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1. Introduction. Let &% be the class of all complex trigonometric
polynomials P of the form P, 4+ Pe™ + Pe*® + .... Let ¢ and ¢ be,
respectively normalized Lebesgue measure and any finite non-negative
Borel measure on the real interval (—=x, #]. Suppose pt = p, + s, with
dur(p) = f(p)da(e), is the Lebesgue decomposition of p into absolutely
continuous and singular measures. In this note we shall be concerned
with two generalizations of the problem @, Find

1 =it [[ 11+ ewpen) dy(qﬁ)]% .

G

@, was solved by Szego for the case ¢ = p, and in general by M. G.
Krein and Kolmogorov. They showed that [(¢) = exp % S log fdo if log f

is integrable and I(z) = 0 otherwise. (See [3], pp. 44, 231.)
We shall consider:

Problem @,: Suppose S lgPPdp < . Find

Lo, 1) = int [ {19 + Prag]

and
Problem Q,: Suppose S \h|do < . Find

(a7}

Clearly (e, n) = I(1). Also

1) = g0

L, o = int {[ {1 Prap] [|1Paot} = 1,
Pe‘gg'o

so0 @, is a particularization of both @, and @,. There are other special

cases of @, and @, that can be found in the work of Szego [5] and

Grenander and Szego [3]. Of particular interest are the following:
(i) Let g(¢p) = e "% where k is a positive integer. Then @, is

the problem of linear prediction % units ahead of time ([3], p. 184).
(ii) Let M¢) = 1/(1 — ae ™), |a| < 1. Then

1w, 19 = sup { @[ 1P ar]'}.
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See [3], p. 48.

Throughout we shall indulge in the following notational conveniences:
We shall write I,(g, f) and Lk, f) for I(g, p.) and Ik, ) respectively,
and, in certain contexts, consider two functions identical that are equal
everywhere except for a set of Lebesgue measure zero.

We have divided this note into six sections. First we indicate an
interesting duality between I (e *g(¢), f) and I(g, 1/f) that relates the
problems @, and Q, under certain restrictive hypotheses. In section
three we fashion the theory that will handle @, and @,. This is the
solution of a Riemann-Hilbert problem (which we call problem Q;), which
is applied in §§4, 5 and 6 to @, and Q,.

2. Duality of I, and I,. This will fall out of the following Banach
space lemma:

Let &, be a subspace of a Bamach space & and let F°* be the
annihilator of 7, in the dual space &<*. If ge <&~, then

inf{||g + P|l: Pe F} =sup{|Ug)l:le FH (1] =1}.

For a proof see Bonsall [2].

THEOREM 1. Suppose f and 1/f are in L'(—=x, &) and S [gPfdo< .
Then

I(e*g(®), f) = L(g, 1/f) .
Sketch of proof. By the above lemma

1e9@), 1) = sw {| [ ooy [ [ 101 sas] },

where the supremum is taken over all » such that Sei”¢h(¢)f(¢)d0 =0
for n =0,1,2, -.-. Through the substitution e~*hf = P if follows that

Let9(@), ) = sup { || ras|[[{ 17 P%da]%} ,

where now the supremum is taken over all P such that Sem"’P(qS)do =0

for n =1,2, +--. It can be shown that it is sufficient merely to con-
sider suprema for Pe &, which proves the theorem.

The restrictive condition 1/fe L'(—, &) seems essential to the for-
mulation of the preceding duality relation, but at least this relation
indicates that there exist close tie-ins between @, and @,. We shall
solve a Riemann-Hilbert problem for the unit circle that, when applied
to @, and Q,, solves both.
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3. The Riemann-Hilbert problem Q.. Let f be a non-negative func-
tion in L! = LY(—m, ), and suppose that & is the closure of & in the
Hilbert space L*(f) of functions square integrable with respect to the
measure fdo. Thus, for example, &? in L*1) = L*? can be identified
with the Hardy space H? The problem @, is:

Given ke L', find functions Pe &? and ¢ satisfying

(1) Pf=k+q, and

(2) Sqe—“‘d’dozo, n=0,1,:-

(Note that since S | P*fdo < «, we have Pfe L' and so gq=Pf—ke LR)

We first list some prefactory material. We associate with any non-
negative fe L' such that log fe L' the analytic functions

i$
Fi@) = exp+ | S5 2 log @) do@), 121 < 1,
(3) i
< F-(2) = exp+ | 2590 log 7(9) do), | 2] > 1.
2 ) z— ¢
F* and F- belong to H*? and K? respectively, and F'~(z) = F+(1/z) if
|z] > 1. (A function F(z) is said to belong to K?® if F'(1/z) belongs to
H?)) Since the boundary functions in H? and K? exist in mean square,
we can define

SH(¢) = lim F'*(re) ,
4 7) = lim F-(re®
These functions satisfy
(5) J@) =@ @) =@ =1/DI.

For any non-negative fe L' and ¢ > 0 we define F¥(z), fi(¢) by (3)
and (4) with f replaced by f: = f + ¢. Here we need not assume that
log fe L'. Note that since f+e=¢>0, we have 1/Fj e H> and 1/F; € K*.
Moreover |f{(¢) [P = f(@) + ¢, so [ f(P) | = |f: (@) | = [F(®)]".

