
= S sl S, O
Applying Lemma 2 we find
alf™ = M0 =) e — XE T ()Y
= 3 My T ()

= I — DI = 3, e T P

Thus the induction is complete.

As might be expected, the matrix M* has an entirely different
structure. In fact we have

THEOREM 4. al¥ = ell,_,{pd] — k&*{}.

Proof. By Theorem 3 with r =%k — 1

p—1
) — (k—1)
Ay’ = ’E:nlamam
e

= My 320 — B — 31
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— 5 Maealles 526 — DRG]
= M Sea(6, 5) — XOU—H)]
= 3 s oSG, U=
By Lemma 2
My o oI, Su(i, 0) = O, , .
But by Lemma 1

—2—M

k—
H”k2;¢ H'\p)\)\lll‘lfkul)\

kE—2—u

= H‘I’A H Yarui
=&, .

Substituting back into our expression for ¥’ and using (6) and (4)
we have

aff = Mo fe®8t — 1) = AOIGF — 65 T}
=ell k—z{pf?% - 2 [x(i/j)]’} = ell,_,{p&} — k&)

which is the theorem.
We now consider powers of the matrix M*.

THEOREM 5. The general element of M* is given by
o = eI}, {p*8] — kl(»* — 1)/(p — D)]&D} .
Proof. For simplicity we write o(p*?) for (»* —1)/(p—1) =1+ p +
.+ pv—l .
Leét
by = P&l — k&) .
By Theorem 4 it suffices to show that
by = '8, — ka(" )34 .
This is true for v = 1. If true for v = m we may write
byt = Z bunbiy = Zl {d — k833t {p™8), — ka(p™ )85
= P78 — k(p" + po(p") + k2= Lotwm)sg

— pm“Si ko-(pm)sxu) .
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Thus the induction from m to m + 1 is complete.

THEOREM 6. The characteristic polynomial of M,
F(\) =20 —3) — M8,
18 a polynomial of degree t in \F.
Proof. It suffices to prove that F'(\) = F(a~"\). For if
F(\) = ganv = :2_:&”04‘"%”
so that
a(a*—1) =0,
it follows that a, = 0 if % is not a multiple of k. Now
F (™) = |10 — ) — M5
= |ax(i — j) — \&i|
and
ax(t — g7) = U@ — J) = X(g? — 97) .

If now we permute the rows of the determinant F'(\), replacing the
ith row by the 7'th where 7' = gt (mod p) and then the columns, replacing
the jth column by the j'th where 7’ = gj (mod p) we obtain a new
matrix M’ — )\ whose general element is

X(gt — g7) — N8 = af(i — J) — \& .

Since the two determinants are identical we have F'(\) = F'(a~*)).
We are now able to determine the characteristic roots of M without
any difficulty.

THEOREM 7. The characteristic roots of M = {X(¢ — 7)} are the kth
roots of ell,_, and the kth roots of epll,_,, the latter roots each having
multiplicity t — 1. That 1is, the characteristic polynomial of M is

|M — 7\,I| = ()\," — 5]]76'2)()\]0 _ 8kaﬁ2)t71 .
Proof. By Theorem 6 it suffices to show that
(7) | M* — \I| = O\ — ell, )"0 — epll,_)?~"% .

Now the trace of M* is the sum of the vth powers of the charac-
teristic roots of M* and is, by Theorem 5
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S = eIl ;_2[19” — kpv—_1~1(p -1
t=1 p__
= k(ell,.) + (p — 1 — k)(epIl,_,)" .

This being true for all integers v it follows that the quantities raised
to the vth power are the roots of M* with the indicated multiplicities.
This established (7) and hence the theorem.

THEOREM 8. The determinant of M = {X(i — 7)} is p*—II%_,.

Proof. Setting » = 0 in Theorem 7 we find

| M| = (=&ML p*~
But, by (3),
(=& = ()™ =1.

COROLLARY. If v ts any positive integer, the determinant

P8 — kp 11 S| = pe--v

Proof. This follows by combining Theorem 8 with Theorem 5.
Theorem 8 was proved by L. Carlitz [1] in quite a different way.

