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1. Introductory. The transformation [1, p. 25, 2, p. 369]

o, B, v, & —1; 1
(1) F<a B+1, a—y+1, a—8+1, a—l—l-{-l)

(a+1l)( a— B+1l) (a—v—8+1,5a,/3,—l;1)
F

1 ’
<%a +1; l)(a —B+1;1) \a—v+1, a—d+1, B——Z-a——l

where [ is a positive integer, is a special case of a formula of Whipple’s.
It, and other transformations of the same kind, can be employed to
obtain transformations of series of E-functions. Two such transforma-
tions are:

L (@mBm(=Ln) E{ p; }

amnl(a—B+Ln)(a+l+1;n) 14(m; p—n), A(m; 6—n), d(m; a+p+n) He
A(m; a+0+n), P, Pz, **+, O

(@+1; z)( a—pB+1; l) . la;n)(ﬁ; n) (—1; m)

2 —
2) (-;}z—a+1,l>(a—,8+l; l)n;) n!(,@—%a—l;n) (m)

xE{ 4@2m; at+p+o+n—1), &, &, >+, @, :z} ;
7pq

4(2m; a+p+o—1), 4(m; p), 4(m; 0),
A(m; a+p+n), A(m; a+0+n), Oy, Oy, * <+

(5 ) (B; ) (=15 m) E{A(m; v+n), 4m; Y—a—n), a, + -+, ap.z}
= nl(a—B+1;n) (@+l+1; n) U(m; o+n), dim; c—a—mn), 0y, +++, 0,

(@+1; l)( a—p+1; z)},:(a «y,n)( an)(,@, n)(—1; m)
3 —
® (—;—a+1;l)(a—/3+1;l)" %!<B———é—a—l; 'n)(—mz)”

MN

X.E{ A(m; fY)y A(m; 'Y"—a'—’n), Qp, oo, QX : z}.
d(m; 6—a), 4(m; 6+mn), 0, +++, 0,

In these formulae m is a positive integer,
(4) (0 =1, (;m) =a(@+1) -+ (@ +m—1),

and 4(m; «) denotes the set of parameters
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& e+l | at+m-—1
m ’ m ’ ’ m .

The proofs of (2) and (3) are given in §2. The following formulae
are required.

If m is a positive integer

(5)  ['(mz)=(2a)lum-1mmlpyime—m1p(z) F(z +_1_) .. F( g M= 1>.
m m

From this it follows that, if m and n are positive integers,
(6) F<a+n)r(a+1+n>”.r(a+m-—1+n>

m m m
= r(.%)r(%) ... p(ﬁi;"_z:_l)m—n(a; n),
and
(7) r(“;”)r(“+;‘”)---r<“+m; L-m)
- ) () (=)o
The Barnes’ integral for the E-function is [2, p. 374]
(8) B o3 0; 0:7) = g [ FOILE 20 gy

where |amp z| < = and the integral is taken up the »-axis with loops,
if necessary, to ensure that the origin lies to the left of the contour
and the points a;, @,, +++, @, to the right of the contour. Zero and
negative integral values of the parameters are excluded, and the a’s
must not differ by integral values. When p < g + 1 the contour is bent
to the left at both ends. When p > ¢ + 1 the formula is valid for

lamp2l<%(p—q+1)7r-

2. Proofs of the transformations. Using (8), (6) and (7), the left-
hand side of (2), with-» = g = 0, can be written

= (a;m) (B M) (= 1; m)
all@—B+Ln)(@+1l+1n)

x L LQZ(L = p + mE; ) (L— 0 + mg; n)dg
A (e - (S - e e o)
1 S ‘ r)z ¢,

R (o)

p.olu=0 m
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where

I_F<a, B 1—p+mf 1—o+mg —1 1 )
T \a—B+l,atp—m¢, ato—mE, a+l+1)’]

From (1) it follows that this can be put in the form

(a+1; l)(—;—a —-B4+1; l)

(—;—a-l" 1; l>(a—B +1;1)
1 rz st |
T e e

where

ato+o—1—2ms La, B —1; 1
_ 2

J=F 1
a+p—m§,a+o—m§,3——é-a—l

Now the integral is equal to

(% a; n)(B; n)(—1; n)

Z‘o n!(ﬁ‘— %a —1; n)ZmJ
XS reoxra+p+o—14+n—2mg)
S ge(ereie )

I'(a+ p—m&)l(a + 0 — mE)dg
F(a—{—p—l—n—m;‘)}]l"’(a+p+0—1—2mg‘),

and, on applying (5) to the gamma functions whose arguments contain
— 2m¢ or — mg, the right-hand side of (2) with p = ¢ = 0 is obtained.
Formula (2) can then be derived by generalising.

Formula (3) can be proved in the same way. It should be noted
that

(@a—v+1+mEn)=(—1"(r—a—n—m§n).
The restrictions on amp 2z and on the parameters can be removed
by analytical continuation, provided that the functions exist.
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