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Introduction. The study of probability theory in abstract spaces
became possible with the introduction of integration theories in such
spaces. Thus the idea of the expectation of a random variable which
takes its value in a Banach space was studied by Frechet [6] with what
amounted to the Bochner integral, and by Mourier [13] with the Pettis
integral. Doss [2] studied the problem in a metric space. Kolmogorov
[10] generalized the notion of characteristic function. Generalizations
of the laws of large numbers and the ergodic theorem appear in Mourier
[13] and Fortet-Mourier [5]. In this paper we generalize the concept
of martingale and prove various convergence theorems.

Chapter I is devoted to listing various definitions and theorems which
we shall have to refer to later. In Chapter II we introduce the idea
of the conditional expectation of a Banach space valued random variable.
We also prove the existence of the strong conditional expectation for
strongly measurable random variables. This part of our work was also
done by Moy [14] independently, and without the knowledge of the
author. Chapter III is devoted to the definition and study of weak and
strong X-martingales, with emphasis on the latter.

In Chapter IV we prove a series of convergence theorems for X%-
Martingales with the help of theorems of Doob [1]. The main theorem
says that if {x,, Z, n = 1} is an X-Martingale where X is a reflexive
Banach space, and if {||z,||,n =1} is a uniformly integrable class of
functions, then there is a strongly measurable X-valued function .. such
that ||z, (w) — x.(w)|| — 0 as n — oo with probability 1 and {x,, #,, 1 <
n < oo} is an X-martingale. We close by discussing examples where X
is one of the standard Banach spaces, (¥, L*(I), and C(I).

CHAPTER 1.

PRELIMINARY DEFINITIONS

1. Measurability concepts. A. Let (2, P, _#) be a probability
space. Thus £ is an abstract set of points w, # is a Borel field of
subsets of 2, and P is a probability measure defined on _~. We recall
that a Borel field of sets is a class of sets which is closed under count-
able unions and intersections, and complementation. A probability
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measure P is a completely additive non negative set function defined
on 2 Borel field of sets, such that P{?} = 1. We will be concerned with
functions x(-) defined on 2, and taking their values in a Banach space
X. The sets of _# will be referred to as the measurable sets.

DEFINITION 1.1. z is a weak random variable if it is a weakly
measurable function from 2 to X.

DEFINITION 1.2. « is a finttely (countably) valued random variable
if it is constant on each of a finite (countable) number of disjunct
measurable sets 4;; with 2 = J,4,.

DEFINITION 1.8. 2 is a strong random variable if it is a strongly.
measurable function from 2 to X.

DEFINITION 1.4. « is almost separably valued if there is a set 4 in
_# such that P{4} = 0 and x(2 — A) is separable.

Note. =z is strongly measurable if and only if it is weakly measur-
able and almost separably valued. (Pettis [15] and Hille-Phillips [9]
Theorem 3.5.3, p. 72).

B. The measure induced in X. Suppose z is a function from £

to X. We define a class of subsets of ¥ in the following way: Let &
be a Borel field of measurable subsets of 2, & < _# . Let # be the
class of subsets of ¥ with the property that o € & if &% & X and
{w: x(w) e &7} is an & set. # 1is a Borel field.
If e 7 define P*{ o} = P{w: x(w)e o7}. Clearly P*is a probability
measure on .%,. This gives us a probability triple on %, (%X, P*, F ).
Now, let &% = _#, the class of measurable sets of 2. In order to
assure that .7, will contain some interesting subsets of X we shall
have to assume some measurability properties for x, which we now
proceed to do.

a. Suppose that x is weakly measurable. Then f(x) is a real
measurable function for all f e %*, the real first conjugate space of %.
Thus for every real Borel set B, {w: f(x{(w)) € B} is an _# set. Next
{w: f(x(w)) € B} = {0: z(w) € f~Y(B)}. Hence f(B) is in .#, for every
S in ¥* and real Borel set B. Since f is continuous, f~(B) is open
(closed) if B is open (closed).

Further, .4, contains all the weak neighborhoods of % if x is weakly
measurable. In fact, let N(&; f,, +++, fa; €) be a weak neighborhood of
%. Then
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N fuoe £ 9 = E15E — fE) | <&, G=1 )
= & 17O —FE) 1 <3 -

But the inverse image of each of the sets in the intersection by =z is
clearly an _# set since f(x) is a real valued measurable function for
every linear functional f. Thus _# contains all of the weak neighbor-
hoods of %X, and hence the smallest Borel field containing the weak
neighborhoods.

Conversely, if .7, contains all the weak neighborhoods of X then
2 is weakly measurable. To prove this, we must show that f(x) is a
real valued measurable function on 2 for every f in X*. If f is the
zero functional then f(x(w))=0 for all w, and thus f(x) is clearly
measurable. Otherwise f takes on all real values. In this case we show
that {w: f(x(w)) € B} is an _# set for every real Borel set B and linear
functional f. If Bis the open interval (a —¢,a + ¢), then {w: f(x(w)) € B} =
{w: | f(x(w)) —a| < ¢e}. Since f takes on all real values there is an
element & in X such that f(&)=a. Hence {w: f(x(w)) e B} =
{w: x(w) € N(&; f; ¢)} which is an _# set by hypothesis for _#, contains
all the weak neighborhoods of %. Next, every open set in the reals, in
fact, in any separable metric space, is a countable union of open spheres.
Thus, if B is an open set in the reals B = {J, V, where V, is an open
interval for every mn. Since _~ is closed under countable unions
{w: f(x{w)) e B} = U, {o: flx(w)) € V,} is an _#Z set. Finally, the class
of real sets B for which {w: f(x{w)) € B} is an _# set is a Borel field
which contains the open sets, thus it must contain all the real Borel
sets, and so « is weakly measurable. Thus the definition of weak
measurability may be rephrased as follows:

DErFINITION 1.1.*% 2 is weakly measurable if 7, contains all the
weak neighborhoods of %, that is, if {w:x{w) e N} is an _#Z set for
every weak neighborhood N.

b. Suppose that x is strongly measurable. Then there is a sequence
%, of finitely valued functions, and a set 4 in _# such that P{4} = 0,
|| 2, (w) — 2(w) || >0 as n— o for we Q — 4. Let g be a real valued
continuous function. Then g(x) is a real valued measurable function on
Q. Consequently, {w: g(x(w)) € B} is an _# set and ¢7(B) is an _#,
set for every real Borel set B and real continuous function g. Next let
& be the class of real valued functions g defined on ¥ such that g(x)
is a real valued measurable function on 2. Then & contains the
continuous functions and is closed under the limit operation, thus it
contains all the Baire functions on X to the reals. Now let A be a
Borel set in X. Then there is a real number a and a Baire function ¢
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such that A = {£:9() > a}. Now A = g7 (B) where B = (a, ). Thus
A is an _/#, set since {w:g(x(w)) € B} is an _# set by the measur-
ability of g(x). Therefore if z is strongly measurable, then _#, contains
all the Borel sets of ¥, or {w:x(w) € B} is an _# set for every Borel
set B of X.

C. Independence. Let x and y be (weakly or strongly) measurable
random variables on 2 to X. We can then define a Borel field 7, , of
subsets X x ¥ in an analogous way. Consider 7, x #,={Ax B:Ae _#,,
Be _#,}. Let P*Y(A x B) = P{w: x(w) € A, y(w) € B}. This probability
is well defined for the set on the right is the intersection of two _#
sets and hence is itself an _~ set. Let R,, be the field of finite unions
of sets of _/7, x _#,. Then P*? can be defined on R, , to be a probability
measure in the obvious way in a unique fashion. Next P*Y can be
extended uniquely to _#,, the smallest Borel field of measurable subsets
of ¥ x ¥ containing R,, (Doob [1] Theorem 2.2, p. 605).