THEOREM 9. The inverse of M has for its general element
(8) af® = ep'[X( — §) — X@) — X(—3)] .
Proof. If we denote the right-hand member of (8) by ¢,, we find

Sty = ep™ 3, {16 — DXk — DI — DO — (=)

= ep ™ {Syu(%, 3) — X@DX(=NF — Seu(%, 0) + XE@)[A(—5)]F}
=ep e(p — 1) + (1 — &)(—¢) — (—o&)}
= p~'[pd]] = & .

If we make use of a little more cyclotomy we can give a variant
of Theorem 7 in terms of pth roots of unity. Let

p — ezﬂlm

then the Lagrange resolvent (a7, p) is defined by

@, ) = % [XWyTe" .
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LEMMA 3.

T+ oW if = 1(1)k — 2
(a, p)ar, p) = {g orr ;f ::k(_) ]

Proof.
(@ o), p) = 5, 0* S — BKBT

p—1
= 2, 0'S,(1, 0) .
i=o0
If »r=Fk—1 we have by Lemma 1,
p—1 1
;ptsk—l(i, 0) = Slc——l(oy O) + :;Pi‘h-l = e(p —_ 1) —_ ("'6) - ep .

Ifr<k-—1

p—1

gpiSr@, 0) = ¥, 3, X@I+p* = (@, P,

=}
LEmMMA 4. epll;_, = (a, p)*.
Proof. By Lemma 3

1T {(@ o), o)} = M [T (@, 0) .
Cancellation gives

(ay [O)k = 8p”k~2 .

We may now restate Theorem 7 as follows.

THEOREM 10. The characteristic roots of M are
(a, p)ar and [p~*|(a, )" (r=0@0k—-1)
each of the second set having multiplicity t — 1.
THEOREM 11. The determinant of M is &(a, p)*7'/p.

ExAMPLES. For small values of & it is possible to give more or less
precise formulas for +r, and hence to give more specific information about
the matrix M = {x( — J)}.

For k = 2 the product II,_, is empty. There is only one character
function ), Legendre’s symbol, and the matrix M is independent of the
choice of primitive roots g of p. Theorem 7 tells us that the character-
istic equation of M is

|M — M| = (\ — (=1 D)\ — (—1)»-bip)@e-3iz



904 D. H. LEHMER

We note incidentally that the characteristic roots of M are real if and
only if x(¢ — J) = X(j — 1), that is if and only if M is symmetric. The
determinant of M is p'*—972,

When k& > 2 the matrix M will depend upon the particular choice
of g. This choice affects the values of +, and II,_,. For example if
k=3 and p = 13 we find that

—4 — 3w if g=2or 11

H—2: 12{ .
" v —4 — 30’ ifg=6orT7.

For small k,+, can be expressed in terms of certain ‘‘quadratic
partitions’’ of p which have been tabulated. These expressions some-
times contain unfortunate ambiguities as we shall see. In case 2 is not
a kth power these ambiguities can be eliminated by a method suggested
by Emma Lehmer [5]. The proofs of the following results will be in-
cluded in a paper by her on Jacobi Functions, [6].

For k = 3 Carlitz gives the formula

Yy =a + bw or a + b’
where
a'—ab+b=p (a=—1(mod3) b=0(mod3)).

There are, in fact, two pairs (a, b) and (@ — b, —b) with this property. In
case 2 is not cube modulo p this ambiguous statement can be made
unequivocal as follows.

THEOREM 12. For k=3 let p =3t + 1 be a prime having 2 as a
cubic mon-residue, so that, uniquely
p=A"+3B" (A=B=1(mod3)).
Then
Y= 2B + (B — A)X(2) .

Cunningham [3] gives values of |A| and |B]| for all p < 100000. If 2is
a cubic residue of p these is no non-ambiguous formula for +, known.
The first three primes not covered by Theorem 12 are p = 31, 43, and
109. For these, 4, has the following values.

p=38l =5+ 6x@3)
p =43 Yy = _1+GX(3)
p=109 = —T7—12)@3).

For k = 4 Carlitz’s formulas for +, and +, are not only ambiguous but
slightly incorrect. We can state ambiguously
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Y= —(a i) = (~1)" 4,
where

a+b=0p a =1 (mod 4) .
Again, if 2 is not a quartic residue of p, we can give the following

precise determinations of 4, and .