Next we define an operator ( ), as follows. Its domain D consists
of all L' functions k& with Fourier series 3.~ ¢,e"* such that 35| ¢, |* < oo,
and k., is the function with Fourier series >, c.e”. We define the
operator ( )_ by k- =k — k.. Notice that k.e H* and k_e K* with

S k.do=0.
Our discussion of @; proceeds in the following order. First we prove

uniqueness. Then we solve @, in certain special cases (these being suf-
ficient, it will turn out, to handle Q,), and finally find the solution in
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the general case.
We are indebted to the referee for the proof of the next lemma.

LeMMA 2. Q, has at most one solution.

Proof. Suppose Pf =g where Pe &” and ¢ satisfies (2). Then P
is orthogonal, in L* f), to all exponentials ¢ (n=0). Since P belongs
to the closed manifold & spanned by these exponentials we conclude
P=0.

One can formally solve @, by means of the usual factorization methods
(see [4], for example). Write f = f*f~, so Pf =k + ¢ implies

k q
Pft = — 4 — .
AR
Applying ( ). to both sides we obtain Pf* = (k/f )., P = Q[f ) k[f)..
The following theorem justifies this procedure in certain cases.

THEOREM 3. (i) Suppose logfel' and kif-eD. Then Q, has
the solution

_ ik (ke
(6) P=i{F),  o=—rF)
(ii) Suppose log f¢ L' and k*[fe L*. Then Q, has the solution
k
== =0.
7 q

Proof. (i) Let ¢ > 0. Since the function f* is outer, it follows
from a theorem of Beurling [1] that there exists a P,e &%, such that

(), - ar<e.

Therefore by (5)

), - <

so P as defined in (6) belongs to .&°. Furthermore, with ¢ as defined

in (6),
r-a=r (), +(£) )=+

It remains to show that ge K*'. Certainly ¢ belongs to K** since it is
the product of the two K' functions —f~ and (k/f~)_. But since also
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q = Pf — k, it belongs to L'. Therefore ([6], p. 163) ¢e K.

(ii) If logf¢ L', the space & is identical with L(f) ([3], § 33)
and so k/fe .

We now give the complete solution of @,.

THEOREM 4. (i) The limait

lim || Gel2). ‘do

£—-0+

exists either finitely or infinitely.
(ii) A necessary and sufficient condition that Q; have a solution
P, q is that the limit be finite.
(iii) If the limit is finite then
P =1lim (1/f)Eklf)+

in the space L(f), and
[1Prrdo =1tim | Gelf). P do.

Proof. Assume first that @, has a solution P,q and divide both
sides of (1) by f:. Since ¢q/f: € K* and gq/f;do = 0 we have q/f- €D

and (¢/f7). = 0; also Pf/f: e L?c D. Therefore we can apply ( ). to
both sides, obtaining

(PfIf3)e = (K[f7)s -

Consequently

(7) [1iro. 1o = |1 pris o = | 1Py e,
and so

(8) tim sup | 1(6l0). [ do < <o .

‘Conversely suppose that {¢,} is a sequence of &’s such that ¢, — 0 4 and
(9) [ k72, o = 00) for e =,

By Theorem 3(i) there corresponds to each ¢ = ¢, a solution P, ¢. of
(f+¢P. =k + q.. We have

ay  {1npao = | 1P sdo = | (070, P do = 0) .

Thus there exists a subsequence of {¢,} such that {P.} converges weakly
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in L*(f) to an element Pe &, It will follow that P, Pf — k satisfies
Q, if the L' function ¢ = Pf — k satisfies (2). We have forn=0,1,2, «--

| a@e-mdo = | P@LI@ + o] - k@) redo
+ [ 1P6) — @@ o — & | Py mido

:J1+J2+J3-

Theorem 3(i) implies that J, = 0. By the weak convergence of the P;
we can make J, as small as desired by taking ¢, sufficiently small.

Finally (10) implies that S | &P, 2de = O(1), so by the Schwarz inequal-

ity |J,| < e S[s”zPE |do = O as ¢, — 0. Thus P, q satisfy Q,, so

(8), holds and (9) is true for any sequence {¢,} of &’s that converge to
04-. By what we have shown there corresponds to any such sequence.
{e.} a subsequence such that P. converges weakly to the unique (Lem-
ma 2) element P. Thus we can consider ¢ to be a real variable and
conclude that P, converges weakly in L*(f) to Pe & as ¢ — 0+ provided
that

lim infg | k[f7), Pdo < oo .
€0+
We next prove that in fact P. converges strongly to P in L*f).

It suffices to show that S | P, | fdo — S | P|* fdo. Weak convergence gives

liminfS]PePfdogS]Plzfdcr.

g0+

On the other hand, as in (7),
[1P.p o < |1 P.psdo = | (ls2). pdo < {1 PP o
S0
limsupgnglzfdog S]P[Zfda.
§-0+

Thus

lim S | P, | fdo

§—0+
exists, and equals

tim | ((6/), P do = [ | PPsdo
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Thus the proof is complete.