DEFINITION 1.5. 2 and y are said to be independent if P{w: x(w) €
A, y(w) € B} = P{w: x(w) € A}P{w: y(w) € B} for A, B subsets of X¥ when-
ever all of the probabilities in the equality are defined; i.e., whenever
the above sets are in _~". The equality may be rewritten as P*¥(4 x B) =
P*(A)PY(B).

Notice that this definition can be rephrased to say that the product
relationship holds whenever A is in _#, and B is in _/,, for only then
will all of the probabilities in the product be defined. This is the type
of definition that has been given by Kolmogorov; e.g., Gnedenko-Kolmo-
gorov ([7], p. 26). The definition used by Doob [1] differs in that it
says that the product relationship holds whenever A and B belong to
a possibly smaller class of sets, namely the Borel sets. For a full dis-
cussion of the connection between the two types of definition the reader
is referred to Doob’s appendix to the above mentioned book by Gnedenko
and Kolmogorov.

THEOREM 1.1. If x and y are independent, then fi(x), «+ -, f.(x) are
independent of g,.(y), ++-, 9u(y) in the sense of Kolmogorov for every
finite set of real valued linear functionals fi, *++y fny 91y ***y O ON %.

Proof. Let A,,+++,A,, By, -, B, bereal sets such that {w: f,(x(w)) e A}}
and {w: g.(y(w)) € B,} are 7 sets for j=1,--<,nmand k=1, -+, m.
Then f7%(A4,) is in _;, and g7'(By) is in _#,. Next, N, fi'(4,) e #,
and O™, 9:'(By) € -#,. Thus



ABSTRACT MARTINGALE CONVERGENCE THEOREMS 351

P{(l): fl(x(w)) € Av tt fn(x(w)) € An, gl(y(w)) € Bu R gm(y(w)) € Bm}
= Plo:o(@) ¢ (17(4)), y(@) e (1 6:(B,)

= Plo: z(@) e (1£7(4)}Plo: y() e O (B}

by the independence of z and y

= Plw: fi(x(w)) € A,, + -, f,(x(w)) € A} P{w: 9.(y(w)) € By, +++,
I.(y(®)) € B,} Q.E.D.

THEOREM 1.2. If x and y are weakly measurable and independent,
then fi(x), «--, fu(x) are independent of 9,(y), +++, g.(y) in the sense of
Doob for every finite set of real valued linear jfunctionals fi, +++, fu
g17 ...! gm on %.

Proof. Let A, and B, in the above proof be real Borel sets; then
{w: fi(x(w)) e A} and {w: g.(y(w)) € B,} are _# sets for f,(x) and g,(y)
are real valued measurable functions by the weak measurability of x
and y. The rest of the proof goes as above.

THEOREM 1.3. If x and y are weakly measurable, and such that

Fi@), « o+, fu(@) are independent of g.(y), «+-, 9.(y) for every finite set of
real valued linear functionals fi, «++, fn 91y *** 9m ON X, then x and y
are independent relative to the smallest Borel field of X sets contain-
wng the weak meighborhoods; i.e.,

P{w: x(w) € A, y(w) € B} = P{w: x(w) € A}P{w: y(w) € B}
for all A and B in the smallest Borel field containing the weak neigh-
borhoods of %.
Proof. Let A = N(&; fi, +++,fu€) and B = N(1; g, +++, gu; 8): then

P{w: x(w) € A, y(w) € B}
= Plo: | filzx() — fi&) | <& =1, 1m;
|95(y(@) — 9,0 | <8, §=1,++,m}
= Plw: | filx(@) — fil€) | <e, 1=1,---,n}
Plo: |g,(y(@) — 9,0)1 <8, §=1,+++,m}

by the hypothesis, and so
Pl{w: z(w) € A, y(w) € B} = P{w: x(w) € A}: P{w: y(w) € B}

when A and B are weak neighborhoods of X. Now the class of weak
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neighborhoods is closed under finite intersections and thus the inde-
pendence multiplicative relationship is preserved if we extend this class
to the smallest Borel field containing it (Loéve [12] p. 225).

The notion of independence is easily generalized to aggregates of
random variables. For a fuller discussion of the measurability concepts
mentioned in this section, see Pettis [15] and Hille and Phillips [9].

Note. Let (§7)e% x X. Define ||(£7)|l=VIEF+17[’. By
this definition, ¥ x X becomes a Banach space. Let f be a real linear
functional on X x X. If fi(&) = fl(E, 0)] and f,(n) = f1(€, )], then f;
and f, are real linear functionals on %, and f[(§, 9)] = fi(&) + fu(). If
2 and y are weakly measurable X-valued functions on 2, then fi(x) and
fAy) are real valued measurable functions on 2. Thus the weak meas-
urability of # and y implies the weak measurability of (x,%) on 2 to
X x ¥, Similarly, if » and y are strongly measurable, there exist
sequences 2z, and ¥, of finitely-valued measurable X-valued functions
such that ||z, — 2||— 0 and ||y, — ¥ || — 0 as n — o with probability 1.
But (x,,y,) gives a sequence of X x X finitely-valued functions, and
| @y ¥n) — (@, ) || = V][@0 — @[’ + [y, — ¥ [P — 0 with probability 1 as
n— oo, Thus, if # and y are strongly measurable, then so is (z, ¥).

2. Integrability concepts. Let x be a countably valued function
taking the value & on the measurable set 4,. Then x is said to be
Bochner integrable if and only if ||2(-)|| is integrable, and by definition

(B) | s@dP = 5 £PU) .

DEFINITION 2.1. z(-) is integrable in the sense of Bochner if there
is a sequence z,(+) of countably valued random variables converging
with probability 1 to 2(-), and such that

lim S | 2(@) — @ (@) || dP =0 .
m,n—o JQ
Then the limit of (B)S 2 (w)d P exists and by definition
Q2
(B)gnw(w)dP = lim (B)S 2 (@)dP.
n—oo 2
Since P{Q} =1, we may again replace the word countably by finitely.
We will later need the following result apparently proved first by
Pettis ([15] Theorem 5.2, p. 293), and later by Moy ([14] Theorem 1,
pp. 3, 4.)

THEOREM 2.1. If x is strongly measurable relative to the Borel field-
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Z  of measurable sets and Bochner integrable and such that S 2(w)dP =
A4
6 for every set A in F then x(w) = 6 almost everywhere.

CHAPTER II

GENERALIZATIONS OF THE RADON-NIKODYM THEOREM
AND ABSTRACT CONDITIONAL EXPECTATIONS

1. It is well known that a real or complex valued completely addi-
tive set function which is absolutely continuous on a o-finite measure
space is actually the integral in the usual sense of a finite measurable
point function (unique almost everywhere). The existence of this point
function is assured by the classical Radon-Nikodym theorem (Halmos
[8] p. 128).

Using a theorem due to Dunford and Pettis ([4], p. 839) it is possible
to get a definition of conditional expectations for more general random
variables such as Dunford and Pettis integrable functions. Since it is
too weak for our purposes, we will no longer refer to it in this paper.

2. Strong conditional expectations. If we restrict ourselves to
Bochner integrable random variables it is possible to get a sharper
version of the conditional expectation.

With this end in mind, let z(:): 2 — % be finitely valued; in fact,
let (@) = & on 4; j =1, «-+, k. Then a(w) = S5, &7 (@) where %,
is the characteristic function of 4,.