THEOREM 18. Let 2 be a quadratic. non-residue of p.—= 4t + 1.
If 2 is a quadratic non-residue so that, uniquely

=a + (@ = b/2 = 1 (mod 4))

then

Y= —(@ + 0)(2) = —, .
If 2 is a quadratic residue of p so that

2 = m’* (mod p)
and, uniquely,
p=a'+b (a=1(mod4)), b/4=(—-1)""%(mod4),

then

Y= —(a + bY(m)) =, .

The first two primes not covered by Theorem 13 are 73 and 89.
Here we find

p = T3, Yy = 3 + 8X(B) =, .
p = 89, Yy = —b 4 8X(3) = Y, .
Cunningham [3] gives |a| and |b] for all p < 100000.

For k = b5, the functions +r, ¥, and +r, = 4, can be made to depend
on the integers x, u, v, w in the representation

(9) 16p = «* + 50u’ + 50v* 4 126w’
where

(10) 2w = ' — u — 4uv

and

11 z =1 (mod 5) .

In fact if we set
0, = V10 + 25 = 45in 72°
0, =110 — 21/5 = 4sin 36°
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then
(12) i, = & + 5VBw + i{(u + 20)0, + Cu — v)0;} = 4y,
(13) A, = & — 5VBw + i{(v — 2u)b, + (u + 2v)0;}

6411, = 644y, = (® — 62bxw* — 2600uvw — 8px)
(14) —10v'5 (125w® + 3w + 20xuv — 8pw)

+ 1 {[bva? — 125w*(du + 3v) — 50zw(2u — v) — 500u*v]0,
+ [bua® — 125w*(Bu — 4v) — 50xw(u + 2v) — 500uv*]6,} .

Unfortunately these statements are ambiguous. In fact if
D (= u,v, w)

is any solution of (9) subject to (10) and (11) then all solutions are given
by (I) and

an  (z, v, — u, — w)

an (x, —v, w, — w)

av) (e, —u, —v,w).

In case 2 is not a quintic residue of p the ambiguity can be removed
as follows.

THEOREM 14. Let (x, u, v, w) be that solution of (9), (10) and (11)
for which u = 0(mod2) and v=x + u (mod 4). Then in (12), (13) and
(14) replace (x, uw, v, w) by (1), (II), (III), or (AV) according as ind2 =1,
2, 3 or 4 (mod 5) to eliminate ambiguity.

For example, if p = 31 and g = 12 for which ind 2 = 6 = 1 (mod 5)
we take the solution

(@, u, v, 'Ll)) =(11,2,1,-1)
of (9). Then (12), (13) and (14) give.

4, =11 — 55 + (46, + 86,)t
4, =11 4+ 515 — (36, — 46,)t
1611, = —409 — 12515 — 5(146, — 276,)i.

If, on the other hand, we choose g = 3, the least primitive root of 31,
then ind 2 =24 =4(mod5). In this case we must take solution IV
namely (11, —2, —1, —1). Now the former +r,, and II, are replaced
by their complex conjugates. The choices of g = 11 or 17 give a differ-
ent pair of conjugate values.

There is no extensive table of (x, u, v, w) in (9). However these
values may be obtained from tables of Tanner [7] for p < 10000.
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In terms of his (9o, 91, 9. @5, 4.) One has.
r=5q+1
Su = q, + 2¢, — 2¢; — q,
5v:2q1"‘Q2+q3‘_‘2q44
Sw=¢,— ¢ — ¢ +q.
As a matter of fact,

Iy = q, + ¢ + 0" + ¢.0° + gt
Yy = Gy + ¢ + q,&° + q.° + g,

for some choices of primitive roots, not specified.
Finally we consider the case of k = 6. This case depends directly
on the case £k = 3. By Lemma 1

H4 = ("Pl‘l’z)(z .

Also
Yy = X(—4
and
Y= (=4
where +rf is the function 4, for £ = 3. Hence
I, = ().

Since the above was submitted for publication, a paper by Carlitz
{2] has appeared in which a proof of Theorem 10 is given by a different
method. Less explicit results are given for the more general matrices
{c + x(¢ —7)} and {e + X(a + % + 7)}. There is also a proof of Theorem
2 for k= 2.
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