4, Solution of Q,. In @, we wish to find

L, p) =t [ {19+ Prag]

rPeFo

where g is a given function in L*y). Since I(g, /) represents the dis-
tance from ¢ to the manifold &7, in L*(y), there exists a (unique) func-
tion P belonging to the closure &' of &, in L*(¢) such that

Lgm=[]1o+Prae] .
This function P is such that g + P is orthogonal to &%, so
[ o@ + P@lemde@ =0 n=0,1,2---.

It follows from a theorem of the brothers Riesz ([6], p. 158) that the
measure v given by

UB) = | [o) + P@)du(e)

is absolutely continuous with respect to Lebesgue measure. Let F' be
a Borel set of Lebesgue measure zero such that p((—m, 7] — F) =0.
Then g 4+ P vanigshes on F almost everywhere with respect to ft, so

SF|Q+P]2dpS:O
and
lg+PPdp=\ |g+PPdu,=\|g+ P|fdo.
| ). |

Since ¢ = p, it follows that (g, ) = I(9, f), and this common value
is attained by the same extremizing function Pe &#'C &7,
Now,

| o) + P@)le™f(#)do = 0 n=0,1 0",

so if we set ¢ = (¢ + P)f we have Pf = — gf + q, where Pe &” and ¢
satisfies (2). Since (gf)*f = ¢°f€ L', we can apply Theorem 3 to this
situation. The extremizing function

P= {_(1/f+)(gf+)+ if logfelL!
g if logféL',
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and since

10,5) = [ {10+ Prsas] =[] 1arisas]

we have

[g [ (gf")- Izd(f]% if logfelt

Il(g? /’5) =19, f) = {
0 if logfée L.

5. Solution of @,. Given he L', we will evaluate

SPhdol/[SlPde]%}.

Since ¢ = p, it is clear that if I(h, f) is finite so is L(h, ). We shall
show that, conversely, if I(k, ¢) is finite then so is I(h, f) and in fact
L(h, f) = L(h, t). So now suppose L(h, t1) < . Then the linear func-
tional L on & given by

L(h, 1) = sup {

Pei

L(P) = S Phde

is bounded on L*y). Therefore if &’ denotes the closure of & in
L*(p), there is a uniquely determined @ e &?’ such that L(P) = SPQ au.
Then we have

| e la@)dp@) — E@do@l =0 n =01,

We again apply the F. and M. Riesz theorem, and deduce that the
measure v given by

UE) = SEQdy . SEhda

is absolutely continuous with respect to Lebesgue measure. Letting F
be a Borel set of Lebesgue measure zero such that p((—=x, z] — F) = 0,
we see that @ vanishes on F' almost everywhere with respect to p.
Consequently

g e~ QA () — h()da(d) = 0 n=01 ..,

so Qf = h + q, where Qe &?’C.&” and q satisfies (2). Thus the linear
functional

L(P) = SPh do = SPQfdo,



TWO EXTREMAL PROBLEMS 1417

Pe &, is bounded on L*(f), so L(h, f) is finite and in fact equals I(h, t).
We deduce from Theorem 4 that

I, 1) = I, £) = lim [ { | G2, pdo]
and @ may be exhibited as an L*f) limit in the mean.

6. Some formulae for IL(h, r). We can obtain a simpler formula
for I(h, 1) if we assume that h*/fe L' and apply Theorem 3. Then

[J1@15. rao] =] [ wesh@iron- o]
Iy(h, 1) = if log felL*,
U |h Iz/fdo]% if log /¢ L.

This, in conjunction with our solution of Q,, gives the duality discussed
in Theorem 1. Note that the hypothesis 1/fe L' of Theorem 1 implies
that log f e L.

Another simple formula for I(h, t) is available if we know that the
Fourier series >, A, of h is such that h_, = O(R;™) as n— -+ o
for some R, > 1. Then the function H(z) = > h_,z " is analytic in
|z| >1/R,. We have

|1 G1ropdo = [ @@y re@)- rdo,

which by the Parseval relation equals

b)) S () f ?(sb)da}z - il% giz,:l 2 H(z) /F;(z)dzlz
=5 51; SM:R 2V H(z) /F:(z)dzr ,

where 1/R, < B < 1. Let us also assume that log fe L, so F'* is well-
defined and

H(Re*)|F H{Re'?) —— H(Re')|F+(Re*)
in L? as ¢ — 0+4. It follows that

1
2

Lh, py = 3,

n=0

I, HE) P @z

Now, if we write
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then

Lh, o) = X,

oo
n=0

éh_n_mfmr .

Thus if H is the Hankel matrix [k_,_.]5n-0, and @ the column vector
with components f, fi, +++, then

Iz(h’ ﬂ) = || He|l,

where the norm is that of 1%
For example, let o be such that |« | < 1 and consider

a0 (1))

Thus we wish to evaluate I,(1/(1 — e~ %), p). Hereh_,=a",n=0,1, ...,
S0

00

Lh, p) = %,

7=0

2

S g, | = 1[(L — |a P F+@)P],

m=0

as in [2], p. 48.
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