DEFINITION 2.1. & (2| .7 Hw)= 3} &, E{)4,/ 7 o), where E{y, | 7}
is the ordinary conditional expectation (Doob [1]) of x,, relative to & .
&Hx| 7} will be referred to as the strong conditional expectation of
x relative to .7 .

In this section all integrals will be in the sense of Bochner, so we
will remove the letter B preceding the integral sign.

LEMMA 2.1. If x is a measurable finitely valued fumction on Q to
X, then gAx(a))sz g gz | F Hw)dP for every Ae F .
4

Proof.
SA%s{xlf}(w)sz LCZ{ ng{xAj]g*}(w)>dp

= 36| B, | 5 NP

.

where the integral is in the ordinary sense
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Ma-

&,P{4, N 4}

J

I
-

ey

Aw(w)dP . Q.E.D.

LEMMA 2.2. If x is a measurable finitely valued function on 2 to
X, then |[|ZHe | F Hw)|| £ E{|z||| &} (0) with probability 1.

Proof.
lete | S| = |5 e, | )|
= 2161 By, | 5 H@)

for X, =1 or 0.
= FE{|z||| # }w) . a.e. Q.E.D.

LEMMA 2.8. If x, ---, 2, are finitely valued measurabdle functions,
and a, -+, a, are scalars, then

k
& aw, + o0+ ax | F Ho) = ;afgs{wjlf Hw)
with probability 1.
Proof. Let {A,}:m =1, .-+, p be a decomposition of 2 such that
each z, takes on only one value on each A4,; in fact, let z,(w) = ¢,(4,)
for w € A,,. Then since &*{x| # } depends on x and # and not on the

decomposition of £, the same representation holds for all the & *{x,| # }.
Hence

&, | F)0) = 3 P ADEL, | F H@) .

Thus
&, + 00 + 4| F Hw)
= 3% [0.2(An) + +++ + GP A E{L, | F 1)

= 0, 3 PUANELey | FHO) + -+ + 0 3 2 A E L, | 7 HO)

- jg a,%%x,| @)  with probability 1. Q.E.D.

THEOREM 2.1. Let x(+): 2 — X be integrable in the sense of Bochner
and Z# a Borel field of measurable Q sets. Then there exists a func-
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tion EHx | F }(+): 2 — X which is Bochner integrable, strongly measur-
able relative to .7, unique a.e., and

SAx(w)dP - S%{x | W @)dP for all Ae o .

Proof. Let x be strongly measurable and integrable in the sense
of Bochner. Then there exists a sequence x, of finitely valued measur-
able functions such that z,(w)— x(w) with probability 1 as 7 — oo;

S | 2,(®) — 2, (@) ||[dP—0 as m,m— co; and Snxn(w)dp—» S 2(@)dP.
2 2
Now &*{x,| # } is defined for all x, by Definition 2.1. Also

| &) 7)) — & wal 7)) || P
= SOH &, — 2| F Hw)||dP by Lemma 2.3.

< SﬂE{H @y — ||| FN@)dP by Lemma 2.2.

_ S | 2%(@) — z,(@) || dP by‘the deﬁnition. of ordinary con-
2 ditional expectations
— 0 by the defining property of the z,’s as n, m — .
Then according to Hille and Phillips ([9] p. 82, Theorem 3.7.7), there
exists a function, y, which is Bochner integrable, strongly measurable
relative to ., unique a.e., and such that

M &) FH0) — u@|dP—0  as n—co .
Next,
[ e e
= ||| pt@ap - | @, F)w)ap
+ | teal NP - | s()ip|
= | v — #*@.| 7)) || aP

+ “ SAxn(a))dP — de(w)dP” by Lemma 2.1.

— 0 as n— o by (1) above and by the definition of gx(a))dP. Thus
4

Sy(a))dP - S 2(@)dP for all de 5. We are now justified in calling

y A

y(-) the strong conditional expectation of x relative to % and we use
the notation &*{x| # }(+). Q.E.D.
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DEFINITION 2.2. &£ *{x| . } is called the strong conditional expect-
ation of x relative to .7 .

We shall now examine the properties of the strong conditional ex-
pectation. In what follows we will be concerned mainly with the strong:
rather than the weak conditional expectation.

THEOREM 2.2,
1. If x(w) = & on 2 then &{x| F Hw) = & with probability 1.

2. &{Siep, |7} = 5o, 5} with probability 1.

3. ||&e| F Hw)|l = E{|x]||| &} with probability 1.

4. If ||2(w) — 2(®)||—0 as n— oo with probability 1, and
there is a real random wvariable a(w) = 0 such that ||z (@)]|] <
a(w) with probability 1 and E{a} < oo, then lim, .. &, | 7 } =
& x| Z} with probability 1.

Proof.

(1) The function x(w) = £ has the defining property of &*{x| # )
and is measurable relative to any Borel field & .

@ [z{% ety 7 J@dP= | (3ie/@))iP by Theorem 2.1.
— SA(; ¢, %, | ﬂ’}(w))dP for all Ae ..
Thus
&S0 |7} = 30,157} with probability 1.
(8) Let x, be as in the proof of Theorem 2.1. and let 4 € & .
Now | &*x,|. 7 Hw)|| < E{|®,||| & }w) with probability 1 by
Lemma 2.2. Thus
[ J1& @ o) 1P < | B{ia, ||| # Yw)dP .
But
& @1 dP= | |e* 5 Y@ 4P as n—
by Theorem 2.1., and
[ Ellealll #@)dP = | [lo,@) | dP— | | a@)[|dP

= | Bzl 5 Y@0P .
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Hence
el @ dp s | Bllal| 7 )H@)dP for de.5

and thus || £z | 7 Hw) || £ E{|z]||| & Hw) with probability 1.

@) &, | F Hw) — & | 7 Ho) ]
=&z, — x| F Hw)|| by (2) with probabilility 1.
< E{l|z, — 2| | & Hw) by (38) with probability 1.
— 0 as n— o by Doob ([1] p. 23). Q.E.D.
Next it will be convenient to show that every linear transformation

distributes over &°.

THEOREM 2.3. Let x be Bochner integrable, # a Borel field of

measurable sets, f a linear (bounded) transformation from X to another
Banach space ). Then

fl€ e | 7 Hw)] = & f(x)| & Hw) with probability 1.

Proof. Since f is a linear (bounded) transformation, f(x) and
SI& x| 7 }] are Bochner integrable (Hille-Phillips [9] p. 84). Let
Ae . Then

B)| f12 | FHIdP = f((B)| & | 7 H@)dP]
(Hille-Phillips [9] Theorem 3.7.12, p. 83)

= £1(B)| s(@dP]
= (B)SA Sf(x(w)dP by the preceding reference
= (B)SAg”{f(x) | 7 Hw)dP.

Thus f[& x| F Hw)] = {f(x)| & Hw) with probability 1 by Theorem
2.1. of Chapter I. Q.E.D.

COROLLARY. Let x be Bochmer integrable, % a Borel field of
-measurable Q sets, feX*, then
fl€ x| 7 Hw)] = E{f(x)| & Hw) with probability 1.
A final remark. If & & &7, then
gle| T o=gE | o F =27}
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with probability 1. For

&x| F Hw)dP for 4e &

4

EaCRUIRS IR OU S

x(w)dP for 4e &; . also for A€ F

[ #1E e ) 7 0P = S o | PHO)AP for de 5
S E{x| 7 Nw)dP for e . 7. QE.D.

CHAPTER III.

