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A NOTE ON A PROBLEM OF FUCHS

D. L. BOYER

In [1] Fuchs has asked (problem 3) the cardinality of the set of all
pure subgroups of an Abelian group. The purpose of this paper is to
settle the question for nondenumerable Abelian groups. | A | will denote
the cardinality of the set A.

THEOREM. Let G be a nondenumerable Abelian group, and let &>

be the collection of all pure subgroups, P, of G with \P\ = \G\. Then

\&\ = 2 |G1.

Proof. Let T be the torsion subgroup of G. If | T\ < \'G\, then
\GjT\ = \G\ and by a result of Walker [3, Theorem 4], G/Γ, and hence
G, has 2m pure subgroups of order \G\.

If I Γ | = | G | , then we write Tin the form T = Σ i . θ ^ ( P Γ ) Θ Σ p θ # i »
where the Rp are reduced primary groups and Σι,* Θ ^Λvΐ) is the
maximal divisible subgroup of T.

If the above decomposition of T has | G | summands then the theorem
follows.

If the above decomposition has fewer than | G | summands, then

I Σ P Θ ^ P I = \G\>

We first consider the case that there exists a prime, p, such that
Ep\ = \G\. Let B be a basic subgroup of Rp. If \B\ < \RP\, then
RJBI = I G I and RJB = Σ . e i θ Z«(v°°) with | A | = | G |. Thus the

theorem holds for RJB, and hence also for G. If \B\ = \RP\, then
since B is the direct sum of cyclic groups, B = Σ^e^ 0 Ca, it follows
that \A\ = \G\. Thus the theorem follows for B and hence for G.
Finally, if \RP\ <\G\ for all p, we let1 Rr = Σ* 4 θ RPtf where the sum
is taken over all primes, pi9 such that | RH \ > fc$0. Then | Rr \ = | G | =
Σ l ^ p J We have proved above that for each pi9 Rp. has 2lRPil pure
subgroups, P(i) of order | i ? p J . For each i, choose P(i) c RPi with
\P(i)\ = \RPt\. Then P = Σ Θ - P ( ί ) is a pure subgroup of Rr with
IJPI = | i2 ' | , and the number of subgroups formed in this way is 2m.
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