ABSTRACT MARTINGALES

1. Preliminary definitions.

DErFINITION 1.1. Let T be a linear index set. Let x.(:): 2—% be
integrable in the sense of Bochner for 7 € T and % be a Borel field
of measurable subsets of 2 for e T. Let &, c & if 0 < 7. Suppose
2. is strongly measurable relative to . or equal almost everywhere to
such a function. If &°*{x.| %} = x, with probability 1 when ¢ < T
then {z., &, e T} is a strong X-martingale.

In most of our work we will be concerned with the case in which
T is the set of positive integers, and in this case the martingale will
be denoted by {x,, F,, n =1} and the martingale equality becomes.
“{x, | Fn} = x, with probability 1 for n > m.

By using the Dunford-Pettis Theorem alluded to in Chapter II, it
is possible to get a definition of weak X-martingales, but because of a.
separability assumption in the theorem, they turn out to be strong X-
martingales.

2. General properties of strong X-martingales. From this point we
will denote (B)g 2(w)d P by S 2(w)d P, (B)S 2(w)d P by & {x}, and &*{x|.7 }
by £{x|.# }, and omit the word strong when discussing strong mar-
tingales.

THEOREM 2.1. {x., %, T € T} is an X-martingale if and only if
S 2z (w)dP = S AP for o <t and A in 7.
A4 4

Proof. If {x., %,te€ T} is an X-martingale, then &{x.| #} = 2.
with probability 1. Thus for every A in &%, we have the equality
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| g@iP = | .| F)@iP = | s (@ip,

the last equality following from the definition of conditional expectations.

Conversely, if 2 (w)dP = S 2(w)dP, for A in F#;,0<7, then
4

S & (x. |f}(w)dP—S v (w)dP.. Therefore, & {v. | .77} = x, with prob-

ability 1 by Theorem 2.1 of Chapter I, and hence the process in ques-
tion is an X-martingale.

THEOREM 2.2. If {x., #,T € T} is an X-martingale, and f is a
linear (continuous) transformation from % to another Banach space %),
then {f(x.), #,te T} is a YP-martingale. Thus, in particular, the
conclusion 1is true for every f im X*. On the other hand, if
{flx.), #,7e T} is a real martingale for every f im X*, and the x.
are Bochmner integrable, then {x., #,t c T} is an X-martingale.

Proof.

(1) =z. is strongly measurable relative to #; thus f(x.) is also
strongly measurable relative to % by the continuity of f. Next,
&{f(x.) ]| FHw) = fl&{x. | F, Hw)] with probability 1 by Theorem 2.3
of Chapter II, where both sides of the equality are in ). The expression
on the right is equal to f(x,(w)) with probability 1 by the definition of
X-martingale. Hence, & {f(x.)| #,(w) = f(x,(w)) with probability 1;
thus, {f(x.), #, 7t € T} is a Y-martingale. In particular, this is true
for all real linear functionals f, and in this case, the resulting martin-
gale is a real one.

(2) On the other hand, if x. is Bochner integrable and strongly
measurable relative to &, then by hypothesis & {f(x.)| F#} = f(x,)
with probability 1 for every f in X*. Then we can write

£(] #d@aP) = | f@.@)dP = | Bif@)| ) a)dP
= | r@@ap = f(] z(@)iP)

for every f in X* and A in &,. Therefore, S 2 (w)dP = Lx,(a))dP for

every A in .#,. Hence {x., &,7€ T} is an %A-martingale by Theorem
2.1. Q.E.D.

Note. By virtue of Hille-Phillips ([9] Theorem 3.7.12, p. 83), the
theorem is true for f, a closed additive transformation from X to 9, if
we assume that f(x.) is Bochner integrable for every 7 in T.

DEFINITION 2.1. Let ¥ be a Banach space. A subset & of 9 is



360 FRANK S. SCALORA

called a positive cone if

1) 0e &,

(2) &€ & and a nonnegative imply af € &,

B) if £e & and —£e &, then £ =6,

(4) if Ee R and 7€ R, then £+ e &,

(5) R is closed. By definition £ = 7 if and only if £ — 7 e & The
order thus induced is a partial order (Hille-Phillips [9] Theorem 1.11.1,
p. 15).

DEFINITION 2.2. Let ¥ be a Banach space with a positive cone.
Let T and &% for 7 € T be as in Definition 1.1 of this chapter. Let z,
be a Bochner integrable $)-valued strongly measurable (relative to &)
function on  for 7€ T. Then {y., #, 7 € T} is a Y-semi-martingale if
&y, | Z-Hw) = y,(w) with probability 1 for ¢ < 7.

DEFINITION 2.3. A function g defined on ¥ with values in ), a
Banach space equipped with a positive cone, is said to be sub-additive
i£ 9 + 1) = g(§) + 9(n), positive-homogeneous if g(af) = ag(§) for a = 0.

THEOREM 2.3. If x is a Bochner integrable X-valued function on
2, Z a Borel field of measurable subsets of 2, and g a continuous
subadditive positive-homogeneous function on X to ¥), a Banach space
with a positive cone, such that g¢g(x) is Bochmer integrable, then

o(] p(@3P) = | se@NdP and g(# | FHW) = Flo@) | FHw) with

probability 1. In particular, the conclusion follows for real valued g
without the assumption of integrability on g(x).

Proof. If x and g(x) are Bochner integrable, then by the methods
of Hille-Phillips ([9] Corollary, p. 81, and Theorem 38.7.17, p. 83) there
exists a sequence of countably valued integrable random variables z,
such that || 2, (@) — 2(®)]|| — 0, || 9(x(®)) — g(x(w)) || — 0 uniformly with
probability 1 as n— o, and also hmwm—a@mwﬁo and

A
L[Ig(wn(w)) — g(@(w))||dP— 0 as n— o for every measurable set A.
TMSL%@MPﬂLM@M’mdSm%@mW~&mm@ﬂPasnﬁm.
A A4
Furthermore, &{z,| #}—&{x| 7}, £{o,)| 7 }— &{9(®)| &} uni-
formly with probability 1 as » — oo, and S |&{2,| 7} —&{x]| F}||dP—0,
4
(Moy [14] p. 7) Lllg{g(mn)lﬁ‘} — &{g(x)| #}||dP—0 as m— o for
every measurable set A. Let z,(w) = &, for w in A, where the 4 are
disjunct measurable sets such that

;PMH=1-
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Then
| en(@dP = 5 £.P(4) = lim 5, ELP(43).
Now

o( S EPAY) = S0E)PLA)

=1

Jy the subadditivity and positive-homogeneity of g. Further,
oo N
| 9@ @)dP = 5 g(EIPAI} = lim 31 g(E)P(A} -
Hence,

o(] w@)dP) = g (lim 3 E1P(AL}) = lim o33 £1P (43))

N—oo j=1
N
= lim 3, ()P} = | g@(@)aP,
N—soo j=1 2
since g is continuous and the positive cone in ) is closed. Similarly,

EA{w, | 7} = X EE{Y) | 7} almost everywhere and thus,
0(& (| 7 W) = o(lim S B (L | 7))

= lim ég@f»)E 1) 7} = £{g(x,) | .7 No) ae.

Finally, g(ggx,,(w)dp) - g<ng(w)dP> and 9(Z{w,| 7 ) —g( o] 7)) ae.
by the continuity of g and the known convergence of the integrals and
conditional expectations in question. Thus,

o(| p@)iP) = o(lim | 2 (@)dP) = lim (| z(@)aP)
= lim | g(en(@)dP = | g@(@)aP

and
9(&E x| 7} = g(}tlm” Z{x,| 7} a.e.
= lim g(&{x,| 7)) a.e. = lim &{g(@,) | 77} a.e.
= #{9(x)| F} a.e.

If, in particular, g is a real valued subadditive positive-homogeneous
continuous function, then there exists a finite nonnegative number
M,, M, = sup [g(§); || £]| = 1], such that [g(&)| = M,(]|&]| + 1) (Hille-
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Phillips [9] Theorem 2.5.2, p. 25). Thus, |[g(x(®))| = M,(||z(w)]|| + 1),
and, since the function on the right is integrable on 2, it being a finite
measure space, g(x) is Lebesgue integrable, and the conclusion of the
theorem follows. Q.E.D.

THEOREM 2.4. Let {x., 7,7 € T} be an X-martingale, and let g be
a continuous subadditive positive-homogeneous function on % to %), a
Banach space with a positive cone such that g(x.) is Bochner integrable
for every t in T. Then {9(x.), &, 7 € T} is a P-semi-martingale. In
particular, if g is a continuous subadditive positive-homogeneous func-
tional the conclusion is that the resulting process is a real semi-martin-
gale without assuming that g(x.) is integradle. Finally {||x.||, 7,7t e T}
18 @ real semi-martingale.

Proof. By Theorem 2.3, &{g(x.)| FHw) = 9(Z{x.| Z }w)) a.e.
But the righthand side is equal almost everywhere to g(x.(w)) since
{x., #,t e T} is an X-martingale. Thus, £{g9(x.) | Z Hw) = g(z.(w)) a.e.
for ¢ < r. Since g(x.) is clearly strongly measurable relative to .7,
{9(x.), #, T e T} is a Y-semi-martingale. Q.E.D.

Next we consider some examples.

ExaMPLE 2.1. Let z be Bochner integrable and { < } as before.
Let ., = &{z| #}. Then {x., #,7€ T} is an X-martingale. For let
de Z,0<r,

SAx,,(a))dP - SAgf{z | Z2Hw)dP = SAz(a))dP
as a consequence of the definition of ¥ {2| #,}, and
SAx,(w)dP — SA%”{z | 7 {w)dP = SAz(a))dP ,

the last equality being true for all 4 € & and hence for all 4 e 7, S #.

Thus S 2 (@)dP = S s(@)dP for Ae ;. Hence, by Theorem 2.1,
A A

%= Z.,7 € T} is an X-martingale.

Before proceeding to the next example we shall have to prove the
following lemma.

LEMMA 2.1. Let x and y be strongly measurable independent
random variables. Let % be the Borel field of measurable sets gener-
ated by x; i.e., the smallest Borel field of measurable sets with respect
to which x is strongly measurable. Suppose &{y| F } exists, and define
Eylay =] F}. Then &{y|a} = &{y} with probability 1.
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Proof. If x and y are independent, then f(x) and f(y) are real
valued independent random variables by Theorem 1.1 of Chapter I for
every f in X*. Thus E{f(y)| & } = E{f(y)} with probability 1. Next,
let A be an % set. Then

(| zwini@ar) = £(] I S HwaP) = | 7@ W FHe)ap
= | BUrw) | 7 0P = | Branap=£(| zwip)
by Theorem 3.3 of Chapter II. Thus
| #wiair = &wap,

for every A in & . Hence &{y|a} = &{y} with probability 1 by
Theorem 2.1 of Chapter I. Q.E.D.

In like manner, it can be shown that if {y,} are mutually independ-
ent, then & {y,| 7} = & {y,} with probability 1 if & is the smallest
Borel field relative to which ¥, « -, ¥, are strongly measurable.

ExampLE 2.2. Let {y,, 7 = 1} be mutually independent, & {y,} =&
for 5 > 1, #, be the smallest Borel field relative to which y,, -, y, are
all strongly measurable, and z, = >7,¥%,. Then {x,, #,,n =1} is an
X-martingale.

We show that & {x,|.Z,-.} = ®,—, with probability 1.

Note. & {w,| Fn-s} = E{@a| Yy %) Yna} = E{X0 |0y, oo, Tps} .
Clearly

n n—1
wn:g{yj:;_lyj'*'yn:xn—x"}’yn'
Then

(g{xn i -.7;—1} = g";{9[57;—1 + Yn [ %—1}
= E{Zpr| Fn-i} + E{Yn| Fu} by Theorem 2.2 of Chapter II.
=2, + E{WY.| F»_} with probability 1 for x,_, is meas-
urable relative to .#,_..
=,., + £{y,} with probability 1 by Lemma 2.1
= %,_, for £{y,} =6 for n > 1.

Thus {z,, #,, » = 1} is an X-martingale.
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CHAPTER IV

MARTINGALE CONVERGENCE THEOREMS
IN A BANACH SPACE

Let ¥ be a Banach space. We will prove various convergence
theorems for ¥-martingales. Thus we will show that if {x,, F., n = 1}
is an X-martingale, then under certain conditions there will exist an X-
valued random variable x such that z, — x with probability 1 in various
senses.

THEOREM 1. Let {x,, F,, n = 1} be an X-martingale, and let F.
be the smallest Borel field of 2 sets such that F. 2 Up. F,. Let
Yn(®) = ||z () ||. Then

E{lz, |} = E{ll@l} < +-- = E{llza [} = -

1) If Lu.b., E{]|x,|]} < o then lim,... || 2,]|| = y. exists with prob-
ability 1, and E{y.} < «. In fact, the boundedness condition reduces
to lim,... E{||z,|} = K < «, and then E{y.} < K.

(2) a. If the ||z,||’s are uniformly integrable then

and the process {¥,, %, 1 < n < =} is a real semi-martingale dominated
by a semi-martingale relative to the same fields. (Doob [1] p. 297)

b. If Lub., E{|z,||} < - so that y. exists, and if the process
{Yny Fmy1 =n < oo} is a real semi-martingale, then lim,_., E{|| z, ||} = E{y.}
and the || «,|’s are uniformly integrable.

Proof. 1If {x,, #,, n = 1} is an X-martingale, then {||x,||, F, n = 1}
is a real semi-martingale by Theorem 2.4 of Chapter III, and then
E{|x |} < ++- E{|2, |} < -+ according to Doob ([1] Theorem 2.1 (ii) p.
311). The other conclusions follow from Theorem 4.1 s of Doob ([1] p.
324-325). Q.E.D.

THEOREM 2. Let {x,, #,,n =1} be an X-martingale. Let X be
reflexive. Suppose lim, .. E{||x, |} = K < . Then there is an X-valued
strongly measurable random variable x. such that x,— x. weakly as
n— oo with probability 1.

Proof. Since x, is strongly measurable, there is a measurable set
A, such that P{4,} = 0 and 2,2 — A,) is separable, for strongly meas-
urable functions are almost separably valued (Hille-Phillips [9] Theorem
3.6.3, p. 72). Let 9, = z,(2 — A,) and let Y be the closed linear mani-
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fold spanned by U;-;9.. Then 9 is a separable subspace of X and
2. (w) € 9 for almost all w, for each n. Now ) is reflexive since ¥ is.
(Hille-Phillips [9] Corollary 1 to Theorem 2.10.3, p. 38). Further, since
9 is separable, then so is 9** for P = P**. But then P* is separable
by Theorem 2.8.4 of Hille-Phillips ([9] p. 34). Now if fe 9* then
{f(x,), Z, n =1} is a real martingale by Theorem 2.2 of Chapter III.
Also

E{ f@a) [} = E{IF T eatll} = A1 E{ll2a |} = [ FIl K

because E{||z, |} <+« E{||x,||]} = -+ =< K by Theorem 1. By virtue of
Doob ([1] Theorem 4.1, p. 319) for every fe 9* there exists a real
measurable function z,, and a measurable set 4, such that P{4,} =0
and | f(z,(w)) — z,(w)| — 0 as » — o for w € 2 — 4,. By the separability
of 9* there is a countable dense subset {f,} of 9*. Thus for every f,
there is a 4, and 2, as we have seen, such that P{4;}=0 and
[fi(@n (@) — 2; (@) [ — 0 as n— o for w e 2 — d;,. Let A, = Ui 4,,.
Then

P{4} = P{g Afj} < g‘, P{4,}=0.

By Theorem 1 there is a measurable set M such that P{M} =0 and
such that ||z.(w)]|| is a convergent sequence for w € 2 — M. Let 4=
A, UM. Then P{A4}=0. Next, let we 2 — 4. Then we 2 — M so
that || z.(®)]|| is a convergent sequence. Thus there is a constant C
such that ||z, (w)|| = C for all n.

Define Q,(f) = f(z,(w)) for f € 9*. The Q,’s form an equi-continuous
sequence of functions on 9*, for, given € > 0, 36 = ¢/C such that for
every n, ||f — g|] < & implies

1Qa(f) — Qu(9) | = |f(@al®)) — g(@a(@)) [ = [If — gl | 2n(@) || <¢/C-C=¢.

Furthermore, since w € 2 — 4, 5 for every j,
[Qu(f) — Qu(f) | = | f(@n(®)) — F@n(®)) | — 0 as n,m — o .

But, an equicontinuous sequence of functions converging on a dense set
of a metric space converges on the whole space. Thus for every
FeD%1Qu(f) — Qu(f) | — 0 as n,m — o; ie., | f(@ (@) — f(@n(®)) ]| — O
as n, m — o for every w e 2 — A.

Therefore f(x,(w)) is a convergent sequence for all w € 2 — 4 and
f e D*. The reflexiveness of X and Y implies that X and 9 are weakly
complete. Thus there is an z.. (strongly measurable) such that for every
fed*and w € 2 — 4 we have | f (@, (@) — f(Z(®))]| — 0 as n— o;ie. x,
converges to x., weakly with probability 1. Q.E.D.
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Note. . is strongly measurable since it is the weak limit of strongly
measurable functions (Hille-Phillips [9] Theorem 3.5.4, p. 74). Theorem 2
may be restated as follows:

THEOREM 2*. Let {x,, %, n =1} be an X-martingale. Let X be
weakly complete and suppose that X* is separable, and lim, ... E{|| 2, |} =
K < . Then there is an X-valued strongly measurable random vari-
able x., such that x, converges to x., weakly with probadbility 1.

COROLLARY 1. Let {x,, F,, n = 1} be an X-martingale. Suppose %
18 a Hilbert space, and that lim,.. E{||z,||]} = K< . Then there
exists a strongly measurable X-valued random wvariable x. such that
X, — X weakly with probability 1.

Proof. Since X is a Hilbert space, it is reflexive and weakly com-
plete. Hence all of the hypotheses of Theorem 2 are satisfied, and so
the above conclusion follows. Q.E.D.

By making a stronger assumption on the ||z, |/’s we will show that
the last result may be sharpened to give strong convergence with prob-
ability 1.

THEOREM 3. Let {x,, F#,n =1} be an X-martingale; let X be
reflexive. If the ||z,|’s are wuniformly integrable, then there is a
strongly measurable %-valued random wvariable =z, such that
|2 (@) — (@) || =0 as n— o with probability 1, and in fact
{#n, Fny 1 =1 < o} s an X-martingale.

Proof. As in the proof of Theorem 2, there is a separable sub-space
Y of X, and for each =, x,(w) € 9 for almost all w. Also 9 is reflexive,
so therefore 9** is separable, which implies that 9)* is separable. Now
E{llz, |} = E{ll2, |} = -++ = E{||2,[]} = -+~ since {||2,]|, Fm,n=1}is a
semi-martingale. Therefore lim,, .. E{||z,||} = K < oo, while lim, .. E{f (z,)]} =
lim, ... ||fIlE{lz. |} = ||f]| K. But the uniform integrability of the
[|,|I’s makes K < o (Doob [1] Theorem 4.1, p. 319). Theorem 1 tells

us that there is a y.. such that |||z,|| — ¥=| — 0 as n— o« with prob-
ability 1, and such that {y,, #,, 1 <n < =} is a real semi-martingale,
where y,(0) = ||z (®)|] and y.(w)=lim,.. | z.(®)]. In fact,

E{ly. — ||z,||}—0 as n— o. By Theorem 2, there is a strongly
measurable X-valued random variable z.. such that | f(x,(®)) — f (x.(®w))| —0
as n— o with probability 1 for every fe 9*. Furthermore, if the
||, ]’s are uniformly integrable, then so are the f(x,)’s for every f € 9*
because, first of all,

(@: |7 @] > My  {o: 1) | > )
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if ||f]l<0. {df ||f]l=0, then trivially the f(x,)’s are uniformly
integrable.) Thus

| ao)) | dP < | | (wa(0)) | 4P

S(wtlf(rn(w))bbl) (w:]zy (@) [ I>M/1IrI}

< ufnj | () || dP— 0
{w:llzy ) [I>H/1]111}
uniformly in n» as M — oo .

By the uniform integrability of the || x,]||’s, thus proving the uniform
integrability of the f(x,)’s for every f € 9*. Hence {f(2,), Fn, 1 =1 < o}
is a real martingale for every f € 9* by Doob ([1] Theorem 4.1, p. 319).

Next, x. is strongly measurable (in fact, relative to #.) by Theorem
2. Furthermore, F{||z.||} < o, for, «, — x.. weakly with probability 1.
Hence || 2.(®) || < lim,_..inf || z,(®) || for almost all w. But the right
hand side equals y..(w) with probability 1 by Theorem 1. Thus || z.(®) || <
Y.(w) a.e. Since y. is integrable, so is || . ||; hence, by Theorem 3.7.4
of Hille-Phillips ([9] p. 80), .. is Bochner integrable. Thus, by Theorem
2.2 of Chapter III, {x,, #,,1 <n < } is an ZX-martingale. Then
{1 ll, Fny1 = < oo} is a semi-martingale by Theorem 3.4 of Chapter
III. But sois {|| 2], <+, [| 2, ||, *+, ¥} relative to T, <+, Fpy +++, Fu.

We now show that || z..|| = ¥. with probability 1. We have already
shown E{l|x.|} < E{y.}. But E{l|w,|} < E{]|a. [} since {||, ||, 7, 1 <
n < o} is a semi-martingale, and since E{||z, ||} — E{y.} by Theorem 1,
we have F{y.} < E{||2.]||}. Hence, E{||x. |} = E{y.}. But ||z.(®)]] =
Y.(®) for almost all w. Therefore by Theorem B of Halmos ([8] p. 104),
|| %o(®) |] = ¥yo(w) for almost all w, and ||z (®)|] — || x.(®)|] with prob-
ability 1, even as x, — 2. weakly with probability 1. Next, let £ e 9.
‘Then {z, — &, #,, » = 1} is an X-martingale, for

Zx, — E| Fp} = E{20, | T} — €| F,} with probability 1 by Theorem
2.2 of Chapter II
=&, — & with probability 1, since
{x,, Z., = 1} is an X-martin-
gale, and by Theorem 2.2 of
Chapter II.

Now by what we have already proved in this theorem, since the
|2, — E|’s are clearly uniformly integrable, there is a w. such that
f(x, — & — f(u.) with probability 1 for every f e 9* and ||z, (w) — &|| —
U.(w) with probability 1. But [z (0) — &] = f(x.(w)) — f(E) —
SJ@o(®) — (&) = flx.(w) — E] as n— oo with probability 1. Thus
U @) = 2.(w) — & with probability 1. Hence || z,(®) — || — || ®.(®) — E|]
with probability 1. Let {£;} be a denumerable dense set in ). Then
‘there is a 4, such that P{4,} = 0 and || z,(®) — & || — || ®..(®w) — &,]|| for
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weQ—4,, Let 4=Uz,4,, Then P{4} =0. Let we 2 — 4, and
define R,(&) = ||z (@) — E]|| for E€ 9. The R,’s form an equicontinuous
sequence of functions on ), for given ¢ > 0, 38 = ¢, such that forl every
n, || € — 7| <3 =eimplies | R,(§) — R,(0) | = ||| 2a(@) — £ || — || 2a(@) =7 || | =
[|€ — 7]|| < e Furthermore, since w € 2 — 4, for every j,

[ Bo(€)) — [ 2a(@) — & ||| = || @a(@) — & || — [|2(@) — &]| | > O0aSn— .

But, as an equicontinuous sequence of functions converging on a dense
set of a metric space converges on the whole space, thus for every
£e D, | Ri&) —lza(@)—Ell|= ||| @n(@) — E] — [| (@) — &[] [ -0 as m—
for every w € 2 — A. Now, for o ¢ 4, let £ = 2..(®). Then || z,(®) — z.(®)||—
|| (@) — 2(@) || = 0. Thus there is a measurable set 4 such that P{4} = 0
and such that for w e 2 — 4, || 2,(®) — 2.(w)]|]]— 0 as n— . Q.E.D.

COROLLARY 2. If X is a Hilbert space, or 1%, or L?, 1 < p < o, and
{%,, Fny m = 1} is an X-martingale in which the ||z, ||’s are uniformly
integrable, then there is an x. such that {x,, #,,1 <n < =} is an %-
martingale, and || 2,(®) — 2.(®) || — 0 as n— oo with probability 1.

Proof. All of the above named Banach spaces are reflexive, and
thus the result follows from Theorem 3.

REMARK. Let X be a Banach space with a partial order induced
by a positive cone. Suppose {x,, F,, n =1} is an ZX-semi-martingale.
Then, as in Doob ([1] p. 297), z, can be represented in the form

n

where 4, = 0; 4, = &€{x;| F-} — ;.. = 60,5 > 1; and {x}, F,,n =1} is
an ZX-martingale. Thus convergence problems for X-semi-martingales
can be reduced to convergence of X-martingales if reasonable conditions
can be found for the convergence of the monotone sequence y, = >\7, 4,.

THEOREM 4. Let {x,, F,, n < —1} be an X-martingale in which %
is reflexive, and let F., =% F.. Then «x_. exists, such that
|| 2p(@) — 2_o(@) || — 0 as n — — oo with probability 1, and {x,, F,, —o <
n < —1} is an X-martingale.

Proof. {||®,|l, Zm n = —1} is a real semi-martingale; thus by Doob
([1] Theorem 4.25, p. 329) lim,_ .. || 2.(®) || = ¥_.. exists with probability
1, and —o ZY_. < o, while {||z,||, Fu, —0 =n < —1} is a semi-
martingale. By Theorem 4.2 of Doob ([1] p. 828) lim,._..f(x,) exists
for almost all @ and every f e %*. Using the methods of Theorem 2,
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we can show that there is an x_. such that f(x,(®))— f(x_.(w)) as
n— —oo for almost all @ and all f. Using the methods of Theorem 8,
we show that {x,, #,, —o =n < —1} is an ZX-martingale, and that
[[#—w]] = Y-w and || 2,(w) — 2_.(®)]] — 0 as # — — o with probability 1.
Q.E.D.

THEOREM 5. Let z be a strongly measurable random wvariable, X
reflexive, with E{|z]|]} < oo; let +o¢e F, S e S F S eer & eve &
Ty S o+ be Borel fields of measurable Q sets. Let F .. = Yge—ew Fn»
be the smallest Borel field of 2 sets with 7.2 Up-—wP. Then
lim,, . &{&| F} =& 7.}, and lim, . L {z| F,} = £{z| F.} with
probability 1.

Proof. Let z,=%{| F#,}, —o =n < . Then {z,, F, — =
n < o} is an X-martingale by Example 2.1 of Chapter III. Thus by
Theorem 4, lim,, . &{z| 7.} = &{#| 7.}. Next, {||2,|l, Fp — =
n < oo} is a real semi-martingale, with a last term in which all the
random variables are nonnegative. Thus by Theorem 3.1 of Doob ([1]
p. 311) the ||, ||’s are uniformly integrable. Hence by Theorem 3, there
is a y such that ||x,(w) — y(w)||— 0 as n— o for almost all @ and
{,, 1 =m < oo,y} is an ZX-martingale. We finally must show that
Z.(®) = y(w) with probability 1. But this is true for both 2. and y are
equal almost everywhere to functions measurable relative to #.. Also

SAxm(a))dP - S,g{z | N w)dP = SAz(a))dP for Ade 7 and SAy(w)dP -

S 2, ()dP = S 2| Fo)w) dP = S Aw)dP for every 4 € 7 and thus for
eéery Ade U,f%. Hence S y(w)d/}’ = S To(w)dP for every Ac Un, Fu;
thus, S F(@)dP = g f@{@))dP for every 4 ¢ U, .7 and f ¢ X*. But
these inAtegrals define Acompletely additive set functions of Z. sets which
are identical on the fields U, .#, and therefore identical on #. (Doob
[1] Theorem 2.1, p. 605). Thus Sy(w)dP: S z.dP for every Ae .7
Hence y(w) = 2..(w) with probabili/’lcy 1 and liI;ln_m Zz| Fat = E{z| Fo}
with probability 1. Q.E.D.

COROLLARY 8. Let z be a strongly measurable random variable,
with E{||z ||} < o and let 4, Y, -+ be strongly measurable. Let &,
be the smallest Borel field with respect to which y,, Y, -+ are strongly
measurable. Then lim, .. &{z| .S} = &Ny ), lim,L.. £{z| FZ} =
& {z| #.} where 7, 1is the smallest Borel field relative to which
Yiy Yoy =+ *» Yo are strongly measurable, 57 the smallest Borel field con-
taining Up-. ..

Proof. In Theorem 5, let &2 = &, and 57, = &,. Q.E.D.
Using this corollary it is possible to get a proof of the Banach space
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version of the strong law of large numbers. In fact, such a proof is
virtually along the lines outlined in Doob ([1] p. 841). Mourier [13] has

proved an ergodic theorem, more general than this one, by a more
direct approach.

EXAMPLE 1. Let £ =17,1 < p < o (real I*). Then

1) = (EP(@), -+, EP(0), +++) where 35 |E7(@) 7 < oo,
and
@]l = {S 1&7@ P} .

If z, is Bochner integrable, then its integral satisfies the equation

Sgﬂcn(w)dp = {ng{"’(w)dP, cee, SQE’(m(w)dP’ .. .}

where the components are ordinary Lebesgue integrals; thus the com-
ponents of z, are real-valued Lebesgue integrable functions.
The martingale equality becomes

{SAS{")(w)dP, e, SAEJ(n)(w)dP’ .. }
={[ g @ap, o, | g @dP, - hm<m de Fc

or, alternatively,
S £ (w)dP = SAS;W(w)dP, m<mAde 7 C o for j=1,2, -+ .
A

Thus for every 7, {§, Z,, » = 1} is a real martingale, which can also
be seen by noticing that the mapping from an I? vector to any of its
components is a linear functional. Then if

Eflall = | {S1g7@P} P K< o,

by Theorem 2 there is an 2(®) = {&(w), + -+, &(w), «++} € I? such that for
every 7 = (7717 ey Wyy o ') € lq’ llp + 1/q = 1y Z;;I ngl(n)(w) - Z;;l 77!‘51((0)
as n— o for almost all w. Note that the boundedness assumption on the
E{]| z||}’s implies boundedness for E{| &™ |}’s for every j; thus we could
get convergence in each component by the ordinary martingale convergence
theorems.
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Finally, if the || z,|’s are uniformly integrable, that is, if

IS 8@Pr] aP—0

uniformly in n as K— oo, 4, = {: [ | M) [P]V* > K}. We can get
by the ordinary martingale convergence theorem that S E(w)dP =
S "(w)dP for 4 e Z,,m =1 for every j. !

! However, we get more by Theorem 3, namely, 3.5, | /(@) — E(w) > — 0

‘with probability 1 asn — oo, and also, of course 3.7, | &}(®) |?— 352, | E(w) ]1’
with probability 1 as n — oo.

ExXAMPLE 2. Let X = L?(I), where I is the closed unit interval
with Lebesgue measure, p>1. Then z,(w)=g,(¢, ®) where S | 9.(t,w)|Pdt < 0.
Q2

Now if z,(®) is strongly measurable relative to .#,, there is a represent-
ation g,(t, ) which is measurable over 2 x I such that g,(-, ®) = z,(w)
in L?(I) a.e. in 2, and any two representations of x,(-) differ over
Q2 x I on at most a set of measure zero. (Dunford-Pettis [4] Theorem

1.3.2, p. 336).
If x,(-) is Bochner integrable, then besides being strongly measur-

able, Sgl}xn(w)l|dP< .
Thus

{1 19.t, 0) pat} " aP = | on@) | dP < oo .
Hence
Sa{gzlgn(t’ )| dt}dP e Sg{gllgn(t, ) ]Pdt}l“’dp< o
by the Holder Inequality. Therefore, by the Fubini Theorem,
|} oatt, @atap = { | g.(t, w)apat,
and
SI{Sgwn(w)dP}(t)dt = Sgg,x”(w)(t)dt dP
= SQS,-%“’ w)dt dP = Slgggn(t, w)dPdt .

Hence

{| gu@aP}t) = | gut, @)ap
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for almost all ¢.

If {#,, .7, m =1} is an L*-martingale, then SAxn(co)dP: SAxm(a))dP
for 4 € #,, m <n, i.e., S 9.(t, ®)AP = S In(t, @)d P for almost all ¢, and
Ade Z,,m <n. Hence, ff)r almost all tAe I (Lebesgue measure) if .7,
is generated by countably many sets, {g,(, ), %7 = 1} is a real marting-

ale.
Next, if

B{laalh = | [| |0t opat["aP s K < o0,

there is an x(w) = g(t, w) € L*(I), S | g(t, ®) |?Pdt < oo by Theorem 2 such
that S h(t)g,(t, ®)dt — S h(t)g(t, )dt as m— o with probability 1 for
every h e LI),1/p+ 1jg =1

Furthermore, by Theorem 3, if the || x, ||’s are uniformly integrable,
then S | 9.(t, ) |°dt — S | g(t, w) |?dt as m — o with probability 1, and even
better,IS [9.(t, @) — g(t, @) |Pdt — 0 as n— oo with probability 1.

The uniform integrability condition says that

SANI:SII 9a(t, W) lpdt]l/pdp__, 0

uniformly in # as N— oo,

{w; [S:' g.(t, ®) |1’dt]1/p > N} — 4

This implies uniform integrability of the random variables in the real
martingales {g,(¢, +), #,, » = 1}. Thus for almost all ¢, we can apply
the ordinary Doob martingale theorems, and thus get convergence
theorems in each coordinate.

The functions ¢,(t, ) as functions of ¢ might, as a further illustra-
tion, be sample functions of a sequence of measurable stochastic proc-
esses (Doob [1] p. 60) with the property of being absolutely integrable
over 2 x I.

ExampPLE 3. We have seen in Example 2.2 of Chapter III that if
{y;, 5 = 1} are mutually independent, as %-valued random variables, with
Z{y} =0 for j > 1, and Z; is the smallest Borel field relative to which
Yy, *++,Y; are -all strongly measurable, and if x,= 37y, then
{®n, Fuym=1} is an X-martingale. Theorem 2 tells us that if lim,_.. E{||x,||}=
K < o, then >3, f(y,(®)) converges with probability 1. If, further, the

||, |’s are uniformly integrable, then by Theorem 8, 35, y,(w) converges
with probability 1.
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Examples 1 and 2 above illustrate an important point. It is clear
from them that an l?-martingale is really a countable collection of one-
dimensional martingales, while an L?-martingale is a non-denumerable
collection of ordinary real martingales. Thus, it is possible to prove
convergence theorems for I? or L? by first proving convergence in each
.coordinate, using the Doob theorems on convergence of ordinary martin-
gales. One could prove the convergence theorem for abstract Hilbert
space by first proving the theorem for [* in each coordinate and then
using the fact that there is a one-to-one linear norm preserving trans-
formation between [* and abstract Hilbert space. In fact, one could
prove convergence theorems for any ZX-martingale in which X is a
function space or a coordinate space by first proving martingale conver-
gence theorems in each coordinate.

Let {&,t e I =0, 1]} be a separable Brownian motion process (Doob
[1] p. 52, p. 392). Then there is a measurable set 2, C 2, such that
P{Q — Q) =0, and such that for w e Q,, £,(®) is a continuous function
of t e I. Let x(w) = &(w) = g(t, w). Then x(-): 2 — C(I), the continuous
function space on the unit interval, and || z(w) || = sup,e; | 9(¢, ) |.

We next show that x(+) is strongly measurable. Let f € ¥* = C(I)*.
Then there is a function of bounded variation F such that f(x(w)) =

| at, 0ar

= ol S, OIF@) — ;)
where 0 =¢t, <t, < «++ <t,=1 and ¢,, <u, <t;, But each sum is
clearly measurable in w, so the limit must be too. Thus x(-) is weakly
measurable, but since C(I) is separable, this is equivalent to strong
measurability of .

To show that xz(.) is Bochner integrable, we need only show that
E{||z|]} < oo, for x(-) is strongly measurable. To this end, let & =0
‘with probability 1, and let A(w) = || 2(®) || = supe; | 9, ) |.

Then

—n2/202

. o /2
P{o: (o) = 1) éz/ge

(Doob [1] p. 392) Thus

_n2/20-2

iP{w:h(w)zn}§ol/%i-}{e <o

Hence, E{||x|]} < o, and 2(-) the sample function of a separable
Brownian motion process is Bochner integrable.
Let % be the Borel field of 2 sets generated by &, &, &; % the
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Borel field generated by &, &4 &i2y Esi4s &, and in general &, the Borel
field generated by &), & um, =+, Em_ijn, &. Then € H C +v0 C F, C oo
Let fu(t)(w) = E{,| Zx}(w). Lévy ([11]) p. 18) has shown that f,(¢)(w)
is a polygonal line function of ¢ for almost all w, and that | £,,(t)(@) — &,(®)| —
0 as n— o uniformly in ¢ for almost all w. If we let y.(w) =
fal) @) e C(I) for we 2, then {y,, F,,n» =1} is a C(I)-martingale.
Lévy’s result does not as yet come out of our work because C(I) is not
reflexive.

The validity of the Martingale Convergence Theorem for non-reflexive
spaces is not known to the author. In fact, various, attempts in proving
it have failed. If it were established, then further interesting examples.
like the last one for important non-reflexive spaces, e.g., L! or I*, could
be given.
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